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RAISING EFFICIENCY OF COMBINATORIAL ALGORITHMS
BY RANDOMIZED PARALLELIZATION

Arkadij D. Zakrevskij

Abstract: A new approach is proposed to deal with some hard combinatorial optimization problems, which admit
a certain reformulation. Considering such a problem, several similar problems are prepared differing in initial data
but having the same set of solutions. They are solved in parallel until one of them will be solved, and that solution
is accepted. Notwithstanding the evident overhead, the whole run-time could be significantly reduced due to
dispersion of velocities of combinatorial search in regarded cases. The efficiency of this approach is investigated
on the concrete problem of finding short solutions of non-deterministic system of linear logical equations.

Keywords: combinatorial problems, combinatorial search, parallel computations, randomization, run-time,
acceleration.

Introduction

There exist a variety of various hard combinatorial optimization problems, which could be more quickly solved
when changing each of them for a selection of other problems solved in parallel. These new problems could
seem quite different, but nevertheless they can be made equivalent to the initial problem, that means they will
have the same set of solutions. The overhead expenses for constructing these sets of new problems and dealing
with them can be compensated with interest by the essential acceleration of the search for solution of the
considered problem.

That idea is demonstrated below by the problem of finding a short solution of an undefined system of linear
logical equations.

Let us regard a system of m linear Boolean equations with n variables

a'x1® a2 ® ..® a"X, = y1,
a'x®ade®..®ax =y, (1)

an'X1 @ am®o ® ...D an™Xn = Ym,

where a;/ are the coefficients of the system, x; — unknown variables (x;e {0, 1}, i =1,2,...m, j=1,2, ..., n),
@ is the EXOR operator.
This system can be represented in a compact matrix form:

Ax =y, (2)

where A is a Boolean mxn coefficient matrix, x = (x1, X2, ..., Xs) and y = (y1, ¥2, ..., ym) — Boolean vectors. AND
operator is used as an internal one, and EXOR as the external one for the matrix multiplication.
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n

Dailx =y (3)

j=1
Solutions (roots) of this system are the sets of variable values, for which all equations will be satisfied. In this
case EXOR sum of the columns of matrix A, corresponding to the component-wise sum by modulo 2 of the
columns of A, which correspond to the variables having value 1, should be equal to the column y. The system
can be deterministic (having the single solution), non-deterministic (several solutions exist) or contradictory,
where there are no solutions [1, 2]. Let us assume that n > m and all rows of A are linearly independent. Then the
number of possible solutions is equal to 27™.

A great property of the linear equations is that they can be solved in regard of any variable. An effective Gauss
method of variable exclusion is based on this property [3] and allows finding the only solution for a deterministic
system or the set of all possible solutions for a non-deterministic one. But it is not sufficient when some optimal
solution should be selected from that set which could be very large.

Looking for Short Solutions of Systems of Linear Logical Equations

Solving a non-deterministic system of linear logical equations, it is necessary sometimes to find a solution with
minimum number of variables taking value 1 — such a solution is called shortest. That is important in many
practical cases, for instance, when logic circuits in AND/EXOR basic are synthesized [4-6] or when some
problems of information security are considered.

Evidently, a shortest solution could be found by means of selecting from matrix A one by one all different
combinations of columns, consisting first of 1 column, then of 2 columns, etc. and examining each of them to see
if their sum equals vector y. As soon as it happens, the current combination is accepted as the sought-for
solution. That moment could be forecasted. If the weight of the shortest solution (the number of 1s in vector x) is
w, the number N of checked combinations is defined approximately by the formula (where C,' is the number of i-
element subsets taken from a set of n elements).

w

N=XC, (4)
=0

and could be very large, as is demonstrated below.

It was shown [7], that the expected weight y of the shortest solution of an SLLE with parameters m and n can be
estimated before finding the solution itself. We represent this weight as a function y (m, n). First we find the
mathematical expectation o (m, n, k) of the number of solutions with weight k. We assume that the considered
system was randomly generated, which means that each element of A takes value 1 with the probability 0.5 and
any two elements are independent of each other. Then the probability that a randomly selected column subset in
matrix A is a solution equals 2-™ (probability that two randomly generated Boolean vectors of size m are equal).
Since the number of all such subsets having k elements equals C.= n!/ ((n-k)! k!), we get:

o (m, n, k) = Ck2m, ()
Similarly, we denote as 3 (m, n, k) the expected number of the solutions with weight not greater than k:
k
B (m, n k=% Cj2m (6)
i=0

Now, the expected weight y of the shortest solution can be estimated well enough by the maximal value of k, for
which B (m, n, k) < 1:

y(m,n)=k, where B (m,n, k) <1<B(m,n, k1). (7)

For example, for a system of 40 equations with 70 variables the expected weight y equals 10, and reaches 31
when m =100 and n = 130.
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In the last case, the described above simple algorithm should check about 10% combinations, according to
formula (2) in which w = y. Examining them with the speed of one million combinations per second we need about
30 000 000 000 000 000 years to find the solution. Practically impossible!

A great acceleration can be achieved by using Gaussian method of variables exclusion [3] developed for solving
systems of linear equations with real variables and adjusted for Boolean variables [5]. It enables to avoid
checking all subsets of columns from A which have up to w columns, when only one of 2" regarded
combinations presents some roots of the system.

Its main idea consists in transforming the extended matrix of the system (matrix A with the added column y) to
the canonical form. A maximal subset of m linear independent columns (does not matter which one) is selected
from A and by means of equivalent matrix transformations (adding one row to another) is transformed to I-matrix,
with 1s only on the main diagonal. That part is called a basic, the rest n —m columns of the transformed matrix A
constitute a remainder. The column y is changed by that, too.

According to this method the subsets of the remainder are regarded, i.e. combinations selected from the set
which has only n — m columns (not all n columnsl!). It is easy to show that every of these combinations enables to
get a solution of the considered system (any sum of its elements can be supplemented with some columns from
matrix | to make it equal to y). When we are looking for a shortest solution using this method, we have to consider
different subsets of columns from the remainder, find the solution for each such subset and select a subset, which
generates the shortest solution. If it is known that the weight of the shortest solution is not greater than w, then
the level of search (the cardinality of inspected subsets) is restricted by w. Note that if w>n-m, then all 2+
subsets must be searched through.

Now, for the same example (m = 100 and n = 130), N = 109, which means that the run-time of Gaussian method
is about only 17 minutes.

Unfortunately (for practical application), it rises very quickly when increasing parameters m and n. For example,
when m =625 and n =700, the number of checked combinations equals 27° and the run-time surpasses one
milliard years.

It could be significantly reduced when we know that there exists a short solution with weight w less than y. For
example, the following situation could be imagined: a random matrix A is generated, then w columns are selected
by random, and their component-wise modulo 2 sum is defined as vector y. In that case the searching (checking
different solutions one by one in order to find the shortest) could be interrupted as soon as the weight v of current
solution satisfies the inequality v < y and we conclude that the sought-for solution is found. This idea lies in the
base of the recognition method [8, 9].

The Level of Search and its Dispersion

Suppose, a short solution exists presented by w columns of matrix A (their sum equals vector y). Let p of them
belong to the remainder. Then this solution will be found when such subsets of columns from the remainder are
checked which have exactly p elements. In other words, the solution will be found on the level of search L when
this one equals p.

That quantity depends, first, on the regarded example (how matrix A was generated) and, second, on the way of
getting the remainder (how m linearly independent columns were selected from initial matrix A, which determines
splitting that matrix into two parts, basic and remainder).

An experiment was conducted, where 10 different random matrices A were generated with parameters n = 500
and m=430. In each of them 30 different subsets of linearly independent columns were selected and
corresponding canonical forms were constructed, which produced 300 variants of the remainder. A set of 75
columns was chosen from A by random constituting a short solution - their sum was accepted as vector y.

All intersections of that set with remainders were found. The cardinalities of these intersections (numbers of
columns in them) define the level of search L on which the considered short solution will be found. The values of
L for all 300 variants are shown in Table 1. Its columns correspond to different examples (i) of system and the
rows correspond to different remainders in them (j) selected at random. As one can see, this quantity is subjected
to a great dispersion.

The values of run-time (using PC COMPAC Presario, 1000 MH) corresponding to different levels are presented in
Table 2, measured in seconds (s), minutes (m), hours (h), days (d) and years (y). The distribution of levels is
shown on the right side of the table, N indicating the number of entries with value L in Table 1.
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Table 1. Dispersion of level L in space of examples and remainders
j\i 1 2 3 4 5 6 7 8 9 10

1 10 13 12 12 16 11 13 10 12 13
2 8 9 13 9 9 10 11 10 7 9
3 10 10 11 9 11 13 11 10 12 14
4 10 8 11 11 10 8 12 10 13 11
5 10 11 14 6 11 8 17 15 10 6
6 12 6 7 10 12 11 11 12 8 16
7 9 1 8 9 10 12 8 9 8 17
8 8 15 6 13 14 16 15 12 12 12
9 10 13 9 5 14 11 13 6 16 10
10 14 15 9 8 11 10 8 6 13 12
1 14 12 10 12 6 10 12 15 13 9
12 8 9 12 16 16 7 18 11 9 12
13 9 1M1 6 13 15 9 9 10 10 9
14 14 12 9 14 6 9 7 13 11 13
15 9 5 13 12 11 10 7 13 9 16
6 13 16 6 15 10 7 4 10 11 13
17 6 10 15 13 11 11 13 11 9 12
18 9 9 10 11 10 6 14 8 10 12
9 5 14565 7 11 10 16 9 12 9 13
20 11 1 7 8 7 7 1 9 13 10
21 8 12 10 8 8 13 9 6 12 8
22 15 8 11 8 16 6 12 11 15 5
23 10 12 7 14 11 12 13 13 9 9
24 10 9 10 12 4 10 12 11 10 10
25 9 11 10 10 11 11 14 9 7 19
26 11 14 8 10 11 5 14 8 12 10
27 11 12 14 9 10 7 14 11 N 8
28 18 12 13 12 6 8 8 10 12 M1
2 12 12 7 9 14 12 7 8 9 12
30 10 7 6 11 13 8 11 15 11 18

Table 2. Dependence of run-time T on level L

L T N

4 16s 2 1

5 22s 5 11111

6 4m 16 1111111111111

7 38m 16 1111111111111

8 5h 27 11111111 1111111111111111114

9 1.5d 36 111111111111111111111111111111111111

10 10d 4 1M1 11 m11111111111111111111111111111
11 55d 4 1M1t 111111 111111111111111111111111111111
12 280d 39 1111111 11111111111111111111111111111111

13 36y 27 M11111111111111111111111111

14 15y 16 1111111111111

15 59y 12 111111111111

16 214y 10 1111111111

17 713y 2 11

18 2213y 3 111

19 6394y 1 1

Note that fulfilled experiments were virtual ones: the run-time was not measured directly but was forecasted by
the method suggested in [10] and ensuring a rather good approximation.

It logically follows from these tables that efficient algorithms for finding short solutions may be constructed which
solve the problem in quasi-parallel mode using a set of g canonical forms of the system (A, z) with different
basics selected at random. Using these forms one by one, such an algorithm consecutively increases the
cardinality of checked combinations of columns taken from the remainders and terminates when finding the short
solution.
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Experiments

Some results of the program virtual implementation of that algorithm for different values of g are shown in
Table 3. Thirty examples of random systems with parameters n = 1000, m =900 and the weight of the short
solution w =100 have been generated and solved. The following denotation is used in the table: No is the
number of the regarded example, N is the number of form where its solution was found, L is the level at which it
was found, and T is the time spent for it.

Table 3. Results of solving non-deterministic systems of linear logical equations with parameters
n=1000, m=900, w=100.

g=1 q=10 q=30 g =300

No N L T N L T N L T N L T
1 1 8 7d 9 6 16h 9 6 18h 33 4 19m
2 1 9 69d 8 6 14h 16 5 2h 254 2 4m
3 1 10 2y 77 7d 28 6 2d 234 2 4m
4 1 13 776y 3 6 5h 3 6 8h 117 3 5m
5 1 3 4s 1 3 4s 1 3 5s 1 3 4m
6 1 10 2y 5 7 5d 26 5 3h 56 2 4m
7 1 12 112y 9 4 3m 9 4 3m 57 3 5m
8 1 8 7d 10 5 1h 10 5 1h 106 3 5m
9 1 12 112y 10 5 1h 28 4 10m 141 3 6m
10 1 9 69d 2 6 4h 2 6 6h 95 2 4m
11 1 13 776y 7 8 82 15 4 5m 50 2 4m
12 1 13 776y 9 8 104d 14 5 2h 117 3 5m
13 1 10 2y 8 6 14h 8 6 16h 35 3 4m
14 1 6 58m 1 6 2h 1 6 4h 39 3 4m
15 1 6 58m 1 6 2h 11 5 1h 134 3 6m
16 1 14 4954y 2 8 27d 28 4 10m 205 3 7m
17 1 6 58m 1 6 2h 14 5 2h 49 3 4m
18 1 10 2y 2 7 2d 27 5 3h 285 2 4m
19 1 13 776y 8 7 8d 8 7 od 84 3 5m
20 1 10 2y 2 6 4h 2 6 6h 203 4 1,3h
21 1 8 7d 7 5 45m 7 5 52m 93 4 39m
22 1 7 13h 10 6 17h 27 4  9m 190 3 6m
23 1 12 112y 2 5 13m 16 2 4s 16 2 4m
24 1 15 29185y 4 7 4d 24 6 2d 226 2 4m
25 1 10 2y 2 6 4h 2 6 6h 46 3 4m
26 1 13 776y 9 7 9d 16 5 2h 112 4 45m
27 1 10 2y 6 8 71d 16 4 6m 281 3 8m
28 1 12 112y 7 8 82 18 6 1d 87 3 5m
29 1 12 112y 6 4 2m 6 4 2m 254 2 4m
30 1 12 112y 7 8 82d 22 6 2d 31 4 18m
The sum: 38704y 1,3y 20d 5,3h

Note that value 1 of parameter q corresponds to the pure Gaussian method dealing with one canonical form of
the system. Changing it for pseudo-parallel algorithm on the base of 300 forms we accelerate finding the short
solution on an average in 46 million times. The immense acceleration!

Conclusion

A new approach to solving hard combinatorial optimization problems is suggested, demonstrated on the problem
of finding a short solution of a non-deterministic system of linear logical equations. Its idea is in changing the
regarded problem for a set of other similar problems equivalent to the given one and solving them in parallel. The
run-time could be considerably reduced by that, possibly in many millions times, as computer experiments show.
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SPECIFYING AGENT INTERACTION PROTOCOLS
WITH PARALLEL CONTROL ALGORITHMS

Dmitry Cheremisinov, Liudmila Cheremisinova

Abstract. The purpose of the paper is to explore the possibility of applying existing formal theories of description
of distributed and concurrent systems to interaction protocols for real-time multi-agent systems. In particular it is
shown how the language, proposed for description of parallel logical control algorithms and rooted in the Petri net
formalism, can be used for the modelling of complex concurrent conversations between agents in a multi-agent
system. It is demonstrated with a known example of English auction on how to specify an agent interaction
protocol using considered means.

Keywords: multi-agent system, interaction protocols, parallel control algorithm

Introduction

Agents are becoming one of the most important topics in distributed and autonomous decentralized systems, and
there are increasing attempts to use agent technologies to develop large-scale commercial and industrial
software systems. Over the last decade, the specification, design, verification and application of a particular type
of agents, called BDI (belief, desire, intention) agents [1], have received a great deal of attention. BDI agents are
systems that are situated in changing environment receive continuous perceptual input and take actions to affect



KDS 2005 Section 5: Mathematical Foundations of Al 497

their environment based on their internal state. In particular, there are many efforts aimed at developing agent-
oriented designs that are typically structured as multi-agent systems (MASs). MAS is a computational system in
which two or more agents interact or work together to perform a set of tasks or to achieve a set of goals [2].
Agents of a MAS interact with others toward their common specific objective or individual benefit. Agent
interactions are established through exchanging messages that specify the desired performatives of other agents
(such as notice, request) and declarative representations of the content of messages.

MAS is usually specified as a concurrent system based on the notion of autonomous, reactive and internally-
motivated agents acting in a decentralized environment. One key reason of the growth of interest in MAS is that
the idea of an agent as an autonomous system, capable of interacting with other agents in order to satisfy its
design objectives, is a naturally appealing one for software designers. Agents are used in an increasingly wide
variety of applications such as distributed and autonomous decentralized systems. The complexity of MASs
suggests a pressing need for system modelling techniques to support reliable, maintainable and extensible
design. Although there are many efforts aimed at developing such MASs, there is sparse research on formal
specification and design of such systems.

Agent system can operate if the agents are able to exchange information in the form of messages and if they
have a common understanding of the possible types of messages that are connected with message “content”.
This shared understanding is referred to as an ontology [3]. A great deal of agent-based research has devoted to
the development of techniques for representing ontology’s. Multi-agent conversations are built upon two
components: agent communication language and interaction protocol. There are a number of agent
communication languages, such as Knowledge Query and Manipulation Language (KQML) [4] and the
Foundation for Intelligent Physical Agents (FIPA) ACL [5] and others designed for special purposes and that are
like mentioned ones. These agent communication languages specify a domain specific vocabulary (ontology) and
the individual messages that can be exchanged between agents.

Interaction protocols [5] specify the sequences in which these messages should be arranged in agent
interactions. A group of rational agents complies with an interaction protocol in order to engage in task-oriented
sequences of message exchange. Thus, when an agent sends a message, it can expect a receiver's response to
be among a set of messages indicated by the protocol and the interaction history. With a common interpretation
of the protocol, each member of the group can also use the rules of the interaction in order to satisfy its own
goals. In other words protocol constrains the sequences of allowed messages for each agent at any stage during
a communicative interaction (dialogue), i.e. it describes some standard pattern messages exchanged between
agents need to follow. Protocol plays a central role in agent communication. It specifies the rules of interaction
between communicating agents and the first thing should be done by the designer developing any particular real-
time system is to impose interaction protocol.

This paper explores the possibility of applying existing formal theories of description of distributed and concurrent
systems to interaction protocols for real-time multi-agent systems. In particular it is shown how the language
PRALU [6, 7], proposed for description of parallel logical control algorithms and rooted in the Petri net formalism,
can be used to describe agent interaction protocols. The described approach can be used for the modelling of
complex, concurrent conversations between agents in a multi-agent system. It can be used to define protocols for
complex conversations composed of a great number of simpler conversations. With the language PRALU it is
possible to express graphically the concurrent characteristics of a conversation, to capture the state of a complex
conversation during runtime, and to reuse described conversation structure for processing multiple concurrent
messages. It is demonstrated with a known example of English auction [5] on how to specify an agent interaction
protocol using considered means. Finally, using PRALU language we can verify some key behavioral properties
of our protocol description that is facilitated by the use of existing software for the language PRALU [6, 7, 8].

Agent Interaction Protocols

The application domains of MASs are getting more and more complex. Firstly, many current application domains
of MASs require agents to work in changing environment (or world) that acts on or is acted on by the system. A
closed system is one that has no environment; it is completely self-contained in contrast to an open (uncertain)
system, which interacts with its environment. Any real system is open. The MAS must decide what to do and
develop a strategy in order to achieve its assigned goals. For this, the MAS must have a representation or a
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model of the environment in which it evolves. The environment is composed of situations. A situation is the
complete state of the world at an instant of time.

The application of multi-agent systems to real-time environments can provide new solutions to very complex and
restrictive systems such as real-time systems. A suitable method for real-time multi-agent system development
must take into account the intrinsic characteristics of systems of this type. As a rule they are distributed,
concurrent systems with adaptive and intelligent behaviour. For agent-based systems to operate effectively, they
must understand messages that have a common ontology underlying them. Understanding messages that refer
to ontology can require a considerable amount of reasoning on the part of the agents, and this can affect system
performance.

BDI agents are systems that are situated in a changing environment, receive continuous perceptual input, and take
actions to affect their environment, all based on their internal mental state. Within the BDI architecture agents are
associated with beliefs (typically about the environment and other agents), desires or goals to achieve, and
intentions or plans to act upon to achieve its desires. In practical terms, beliefs represent the information an agent
has about the state of the environment. It is updated appropriately after each action. The desires denote the
objectives to be accomplished, including what priorities are associated with the various objectives. Intentions
reflect the actions that must be fulfilled to achieve the goal (the rules to be fired).

To reduce the search space of possible responses to agent messages, interaction protocols can be employed.
They specify a limited range of responses that are appropriate to specific message types for a given protocol.
When an agent is involved in a conversation that uses an interaction protocol, it maintains a representation of the
protocol that keeps track of the current state of the conversation. After a message is received or sent, it updates
the state of the conversation in this representation.

By the very nature of protocols as public conventions, it is desirable to use a formal language to represent them.
When agents are involved in interactions where no concurrency is allowed, conversation protocols are
traditionally specified as deterministic finite automata (DFA) of which there are numerous examples in the
literature. DFA consists of a set of states, an input alphabet and a transition function, which maps every pair of
state and input to next state. In the context of interaction protocols [9], the transitions specify the communicative
actions to be used by the various agents involved in a conversation. A protocol based on such a DFA
representation determines a class of well-formed conversations. Conversations that are defined in this way have
a fixed structure that can be laid down using some kind of graphical representation.

Protocols can be represented as well in a variety of other ways. The simplest is a message flow diagram, as used
by FIPA [5]. More complex protocols will be better represented using a UML sequence (Uniffied Modelling
Language) [10] and AUML [11], interaction diagram, statechart [12] and Colored Petri Net (CPN) [13]. UML is one
of the currently most popular graphical design languages that is de facto standard for the description of software
systems. AUML extends UML sequence diagrams to represent asynchronous exchange of messages between
agents. The advantage of AUML is its visual representation. Statecharts [12] are an extension of conventional
DFAs. However, expressing protocols of realistic complexity using statecharts or AUML requires substantial
efforts for developing, debugging and understanding.

A CPN model of a system describes the states, which the system may be in, and the transitions between these
states. CPNs provide an appropriate mathematical formalism for the description, construction and analysis of
distributed and concurrent systems. CPNs can express a great range of interactions in graphical representations
and well-defined semantics, and allow formal analysis and transformations [14]. By using CPNs, an agent
interaction protocol can be modeled as a net of components, which are carriers of the protocol structure. Using
CPNs to model agent interaction protocol, the states of an agent interaction are represented by CPN places.
Each place has an associated type determining the kind of data that the place may contain. Data exchanged
between agents are represented by tokens, and the colors of tokens indicate the data value of the tokens. The
interaction policies of a protocol are carried by CPN transitions and their associated arcs. A transition is enabled if
all of its input places have tokens, and the colors of these tokens can satisfy constraints that are specified on the
arcs. A transition can be fired, which means the actions of this transition can occur, when this transition is
enabled. When a transition occurs, it consumes all the input tokens as computing parameters, conducts
conversation policy and adds new tokens into all of its output places. After a transition occurs, the state (marking)
of a protocol has been changed and a protocol will be in terminal state when there is no enabled or fired transition.
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There are a number of works of using Petri Nets or CPNs to model agent interaction protocols [15, 16], there
have been also some works on the investigation of protocols’ flexibility, robustness and extensibility [17]. It is
becoming consensus [14] that a CPN is one of the best ways to model agent interaction protocols. However the
notion of an agent executing an action with Petri Net is not explicit in the notation [18]. Different PNs can be
assigned to each agent role, raising questions about how the entire protocol is inferred and the reachability and
consistency of shared places. If a single Petri net is partitioned for each role, this leads to a complex diagram
where a partition is required for each agent identified. Furthermore, alternative actions and states such as either
agree or reject but not both, cannot be expressed in standard Petri nets.

Keeping in mind complex systems characterized by complex interaction, asynchronism and concurrency we
propose to use for the purposes of their description a special language PRALU [6, 7] having its background in the
Petri net theory (expanded nets of free choice — EFC-nets investigated by Hack [19]) but possessing special
means for keeping track of the current states of the conversation, receiving messages and initiating responses.
The formal language PRALU combines properties of “cause-effect” models with Petri nets. It is intended for a
wide application in engineering practice and is well suited for representation of the interactions involved in
concurrent system, synchronization among them and then it is simple enough for understanding. The language
PRALU supports hierarchical description of the algorithms that is especially important in the case of complex
systems. At last, powerful software has been developed that provides correctness verifying, simulation, hardware
and software PRALU-description’s implementation [7, 8]. The review of obtained results it can be found in [8].

PRALU Language

Any algorithm in PRALU consists of sequences of operations to be executed in some pre-determined order.
There exist two basic kinds of operations used in PRALU: acting operations “—A” and waiting operations “- p”.
Action operation changes the state of the object under control, whereas a waiting operation is passive waiting for
some event without affecting anything. In simple case A and p are conjunctive terms, so acting and waiting
operations can be interpreted as waiting for event p = 1 and producing event A = 1. But A can be understood
too as a formulae defining operations to be performed and p as a predicate defining condition to be verified [20].
For example, acting and waiting operations could be specified by the expressions such as

‘“(@a>b+c)"and“—> (a:=b+c)".

The sequences consisting of action and waiting operations are considered to be linear algorithms. For instance,
the following expression means: wait for p and execute A, execute B, then wait for g and execute C:

-p >A—->B-q—-C

In general, a logical control algorithm can be presented as an unordered set of chains ¢; in the form
4= piki—,

where L; is a linear algorithm, x4 and 1; denote the initial and the terminal chain labels represented by some
subsets of integers from the set M= {1, 2, ..., m}: 1, v € M and the expression “—v;* presents the transition
operation: to the chains with labels from 1.
Chains can be fulfilled both serially and in parallel. The order in which they should be fulfilled is determined by the
variable starting set N; — M (its initial value No = {1} as a rule): a chain ;= g4: - pjLj —v; (that was passive) is
activated if 15 < Ny and p; = 1. After executing the operations of the algorithm L;, N; gets a new value Ng1 = (N; \
4) U v. The algorithm can finish when some terminal value of N is reached (one-element as a rule), at which
time all chains became passive. But the algorithms can also be cyclic; they are widely used when describing
production processes.
When the conditions x4 < N:and p; = 1 are satisfied for several chains simultaneously these chains will be fulfilled
concurrently. On the contrary chains with the same initial labels are alternative (only one of them can be fulfilled
at a time), they are united in a sentence with the same label as will be shown below.

Thus PRALU allows concurrent and alternative branching, as well as merging concurrent and converging
alternative branches. These possibilities are illustrated with the following examples of simplified fragments [20]:
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Concurrent Merging concurrent  Alternative Converging alternative
branching branching branching branching

1:..523 2.4 1:-a.—2 2.4

2: ... 3.—5 -a..—3 3 .04

3. 45: .. 4: ..

In PRALU there are two syntactic constraints on chains that restrict concurrent and alternative brunching. If some
chains are united in the same sentence (they have equal initial labels) they should have orthogonal predicates in
the waiting operations opening the chains:

() & (1 1 # D) — (pi & py = 0).
The other constraint is similar to the corresponding condition specific for extended nets of free choice (Hack [19]):

() & (i gy D) — (14 = p)-
PRALU language has some more useful properties that come in handy for description of complex interaction
protocoals.

1. PRALU algorithms can be expressed both in graphical and symbolic forms.

2. PRALU language permits hierarchical descriptions. The two terminal algorithms (having the only terminal label)
may be used as blocks (invoked as complex acting operations) in hierarchical algorithms.

3. In PRALU there exist some additional interesting operations that can be useful for description of interaction
protocols. Those are suppression operations and some arithmetic operations. The first ones provide response on
special events that can take place outside or within control system. Suppression operation (“—*”, “—*y, “—>'y)
interrupts the execution all concurrently executed chains of the algorithm or those ones mentioned iny, (or do not
mentioned in y - in the case of “—'y" ). This operation breaks the normal algorithm flow. Among arithmetic
operations it ought to be mention timeout operations (waiting for n unit times “— n”) and counting operation that
counts event occurrences.

Specifying Protocols in PRALU

For an example of an interaction protocol, consider an English auction [5]. The auctioneer seeks to find the
market price of a good by initially proposing a price below that of the supposed market value and then gradually
raising the price. Each time the price is announced, the auctioneer waits to see if any buyers will signal their
willingness to pay the proposed price. As soon as one buyer indicates that it will accept the price, the auctioneer
issues a new call for bids with an incremented price. The auction continues until no buyers are prepared to pay
the proposed price, at which point the auction ends. If the last price that was accepted by a buyer exceeds the
auctioneer's (privately known) reservation price, the good is sold to that buyer for the agreed price. If the last
accepted price is less than the reservation price, the good is not sold.

In the case of the auction there are participants of two types: the initiator of the conversation — Auctioneer, and
others — Buyers. So, we have two kinds of interaction protocols — those of Auctioneer and of Buyers. The last
participants are peer and should be described with identical interaction protocols modeled in our case by the
operation “Buyer”.

Interaction protocol as a whole can be represented in PRALU as three complex acting operations — blocks.
PRALU-blocks are exchanging with values of logical (binary) variables, only such variables are mentioned in
them. Each block has some sets of input and output that are enumerated in brackets following the block name
(the other variables of a block are its internal). Initialization of a complex acting operation is depicted by the
fragment such as “—=*Buyer”. The operation Buyer exists in as many copies as the number of participants of the
auction, so the copies of the operation differ in their indexes only.

The modelling of the process of auction begins with the execution of “Main_process” triggering event that initiates
the interaction protocol execution. Here the processes Auctioneer and Buyer,s are executed concurrently. For the
sake of simplicity we limit the number of buyers to two (in principle it can be simply increased). The process
Auctioneer starts with sending the first message (start_auction) that is waited by others participants to continue
communication.
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*Auctioneer

End

accept_price,.

accept_price,

not_understand

| price_proposed. |
win,.win,

*Is_reservation-

_price_exceeded End

good_sold

Auctioneer (accept_prices, accept_price,, not_understand / start_auction, price_proposed, end_auction)
Fig. 1. English auction interaction protocol in PRALU

Below PRALU description of the auction interaction protocol is shown. Here we cite the only block Buyer,, but for
real application (intending to simulate the process of auction, for example) we should have as many proper
copies as it has been used (in our case — two). Fig. 1 depicts graphical schemes of three mentioned
PRALU-blocks: Main_process, Auctioneer and Buyer,.
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Main_process ()
1. >2.34
2: —>*Auctioneer —5
3: —»>*Buyer; —6
4. —>*Buyer, -7
5.6.7: —.
Buyer, (start_auction, price_proposed, end_auction / accept_price,, not_understand)
1: —start_auction =2
2: —price_proposed —*Decide(/decision_accept,decision_reject) —3
—end_auction —.
3: —decision_accept — accept_price, —>4
—decision_reject —'accept_price, —>4
-not_understand —4
4: timeout —2

Auctioneer (accept_prices, accept_prices, not_understand / start_auction, price_proposed, end_auction)
1. —start_auction -2
2: —'accept_prices.’accept_prices.'not_understand —*Price_propose(/price_proposed) —3
3: —not_understand —2
—accept_ pricer >4
—accept_ price; >4
-'not_understand.’accept_ prices.’accept_ price; —end_auction
—>*|s_reservation_price_exceeded(/is_exceeded) —6
4: —'price_proposed.'wins.'win, —5
5: —accept_ prices »win1 —2
— accept_ price; »win2 —2
6: —is_exceeded —good_sold —7
-' is_exceeded —'good_sold —7
7. —>.
It is assumed that all unformalized operations are referred to as acting operations that set values of logical
variables concerned with them. For example, Buyer's operation “Decide” decides for accepting or rejecting the
announced price. Depending on adopted decision, it outputs true value of logical variable “decision_accept” or
“decision_reject”. In a similar, Auctioneers operation “Price_propose” proposes an initial price or increments the
charged price outputting true value of logical variable “price_proposed’; the operation
“Is_reservation_price_exceeded” verifies if the price accepted by a buyer exceeds the auctioneer’s reservation
price outputting true or false value of logical variable “is_exceeded”.
The operation “~timeout” (where timeout is integer number) means waiting for timeout unit times before doing
something followed it. The operation “—.” is interpreted as the transition to an end of a process described by the
block. When the processes of Auctioneer and all Buyers reach their end in the Main_process the transition to its
end is executed.

Conclusion

This paper has addressed the need for formalized and more expressive logical and graphical methodologies for
specifying (and then validating) interaction protocols in multi-agent systems. Towards this, it was proposed to use
the formal language PRALU intended for the representation of complex interactions involved in concurrent
system, being in need of synchronization among these interactions. It was demonstrated as well how PRALU
algorithms could be used for the specification of multi-agent interaction protocols by the example of English
auction. In favour of using the language PRALU is the existence of a great deal of methods and software
developed for simulation and logical design of PRALU algorithms as well as for their hardware and software
implementation.
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0B OIHON MOOUDUKALIUK TSS-ANITOPUTMA
PycnaH A. bBarpun

AHHOomauyus: B pabome paccmampusaemcsi 00Ha Modugpukayus TSS-armeopumma, Komopbil eeHepupyem
MUHUManbHOe nopoxdarouiee MHOXecm8o peweHull cucmembl OOHOPOOHLIX NUHEUHbIX OUOhaHMOoBbIX
ypagHeHul Had MHOXeCmeOM HamyparibHbIX YUCET.

Knioyesbie cnoea: Cucmema nuHelHbix OuohaHMOBbIX ypasHeHul, 6asuc peweHul, MUHUMATbHOE
nopoxdarouiee MHOXecmeo.

BseneHue

CucTeMbl NMHENHBIX AMOCGAHTOBBLIX YPABHEHWMIA WCMOMb3YIOTCS BO MHOTUX pa3fenax COBPEMEHHOM Hayku.
BaxHoe MecTo cpean Takux CUCTEM 3aHWUMAKOT CUCTEMbl NWHEHBIX OJHOPOAHLIX AMOCAHTOBLIX YpPaBHEHMIA
(CNnONY), nockonbKy METOAbl PELUEHUST HEOOHOPOAHbIX CUCTEM YPaBHEHUIA UMM HEPABEHCTB CBOAATCA K
pewenunto CMOAY. Metogb! pelenns CIIOQY u cucteM NUHENHbIX HEOLHOPOAHbLIX AMOGAHTOBLIX YPABHEHWN
(CITHAY) B 0bnacti HaTypanbHbIX YKUCEN WCTONMb3YIOTCS B TakMX 0OMacTaX Kak MCKYCCTBEHHBIA UHTENNEKT,
nornyeckoe nporpammupoBanmelLioyd J., 1987], komnbtotepHas anrebpa[Buchberger B, Kollins J, Loos R.,
1986], aBTOMaTM3aLMA AOKa3aTENLCTB TEOpPeM, YHUdMKauus, ceTu MeTtpu [Murata, 1989 u . n.

MeToan pelieHust CUCTEMbl NUHEMHbIX OMOGAHTOBLIX YPaBHEHUA YCNOBHO MOXHO pasfeninTb Ha MeToAbl
nocTpoexns 6asnca MHoxecTBa Beex pelwennii CITOLY u MeToabl NOCTPOEHNS! MUHUMAMbBHOMO MOPOXAALOLLErO
MHOXecTBa pelleHuin CJIOMY. W3BECTHO HECKONMbKO METOAOB UM anrOpUTMOB PELLEHMs 3adaun MoCTPOeHUs
Gasuca n Hambonee YacTo ucnonb3yembiM siBnsieTcss MeToq KoHteHxaH-[aeu. B HekoTopbix cnydasx CIMOLY
MOXET BbITb OXapakTepu3oBaHa C NOMOLLbK MUHUMANBHOTO MOPOXAAMOLIErO MHOXECTBA PeLLEHUiA, KOTOpoe B
pabote [Krivoi S., 1999] 6bino HassaHo TSS (ot aHrnuiickoro Truncated Set of Solutions).

B nmaHHOM cTaTbe paccmaTpuBaeTcs ofHa moaudukaumns TSS-meTofa v COOTBETCTBYIOLLErO anroputMa u ee
conocTasreHune ¢ anroputMom KoHTeHxaH-Basw.

1 Heobxoaumble CBeAEHUA 1 onpeaeneHuns

Cuctemoit nuHelHbIX amodaHToBbIX ypaBHeHun (CILY) HasbiBaeTCa cuctema Buaa
a,x, +..+a,x, =b;

Ay X + .ot @y, X, =by;

S = (1)

a,x +..+ta,x,=b,;

rge aij,bj € Z, Xj € Nui= 1,2,...,p,j = 1,2,...q.

EauHnyHble BekTopa 13 MHoxecTBa N9 e;=(1,0,...,0), e2=(0,1,...,0),..., 5= (0,0,...,1) Ha3biBalOTCA BEKTOPaMM
kaHOHW4eckoro 6asuca mHoxecTBa Ne. Pewennem CIY (1) Ha3biBaeTCsA BEKTOP €=(C1,Ca, ..., Cq), FAE Ci € N, |
=1.2,...,q, ecnm BbinonHsietes yenosue V1 e [1,p] a,¢, + ... + a,c, = b,.

Ecrm VI € [1,p] bi=0, To cuctema HasbiBaeTcs ogHopoaHoii. CIIOLY Bcerpa umeet pewetne euaa (0,0,...,0),
Ha3blBAEMOE HyneBbIM MNM TpuBManbHbIM. Besikoe pelwenne CJIIOLY, OTNMYHOE OT HYNEBOrO, Ha3biBaeTCs
HeTpusmanbHbIM. CITOLY HasbiBaeTCs COBMECTHOM, €CNN OHa UMeeT XoTst Obl OAHO HETPMBUAIILHOE PELLeHNe.
Beegem Ha MHoxectBe NG OTHOLWIEHME nopsaka <, KOTOpoe oOnpedensieTcs Takum  obpasom:
eCIM X=(X1,X2, ..., Xq), Y=(¥1,Y2 ..., ¥q) € N4, T0 x < y TOrga v TonbKo Toraa, koraa ans seex | =1,2,....p xi< yi
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OTO OTHOLUEHME SBMSAETCS YaCTUYHLIM MOPSAKOM WM OTHOCUTENBbHO 3TOrO MopsiAka MHOMXECTBO MUHMMArbHbIX
pewenuin CIIOQY aensetca 6asucom. M3BECTHO, YTO 3TO MHOXECTBO BCErga KOHEYHO M 3adava CBOANTCS K ero
MOCTPOEHMIO.

2.1 Kpatkas xapaktepuctuka anroputma KonteHxan-[1aBu

Metog KonTerxaH-[aBu[Contenjean E., Devie H., 1994] 6bin nepBbiM 13 anropuTMOB NOCTpoeHus Gasnca
MHoxecTBa Bcex peweHuii CIAOMOY, koTopbin He MCMOMNb3oBan WA COKPALLEHWS! YUCMA HEU3BECTHBLIX M
ypaBHeHWA. JTOT anropuTM ucnonb3osan uaeto metoga ®oprenbaxepal[Clausen M. Fortenbacher A., 1989],
KOTOPbIA CTPOMNCA AN NOCTPOeHust Basnca MHOXECTBA PELUEHU eaNHCTBEHHOrO ANOMAHTOBOrO YpaBHEHMS
(No4dY). Noes dopteHbaxepa COCTOMT B TOM, YTODbI UCKaTb MUHUMAnbHble BasnCHble peLLeHusl, HaunHast C
KaHOHMYeckux BekTopoB N4. Tpu 9TOM €CMK HEKOTOPbIA TEKYLIMIA BEKTOP X=(X1,Xa, ..., Xg) €LUE He ABnseTcs
PELLEHNeM, TO YCNOBME HapallMBaHWs KOMMOHEHT TeKyLLero BEKTOpa BbIMOMHSETCS ¢ COOMIOLEHNMEM TaKkoro
ycnosus (ycnosue dopteHbaxepa):

(C+): yBenmumsarth Ha 1 10 x;, Ansi kotoporo a(x)-a(e;) <0, rae x = (X1,Xz ..., Xg), a(e) = @, rAe € — BeKTOp
kaHoH14eckoro Basuca.

MeTog KoHTenxaH-[laBn obobLiaeT ycnosue dopteHbaxepa gns CIIOY go Takoro:

(Cp): yBemmuuBat, Ha 1 70 X, Ans kotoporo a(x)-a(e,;) <0, roe - o3HayaeT cranspHoe npousseaeHue
BEKTOPOB-CTONOLOB a(X) v a(e).

MpeumywectBamn anroputma  KoHTeHxaH-[19BM eCTb ~ CBOMCTBO MHKPEMEHTANbHOCTM, BO3MOXHOCTb
npumeHeHust He Tonbko kK CIOAY, Ho v CJTHAY v oTcyTcTBME HEOOXOANMOCTY NPEABAPUTESBHBIX PACYETOB.

Hepoctatkamu anroputma ecTb ero Manas addektuBHocTb B cnyvae CJIOOY ¢ Gonbwumy BenuuMHamm
KO3(h(ULUMEHTOB @j, @ KONMYECTBO YPABHEHWA SKCMOHEHLMAmNbHO BANSET Ha KOMWYECTBO HEOBXOAMMbIX
nTepauuin Ans Noucka peLleHns 1 Kak CNeacTBue Ha BPEMS PELLEHNS.

2.2 KpaTtkas xapaktepuctuka TSS-anroputma

B psige 3agay HeT Heob6xoaMMOCTM MCKaTb BECH DA3NC PELUEHNiA CUCTEMbI, @ OCTATOYHO YOeauTbCst B TOM, YTO
cuctema coemectHa. CoemecTtHocTb CJIOY MOXHO OxapakTepu3oBaTb C MOMOLLBKD MOCTPOEHUSI ee
MUHAMANbHOTO MOPOXOALIEro MHOXECTBA pelleHnn. MuHMManbHOe NopoXaatollee MHOXKECTBO pELLEHMI
reHepupyetcs TSS-anropuTmMom (OnucaHne 3Toro anroputMa MoxHo Hantyv B [Krivoi S., 1999, Krivoi S., 2003]) u
no 3TOMy MHOXECTBY ocyLecTensietcs nposepka CITOMY Ha coBmecTHOCTb. PaboTa TSS-anroputma cBoguTcs K
BbIMOMHEHWIO CIIEAYHOLLMX LUAroB:

— ans 3aganHon CINOAY Li(x) = 0 & Ly(x) = 0 & ... & L{x) = 0, MHOXeCTBO KaHOHUYeCKuX BekTopoB NI
pasbusarotcs Ha Tpu rpynnbl MO, M*, M- Takum obpasom, uto MO = {e|L4(e)=0}, M*={e|Li(e)>0}, M- =
{e|L1(e)<0}; ecrnm mHOXecTBO MOUM* unm MOUM- nycToe, TO ypaBHEHWE HEe WMEET HeTPUBMANbHBIX
PELLEHNA B MHOXECTBE HaTypamnbHbIX YWUCEN, MHAYe MHOXECTBO pelueHun ypaBHeHus Li(x) = 0,
Haxo4ATb No cneaytoweit popmyne:;

M =M"U{y, |y, =-L(e)-e,+L(e)e,e;eM” e,e M~ (2)
— MOMy4YeHHOEe MHOXECTBO Mi C momoLublo yHKUMK Lo(x) Toxe pasbuBaetcs Ha Tpu rpynnbl — MO =
{elLa(e)=0}, M= {e|La(e)>0}, M-= {e|La(e)<0};
— [arnee NOBTOPSIOTCS BCE JENCTBUS, aHamNOorMyHbIe NpeablayLlemy ypaBHEHMIO.

— anropuTM 3akaHuuBaeT paboTy, koraa Bce ypaBHeHus aanHoi CIIOOY GyayT obpaboTaHbl 1 SNeMEHTb
MHoxecTBa M; coctasnstot TSS aton CIOAY.

OcHoBHoe cBoicTBO TSS BhIpaxaeTcs Takon TeopeMoi [6, 7.
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Teopema 1. TNycte M n M; - mHOXecTBO Bcex pelwenuit CIIOLY u ee TSS, cooTBeTcTBEHHO. Torga ans noboro
xe Mux ¢M; umeeT MecTo npeacTaBneHue

tX =aier+ aer +... + acex,
rmea,t>1eN,eeM
/3 aToit Teopembl 1 cnocoba noctpoeHns TSS BhiTekaeT, uto TSS coBnagaeT ¢ 6a3nCOM BCEro MHOXECTBA
pelueHnin ganHon CIIOAY, ecnn |TSS| = 1.
3 cnocoba nocTpoeHus aneMeHToB MHOXeCTBa M; BbiTekaeT Takoe yTBepKaeHue

Teopema 2. TSS CJIOOY cocToMT M3 €AMHCTBEHHOTO peleHns, ecnum CJIIOY BknovaeT p NWMHENHO
He3aBMCUMbIX YpaBHEHNS, g - p < 1 1 MHOXecTBO MO = ans Beex i € [1,p], rae g — KOMM4eCTBO HEN3BECTHBIX.

Ha adhdektnBHOCTE paboTbl JAHHOTO METOdA Mano BIMSKOT 3HAYEHWSt KOS(MULIMEHTOB MPU HEM3BECTHBIX.
[aHHbIi METOR NNLLEH TeX HeAOCTaTKOB CBOMCTBEHHBIX MPpeablayLleMy MEeTOAy, HO B OTAMYME OT Hero He gaet
nonHoro 6asuca. 310 orpaHuyeHe NO3BONSET UCMONb30BATh €r0 TONLKO B 3aAadax, rae nouck Bcero 6asuca He
Tpebyertcs.

Takum 06pa3om, Kaxabli U3 anropuTMOB, CYLLECTBYIOLLMX HA AaHHBIA MOMEHT BPEMEHM, MOXET UCNONb30BaThHCA
TOMbKO B KAaKUX-TO OMPeAeneHHblx 3agadax OOYCrOBMEHHbIX OrpaHUYEHUSMM  Camoro  anropuTMa.
CnepoBaTtenbHO, PacLUMpUB rpaHNLbl, MPK KOTOPbIX YCEYEHHOE MHOXecTBO TSS anroputma GyaeT coBnaaatb ¢
NOMHBIM MUHUMAMbHBIM 6a31COM, Mbl TEM CaMbIM, YBENUYUM Kpyr 3a4ady, B KOTOPbIX OH MOXET MCMOMNb30BaTHCS.
PaccMoTpum ofHy NpocTyto Moaudukaumio TSS-anroputma, KOTopbI OCHOBBLIBAETCS Ha TeopeMe 2.

3 Moaudukauua TSS-anroputma

Kak cnegyet u3 BbileckasaHHoro, TSS-anroputm B npouecce CBOelt paboTbl onepupyeT C KaxabiM W3
ypaeHeHuit CITIOAY n Tpemst mHoxectBamu MO, M*, M (nepBoe MHOxecTBO MO yxe BKMOYAET peLLeHMs
ovyepefHoro ypaBHeHus). KoMOGUHMpOBaHWE 3MEMEHTOB M3 MOCNEAHWX [BYX MHOXECTB B 0ObeauHeHuM ¢
nepebiM MHoxecTBoM U faeT TSS panHon CJIOLY. PaccmoTpum Ha npumepe anroputm paboTtel K
npoaHanuavpyem nonyyYeHHbIN pesynbTar.

[MycTb cucTema ypaBHeHuin bygeT cnegyrowas:
L (x)=4x+2x,-3x;-2x, —x;=0
Ly(x)=2x,— x,—4x;+ x,—5x,=0 (3)
L;(x)=0x, +2x, +4x; +0x, —9x, =0
Paccmotpum ypaBHeHue Lq(x). MHOXECTBO KaHOHWYECKMX BEKTOPOB NY B aHHOM crnyyae pasbuBaloTcs Ha Tpu
rpynnel: M0 = &, M*={(1,0,0,0,0), (0,1,0,0,0)}, M- ={(0,0,1,0,0), (0,0,0,1,0), (0,0,0,0,1)}. Mocre kombuHmuposaHus
3MEMEHTOB 3TUX MHOXECTBA MO (hopmyne (2) nonyyaem Takoe TSS, cocTosilee U3 6 BEKTOPOB:
e, =(3,0,4,0,0),e, =(0,3,2,0,0),e, =(1,0,0,2,0),
e, =(0,1,0,1,0),e; =(1,0,0,0,4),e, =(0,1,0,0,2).
Mpw aHanu3e NONyYeHHbIX Pe3ynbTaToB OYEBMAEH, TOT (HaKT, YTO KONMYECTBO KOMMOHEHT B KaXKAOM BEKTOPE He

paBHbIX HyNto OyaeT paBHO ABYM, MOCKOMbKY TONMbKO fBa BEKTOPA M3 MHOXECTBA KAHOHMYECKMX BEKTOPOB
KOMBMHWUpPOBANUCh 1 HOPMUPOBATM PELLEHME.

Mpes paHHoOM mogndukauum COCTOUT B KOMOWHMPOBaHWM HE [BYX BEKTOPOB MpuHAaAnexalise K pasHbiM
MHoxecTBaM M* 1 M- a kK KOMBMHWUPOBAHMIO TPEX BEKTOPOB, 4Ba U3 KOTOPbIX NPUHAIEXAT OAHOMY MHOXECTBY,
a TpeTuin apyromy. Torga Gyaem nmomyyaTb PELeHWsl, B KOTOPbIX KONMMYECTBO HEHYNEBbIX KOMMOHEHT GyaeT
Borblue ABYX. TO PaBHOCMIBHO PELUEHMIO MIMHEHOTO AYOAHTOBOMO YPaBHEHMUS C TPEMSI HEM3BECTHBIMM, a,
crefoBaTenbHO, HeOBX0AMM anropuTM HaxoXaeHns 6asuca MHOXECTBA PELUEHNU Takoro YpaBHEHHS, KOTOpbI
ANs [JaHHoro cnyyas 6bin 6bl Hanbonee ahheKTUBHBIM.

[ns HaxoxpeHus Gasuca ypaBHeHuit Buga ax +by+cz =0 Obin MCNONb30BaH PaCLUMPEHHbI anropuTM
EBknuga. 3TOT anroput™ BbIYUCTISIET HAMBOMbLUMIA 0BLUMIA JenuTenb ABYX YUCEN, a Takke MO3BONSIET pellaTh
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ypaBHEHUS Buaa ax+by=c, rae a,b,c — Lenble, N NONYyYNTb YacTHble PeLeHns Xo U yo. OBLWMA BUG peLueHuii
nMeeT BUI X = Xotkb, y = yo-ka, rae k — npousBonbHOE NoO0e Lienoe Ymeno.

Wcxops u3 anroputma EBknuaa, onuiueM nopsiiok HaxoxaeHus MUHUManbHoro 6asuca Ans ypaBHeHWs BuUAa
ax+by+cz=0:

1. TMpeobpasyem ypaBHeHWE NO NpaBuny:
— ecnm sgn(a) =sgn(b), To ypaBHeHne npumet Bug by +cz = —ax;
— ecnm sgn(a) =sgn(c), TO ypaBHEHWe NpuMeT BUL ax + by =—cz;
— ecnu sgn(b) =sgn(c), T ypaBHeHNe NPUMET BUL ax +cz =—by;

lMpuMeMm 3Ha4eHWe HEU3BECTHOO B NPaBOW YacTu ypaBHEHUS paBHOM 0.
Pelumm nonmyyeHHOe ypaBHEHWE Npu noMoLy anroputma Esknmnaa.
YBenM4MM Hen3BeCTHYIO B NPaBOW YacTy ypaBHEHNS Ha 1.

SR ol S N

Bynem noBTopsATb NyHKTLI 3-4 40 TEX NOP, NOKa 3HAYEHWE OJHOrO U3 HEWU3BECTHbLIX B NEBOI YacTu
He OygeT paBHO Hynto.

PaccmoTpum paboTy anroputma Ha npumepe.
BosbMeMm fABa BekTopa M3 MHOXecTBa M* npegpiayLero npumepa — (1,0,0,0,0) n (0,1,0,0,0), oanH 13 MHOXecTBa
M- (0,0,1,0,0), To Heobxoaumo pelwmtb ypasHenne 4x, +2x, —3x, = 0. Cneays npasuny npeobpasosaHus,

npuBeseM ypaBHeHus K Buay 2x, —3x; = —4x, . [opanok nonyyeHns 6asnca ceefeH B TabnuLy:

YpaBHeHue BekTop-peLuenne (X1,X2,X3)
2x,=3x;,=-4-0 (03.2)
2x, —3x, =—4-1 (1.1.2)
2x, —3x, =—4-2 (2.2,6)
2x, —3x,=-4-3 (3.04)

TpeTtuin BekTOp-peLleHne (2,2,6) He OTHOCUTCA K Basncy, Tak kak BCE €ro KOMMOHEHTbl GOMblie MAW PaBHb
BTOpOro BekTopa (1,1,2).

Vicnonb3yto paclumMpeHHbIi anroputM TSS, K yCeYEHHOMY MHOXECTBY peLleHuin cuctemsl (3) jobasnseTcs ewle 5
BEKTOPOB.

e; =(1,1,2,0,0),¢5 =(2,0,2,1,0),e, = (1,0,0,1,2),¢,, = (0,2,1,0,1),¢,, = (1,0,1,0,1).
B naHHOM cryyae pacluMpeHHOe YCeYeHHOe MHOXECTBO BEKTOPOB COBMAsO C NOMHbIM Ga31COM peLLeHuii, HO B
BOMbLUMHCTBE CryYaeB Takoe COBNaJeHe peakocTb.

[anbHellee pelleHne CUCTEMbl MOMHOCTBIO COOTBETCTBYET anroputMy TSS 3a WCKMOYEHWEM TOro, YTO
BEKTOPbI-peLLeHnst 0Bpa3ytoTcs 3a HOBbIM NPUHLMMOM. CyTb ero 3akno4aeTcs B UCMOMNb30BaHWUM TPEX BEKTOPOB-
PELLEHNA NMpeablayLLEero ypaBHEHWS A1 MONYYEeHUs pacLUMPEeHHOro yceyeHHoro Gasuca. PeleHue cuctembl
ypaBHeHW# (3) Npu NOMOLLM OpuUrMHaNsEHOro anroputma TSS faeT 2 pelueHuns:

s, =(0,63,18,25,22), 5, =(63,0,72,2,32).
Mcnonb3ysi HOBbI NPeanoXeHHbIA anropuT™, K HUM J00aBNAKTCS eLle 4 peLleHus:
s, =(19,1,22,1,10), 5, =(7,7,10,3,6),5, =(13,4,16,2,8), s, =(1,10,4,4,4).
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4 KcnepuMeHTbI

B Tabnuue npuBeneHbl 3KCMEPUMEHTANbHbIE AaHHble MO3BOMSIOWME OLEHUTb BPEMEHHBLIE XapaKTEpPUCTUKM
ogHom u3 Bepcuit TSS anroputma, paciumperHoro TSS anroputma 1 metoga KoHTexan-[asu. Takke npueeaeHo
KONMNYECTBO MOMYYEHHBIX OTBETOB PELLEHHBIX 3TUMM anropUTMamu.

PacLUMpeHHbI i Metop
Meron TSS meTog TSS KoHTexaH-[asu
cnopy Kon-Bo Kon-Bo Kon-Bo
Bpewmsi Bpemst Bpemst
peLle- peLue- peLle-
. MC » MC . mC
HWUA HUiA HUiA

L(x)=4x +2x,-3x; -2x,—x;,=0
L,(x)=2x,— x,—4x,+ x,—5x,=0 2 0 6 15 6 11400
L,(x)=0x, +2x, +4x, +0x, —9x;, =0

L,(x)=-9x, +27x, +81x, —=9x, + x, =0 2 0 2 1300 2 2600
Ly(x)=1x, =3x, +9x; +1x, —81x, =0

L (x)=—1x, + 6x, =3x; +2x, +1x, =0
L,(x)=1x, +2x, = 5x; +3x, +6x,=0 2 0 3 16 3 125
Ly(x)=7x, +4x, —=2x;, +7x, —=5x5, =0

L (x)=-3x, —14x, +1x; +12x, —3x, =0

L,(x)=4x, —5x, +16x;, +1x, —4x, =0 2 0 66 4700 66 26000
Ly(x)=-2x, —1x, =5x; —2x, +14x, =0

{L,(x)xl —3x, +9x; —1x, +8Ix, =0

3aknouyeHue

[MpennoXeHHbIN anropuTm reHepupyet 6asnc mHoxecTBa Bcex peweHuin CITOLY npu ycnosuu BbINMONHEHUS
TpeboBaHWi, npuBedeHHbIX B TeopeMe 2. Kpome Toro, M3 aKCMepUMEHTanbHbIX Pe3ynbTaToB criedyeT, YTo
BPEMEHHblE  XapakTepuUCTUKM  MpeaniaraeMoro  anroputMa  BbIFSAAT — Nyylwe M0 CPaBHEHUI ¢
aKCnepUMeHTanbHbIMW AaHHbIMK anroputMa KoHteHxaH-[13su.
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THE DEVELOPMENT OF PARALLEL RESOLUTION ALGORITHMS
USING THE GRAPH REPRESENTATION

Andrey Averin, Vadim Vagin

Abstract. The parallel resolution procedures based on graph structures method are presented. OR-, AND- and
DCDP- parallel inference on connection graph representation is explored and modifications to these algorithms
using heuristic estimation are proposed. The principles for designing these heuristic functions are thoroughly
discussed. The colored clause graphs resolution principle is presented. The comparison of efficiency (on the
Steamroller problem) is carried out and the results are presented. The parallel unification algorithm used in the
parallel inference procedure is briefly outlined in the final part of the paper.

Keywords: Automated Reasoning, Logical inference

1. Introduction

The deductive inference procedures are broadly used in variety of fields, such as expert systems, decision
support systems, deductive databases and intelligent information systems. Due to high amount of data in
practical problems and the exponential growth of the search space, the efficiency of deductive procedures
becomes the key factor in the development of deductive inference systems. One of the ways to improve the
efficiency is the parallelization of inference procedures. We present a parallel inference procedure based on
resolution principle. The connection graph representation is chosen as the basis for designing the parallel
resolution procedures. Using the graph representation simplifies the parallelization of the inference process and
allows to apply the different parallelization techniques such as OR, AND and DCDP parallelism. We study and
implement OR-, AND- and DCDP- parallel resolution procedures, develop useful heuristics which can be used in
parallel resolution procedures on connection graphs and make a comparison of the obtained results with the
results of algorithms developed by other researchers. Also we describe and implement the clause graphs
inference procedure. As the test task, the Schubert's Steamroller problem is examined [1]. The problem of
parallelism on the term level is also investigated. The data structure for the term representation and the parallel
unification algorithm using this data structure are presented.

2. Connection Graph

The connection graph method was designed by R. Kowalski [2]. A connection graph is a scheme for representing
the proper first-order formulas in disjunctive normal form. Each literal is associated with a node in the connection
graph. Literals in a clause are combined into a group. If the literals in two clauses form a contrary pair (P and —P)
then there is an edge between the respective nodes of the connection graph.

Example 1.

The initial set of clauses:

1.Q(c) 8.—F(y) v —=S(y,z) v —B(z)
2.Q(b) 9.B(x) v —C(x) v =D(y)
3.R(x) v—Q(y) v —P(x) 10.D(c)

4.P(b) 11.F(b)

5.=R(x) v S(x,y) v —T(x) 12.F(c)

6.T(y) v —B(y) 13.C(b)

7.B(a)

The corresponding connection graph is shown in fig. 1.
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Fig.1

3. Methods of Inference on Connection Graphs

3.1 The Sequential Proof Procedure

To prove the unsatisfiability of a clause set we must generate and resolve the initial connection graph, i.e. derive
an empty clause.

The main operation in connection graph refutation is the link resolution, when the resolvent is computed and
added to the graph. The corresponding link is deleted and the links of the added resolvent are inserted. A pure
clause is a literal group containing a node with no links. Pure clause with all its links can be easily removed from
the graph without losing the completeness of the connection graph refutation procedure. Similarly, if we have a
tautology clause, it also can be removed from a graph. If a resolvent on some step is a pure clause or a tautology,
there is no need to insert this clause into a graph.

The refutation algorithm consists of the following steps:

1. the verification whether there is any clause in a graph or not. If there are no clauses, the algorithm
terminates unsuccessfully. If there is the empty clause, then the algorithm is successfully terminated,
else go to step 2;

2. ifagraph does not contain any link, then the algorithm is unsuccessfully terminated, else go to step 3;
a link selection. The link is resolved and the resolvent is generated;

4. if an empty resolvent is obtained, then the algorithm terminates successfully, else the resolvent is
inserted into the graph, its links are added, and the algorithm goes to step 2.

The fundamental problem in the connection graph refutation is the choice of suitable links by some criteria at
each step of an algorithmic operation. Links are usually selected by using heuristics.

3.2 Parallel Inference on the Kowalski Connection Graph

The Kowalski connection graph can easily be used as the basis for designing parallel resolution algorithms [3].
Since the search space is complete, there is a possibility of using parallel computation strategies for enhancing
the inference procedure efficiency. Parallel resolution algorithms differ from the sequential algorithm in step 3 at
which a set of links satisfying certain criteria (not a single link as in the sequential procedure) is chosen and
parallel resolution of all the links in this set is carried out.

3.2.1. OR-parallel Resolution on a Connection Graph

In case of OR-parallelism, the inference system associates some goal clause with the heads of clauses -
possible candidates for resolution. Literals are unified and new clauses are generated. Admissible OR-links sets
for the connection graph of Fig.1 are {1', 2'} and {10', 11"}.

3.2.2. DCDP-parallel Resolution on a Connection Graph

One modification of the parallel inference on the Kowalski connection graph is called DCDP parallelism
(parallelism for distinct clauses) [4]. The correctness of the DCDP parallel resolution is proved in [5].
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Definition 1. Clauses are said to be adjacent if there exist one or several links joining the literals of one clause
with the literals of another clause.

Definition 2. A set of links joining pairs of distinct clauses is called a DCDP-link set if the clauses of every pair are
not adjacent to any clause of other pairs.

To illustrate these definitions let us study the DCDP-link set for the connection graph of Fig.1. Adjacent pairs of
clauses for this set are {(1), (3)}, {(2), (3)}, {(3), (4)}, etc... Thus, one of the DCDP-link sets is {1', 6', 9'}. Other
examples of DCDP-link sets are: {2', 6', 121, {4', 12, {1', 6', 10'}.

3.2.3 AND-parallel Inference
Definition 3. A clause where all its links are resolved in parallel is called a SUN-clause.

Definition 4. Clauses joined with the literals of a SUN-clause are called the satellite clauses.

In AND-parallelism all links of literals of the SUN clause are resolved simultaneously. All resolvents are inserted
in the graph along with all inherited links of a satellite clause. A SUN clause with all its links is removed. There is
proved the correctness of the AND-parallel resolution [5]. The correct unification of separable variables under
AND-parallel resolution is studied in [3].

Let us consider the choice of an AND-link set for the connection graph of fig.1. Admissible AND-link sets are, for
example, {5', 4', 7'} (SUN-clause —clause (5)) and {5'6'} (SUN-clause - clause (6)). Detailed description of
methods and algorithms can be found in [3,6].

4. Modification of Parallel Inference Procedures

Different heuristics can be used for choosing a link in resolving upon a connection graph. In the parallel resolution
we must choose a set of links satisfying certain conditions. Note that the inference procedure becomes unsuitable
if links are chosen unsuccessfully. The main principles underlying the design of heuristics are:

1. the number of literals in resolved clauses must be minimal,

2. the number of links in resolved clauses must be minimal,

3. the number of links in a literal for which the clauses are resolved must be minimal,

4. the unifiers of a resolved link must have a substitution of the type {c/x}, where ¢ is a constant or a

functional term, and x is a variable.

Further we describe the meaning of each principle in more detail.
Principle (1) simplifies a resulting connection graph, because a clause with a small number of literals, usually has
a fewer number of links.
Principle (2) also simplifies a resulting connection graph, because the resolution of clauses with a small number
of links yields clauses also with a small number of links.
Principle (3) prefers those links, the resolution of which yields "pure” clauses that on removing, can considerably
simplify a connection graph.
The same is true for principle (4): as a result of the resolution by links containing a substitution of a variable for a
constant, we obtain a clause containing constant terms. Such a clause has, at the first, a small number of links
and, at the second, can be effectively used in the resolution. Principles (I)-(4) are taken into consideration in the
heuristic function described below.

4.1. The Heuristic Function HI
In the heuristic function H1 the link estimation is represented as a linear combination of estimations of the objects

in the link (unifiers, clauses, and predicate literals in the link).
4.1.1 Computation of the Value of the Heuristic Function
Let WeightLink denote the heuristic estimation of a link. Then:
We/ghtL/nk= kclause'(Clause1Heur+ClauseZHeur)+ Univieur Kuni + kpred (P redHeurt Pr edZHeur),

where Clauseiteur, Clausestesr Unineur, Predsres- and Predane,r are the heuristic estimations for the first clause, the
second clause, the link unifier, the predicate literal in the first clause of a link, and the predicate literal in the
second clause of a link, respectively, and Kun, Keause and kpes € [1; 100] are coefficients. Let us describe these
symbols in more detail.
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4.1.2 Heuristic Estimation of a Clause

The heuristic estimation must take into account the changes taking place in the characteristics of a connection
graph during the inference (for example, changes in the number of links and the number of literals in a clause).
Let us examine the heuristic estimation based on principles (1) and (2):

Clausepeur = k1 - ClauseNumberOfLinks + k, - ClauseNumberOfClauses,

where ClauseNumberOfLinks is the number of links in a clause, ClauseNumberOfClauses is the number of
predicate literals in a clause; ki, k2 are arbitrary coefficients, chosen a priori on the basis of graph characteristics
such as an average number of literals and links for the clause.

Let for example the average number of literals and links for the clause be 3.2 and 4.8, respectively. Then we can
take ks = 4.8/3.2 = 1.5 and ko= 1. In this case, both principles (1) and (2) have the same weight. Characteristics
may change their values during the inference. In this case, the initially chosen values of coefficients become
"obsolete," and one principle gains a greater weight over the other. To avoid such a situation, the values of
coefficients must be changed during the inference. Let AverageLinkCount and AverageClauseLength denote an
average number of links and literals in a clause, respectively.

We can take k1 = AverageLinkCount/AverageClauseLength and k2=1. In this case, principles (1) and (2) both gain
the same weight in the course of the whole inference process. The heuristic clause estimation takes the final
form:

Clausereu=(AverageLinkCount/AverageClauseLength) xClauseNumberOfLinks+ ClauseNumberOfClauses.

4.1.3 Heuristic Estimation of the Unifier

The heuristic unifier estimation must be based on principle 4 (the unifier of a resolved link must have a
substitution of the type c¢/x, where ¢ is a constant or a functional term with constants and x is a variable) and must
take into account the changes in values of the graph characteristics. The heuristic estimation of the unifier Unireyr
is computed by the formula:

Unineu=AverageLinkCount/(1+NumberOfConstantSubst +NumberOfFuncSubst),

where NumberOfConstantsSubst is the number of substitutions of the type {c/x} in the unifier, ¢ is a constant term
and x is a variable.

NumberOfFuncSubst is the number of substitutions of the type {f/x} m the unifier, where fis a functional term with
constants and x is a variable.

4.1.4 Heuristic Estimation of a Predicate Literal
The heuristic estimation of a predicate literal must be based on principle (3) (the number of links in a literal, for
which clauses are resolved upon must be minimal). The heuristic function must also take into account the
changes in the graph characteristics. The heuristic estimation Predwe.r of a predicate literal is computed by the
formula:

Predueu=PredNumberOfLinks -AverageClauseLength,

where PredNumberOf Links is the number of links in a predicate literal.

4.1.5 Selection of Coefficients

The coefficients Kuni, Keause @nd Koes @re chosen experimentally. We have chosen the following ratio kun=Kpred
=(1/10) - keause for coefficients. In this relationship, the greater weight is attached to principles (1) and (2). As a
rule, Keause is taken from the interval [10; 100] so that ku, and Kureq lie in the interval [1; 10]. Thus, the heuristic
function H1 takes account of all principles (I)-(4). The weight of principles can be changed. The changes in the
graph characteristics are also taken into account. The function H1 enhances the efficiency of parallel inference
algorithms for problems of practical complexity.

5. Deductive Inference on Clause Graphs

The deduction algorithm transforms a clause graph via two special operators — a predicate node elimination
operator and a predicate node splitting operator [6,7]. They are applied to a predicate vertex depending on
whether the node has multiarcs or not. A predicate node | said to be joined to a clause with multiarcs if the clause
contains more than one literal with predicate symbol of the predicate node. For example, the node P in Fig.2 is
joined to clause 1,2 and 3 (clause 4 is joined with the predicate node P with an ordinary arc) by the multiarcs.
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L. P(x,y) = P(ftx).y) (or —P(xy) vP((x)y))
2.P(u, f(x)) & P(v,g(w)) — (or  —=P(uf(x)) v —=P(v.g(w)))
3. — P(g(x).y) v P(a,z) (or P(g(x),y) v P(a,z))
4, — P(a,x) (or  P(a,x))

/ \
i \
N
AN
\ /
\ ]
\ /

Fig. 2

In this method clauses are expressed in implicative form.

Here 1-4 are the nodes corresponding to the clauses of the logical model. The oval vertex represents the
predicate symbol P. Continuous arcs are weighted with conditional literals of clauses, whereas dotted ars are
weighted with inference literals of the clause.

An operation similar to colouring of clause graphs is introduced. Clause condition is «network is coloured» by
color C1 (the corresponding arcs in figures are shown by a continuous line) and the condition for inference is
colored by color C2 (a dotted line in figures). If clause graphs are represented in colored form, then it is easy to
search for information and new assertions can be inferred easily and thus the effectiveness of the inference
system is enhanced.

The general inference scheme for an empty clause via transformation of clause graphs consists of the following:

1. if the network contains predicate nodes to which the node elimination operator can be applied, then such
nodes are removed by this elimination operator;

2. if there are nodes with multiarcs, then the splitting operator is applied to generate nodes without
multiarcs. Then the node elimination operator is applied, etc. until a contradiction is obtained in network.

If the node elimination operator consists of a set of usual operations of resolution of specially chosen pairs of
clauses, then the splitting operator contains a distinct feature of this algorithm, i.e., a feature that has no analog in
other logical inference mechanisms.

The predicate node elimination operator is applied to nodes having no multiarcs. It resolves in all possible ways
those clauses that contain contrary pairs of literals. Resolution is implemented by the predicate of the chosen
predicate node. Upon completion of all resolutions, parent clauses and the predicate node are removed from the
network and the new clauses found via resolution are included in the network. Figures 3a and 3b show a clause
graph before and after the application of the elimination operator to the vertex M for the following disjunct set:

1.O&M—
2M&H—Q
3F&M—>H
4. ->M
5. ->F

The node M and clauses (1)-(4) were removed and the clauses
6.0—>. (1,4)
7F—>H ((3,4)
8H >0 (24
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were added to the network.

Fig. 3

The predicate splitting operator is introduced in order to remove multiarcs from nodes and thereby create
conditions for the application of the elimination operator. The splitting operator generates copies of clauses and a
few new vertices having the same predicate symbol as the split vertex, but with new indexes 1,2,3, .... The
clause copies and new nodes are interrelated with each other. First, the elimination operator removes those
nodes that have higher indexes.

Figure 4 shows the action of a splitting operator for the case of three multiarcs starting from clauses 1,2 and 3

(Fig. 2).
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Splitting the three multiarcs (“petals”) of the node P by this operator 1we obtain four nodes P, P2, P3 and P (their
amount is one more than the amount of «petalsy), four copies of clause 4, three copies of the «split» clause 1,
two copies of the «split» clause 2 with a duplicate at vertex P, and a «split» clause 3 with a duplicate at nodes P
and Ps. Splitting occurs in the following order: first the multiarc (1 — P), then the multiarc (2 — P), and finally the
multiarc (3 — P) are split. The priority elimination strategies for removing nodes having no multiarcs and nodes
with minimal number of arcs are reasonable for forming a sequence of processed nodes in a clause graph. They
yield a sequence of eliminations and generate a lesser number of intermediate clauses than the variant in which
these strategies are not used. Both these operations are correct i.e. unsatisfiable clauses remain unsatisfiable
after the application of these operators[1]. A parallel algorithm for deductive inference on colored clause graphs is
described in [7,8].

5. Efficiency

As the test problem, we have researched the "steamroller" problem formulated by L. Schubert in 1978 to test
automatic proof systems [1]. This problem requires the generation of an exponential number of intermediate
clauses and unifications during the inference process. Below we describe the results obtained by our and other
algorithms of deductive inference for the «steamroller» problem.
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CG is the inference strategy with a connection graph. SOS is the inference on a connection graph with a goal
statement as a support set. TR is the inference within Theory Links - the extension of the standard resolution
method. UR is inference with Unit Resolution - a modification of the resolution method. LUR is the inference by
Linked Unit Resolution - a modification of the UR resolution method.

According to Figs. 5 and 6, the best results are obtained by the McCune/LUR procedures. Parallel inference
procedures have also shown their efficiency for deductive inference on connection graphs.

19000 - B Stickel/CG-SOS-TR
O Stickel/CG
10000 M Stickel/CG-TR
8000 1 O McCune/UR
B McCune/LUR
60007 Colored semantic networks inference
40001 [0 DCDP-parallel inference on connection graphs
I AND-parallel inference on connection graphs
20007 [ OR-parallel inference on connection graphs
0- [ Sequential inference on connection graphs

Successful unification attempts

Fig. 5

300 B Stickel/CG-SOS-TR
I Stickel/CG

2507 B Stickel/CG-TR

200+ OMcCune/UR
B McCune/LUR

1501 Colored semantic networks inference

O DCDP-parallel inference on connection graphs
I AND-parallel inference on connection graphs
O OR-parallel inference on connection graphs

& Sequential inference on connection graphs

1001

501

Intermediate clauses

Fig. 6.

6. Parallel Unification in Connection Graph Inference

Due to a high amount of the unification tasks in deductive inference, the efficiency of the implementation of the
unification procedure is one of the main factors in designing deductive inference procedures. There is a variety of
effective unification procedures, but all of them have their own disadvantages. The main disadvantage is the use
of complex, tightly coupled data structures, which are very difficult to parallelize.

We develop rather simple data structure for the term representation based on the notion of path strings. Terms
(and clauses) are stored in tables, which are connected with links. Some tables and parts of the tables can be
processed in parallel (with having links in mind). As we have no possibility to describe the algorithm and the data
structure for term representation in detail, we just briefly outline the main principles used in this approach.

The term is stored as the sequence of strings, where every string presents one symbol in the term. Also such
information as the type of a symbol (a variable or a constant symbol), the index number of an argument in a
function symbol and the depth of a symbol (i.e. the number of function symbols which this symbol belongs to) is
stored. The terms that can be unified are connected with the links of two types.
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The first type corresponds to the terms (and strings) of different depth. The second type corresponds to the terms
of the same depth. Let us illustrate these notions by the simple example.

Consider the unification task {t;=t;}, where t;= f(a,g(h(x))) and t=f(x,g(y)). The representation of the term
f(a,g(h(x))) is f1.a.1.constant(1) and f2.g1.h1.x.3.variable (2).

The representation of the term f(x,g(y)) is f1.x.1.variable(3) and f2.g1.x.2.variable(4) (the index number is shown
in brackets). The links are created between the strings (1) and (3) and between the strings (2) and (4). The first
link has the second type and the second link has the first type.

The task of link establishing is one of the main tasks in the proposed approach. Two techniques can be used. The
simplest one is the special sorting procedure on tables containing strings from the unification task. The main
drawback of this approach is the deficit of efficiency caused by the nature of the sorting problem (the complexity
of the sorting problem is nlog(n)). The second approach is based on automata representation of strings and is
similar to discrimination trees. Using automata increases the efficiency of the procedure, but requires higher
memory consumption.

The main idea lying in the parallelization of the unification procedure is the use of dependencies graph, where strings
connected with arcs cannot be proceeded in parallel. The complexity of the task of determining maximum sets for
parallel proceeding is equal to the complexity of the graph coloring task, though heuristics can be used to find non-
maximum but satisfactory sets. This unification procedure has been combined with the parallel inference procedure on
connection graphs. The structure for term representation and unification are thoroughly described in [9].

7. Conclusions

The Kowalski connection graph and the sequential inference procedure on connection graphs are investigated.
The structure of the OR-, AND- and DCDP-parallel inference methods is described. Methods of modifying parallel
inference procedures are analyzed and the main principles underlying the design of heuristic link estimations are
stated. The heuristic function for link selection is designed. A procedure of inference on colored clause graphs is
also described. The developed deductive inference procedures are compared with other procedures on the
"steamroller" problem. The procedures of parallel inference on connection graphs and clause graphs are the
effective ones for the deductive inference. They can be applied in expert and decision making systems.
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MArHUTHAA TMAPOANHAMUKA XWOKOCTU U AMHAMUKA YNPYTUX TEN:
MOJENUPOBAHUE B CPEAIE MATHEMATICA

10.I". Ilera, B.B. MenbHuk, T.WU. Bypuesa, A.H. Manywa

AHHOmayusi: B cmambe npednoxeH Memod KOMNbIOMEPHO20 MOOENIUPOBaHUS U YUCIEHHO20 aHanusa
HeNuHelHbIX e3aumodelicmeull 8 MeXaHUKe CNnilOWHbIX Cped, 8 KOMOPbIX y4UMbIBAOMCS 3/1eKMPOMacHUMHbIe
aghghekmbi npu noMowU KomnsromepHoli aneebpbi cpedbl Mathematica.

BBepeHue

B Hactoswen pabote npencrtaBneHbl pesynbTaTbl KOMMIOTEPHOTO MOLENMPOBAHUS M YMCIEHHOMO aHanusa
HEMUHENHbIX B3aUMOZENCTBUIA B MEXaHuke CMMOWHbIX Cped, B KOTOPbIX YYMTHIBAKOTCA 3NEKTPOMArHUTHbIE
athbekTbl. [N 3TOr0 NPUMEHSKOTCS METOAbl CMMBOMBHOM anrebpbl M KOMMBIOTEPHBIX  aHANUTUYECKMX
npeobpasoBaHuin C NOCNEeAyWMM YUCNEHHbIM MoaenupoBaHneM. OCHOBHOE BHUMAHWE YAENSeTCs CNOXHbIM
MOOENAM  B3aWMOLEMCTBMS  yNpyrX Ten C  TOKOMPOBOAALEA XKUOKOCTbK, MPUHATOA B MarHUTHOM
rMopoMexaHuke.

Takxe Kak 1 B MarHUTHON rapoMexaHuke NPUHUMAETCS, YTO CMOLHAs cpeaa sBNSETC XUOKOCTBIO UMK ra3oMm,
B KOTOPOM OTCYTCTBYET NONSPU3aLMS U HAMArHUYEHHOCTb, HO MOXET NPOTEKaTb ANEKTPUYECKNI TOK.

B otnuune ot m3BecTHbIX paboT [1-3] N0 MaTeMaTUYECKUM MOLENSIM MEXaHUKWU CMNOWHBIX Cpead, B KOTOPbIX
noAoBHbIe BONPOCHI Yxe 06Cyxaan1ch U B KOTOPbIX NPUBEAEHbI HEKOTOPbIE PELLEHNS B3aUMOAENCTBUS YNpyrnX
TEN C XWNAKOCTbIO C YY4ETOM 3MEKTPOMAarHUTHbIX 3Gh(HEKTOB, B HACTOsILLEN paboTe BCe CCnesoBaHne NpoLeccos
B3aMMOZENCTBMS HauMHas OT MOCTAHOBKM 3afaun O ee pelleHns BbiNomnHeHbl B cpeae Matematica metopgamu
KOMMbloTepHOM anrebpbl.

OcHoBHOE MpeuMyLLecTBO  CHOPMYNMPOBAHHOIO Bhbille NOAX04A B MPUMEHEHWUS KOMMbIOTEPHOWU Ccpeabl
Matematica coCTOMT B TOM, YTO COBPEMEHHbIE KOMMbIOTEPHbIE TEXHOMNOMMM MO3BONSIOT CTPOUTL MHBAPUAHTHbIE
CUMBOMbHbIE MOAYNM ANS BbIBOAA W (HOPMYNIMPOBKN 3a4a4 MEXaHWKU CMMOLHbIX Cpef, C TakuM pacyeToM, YTo
Obl B NoCneaytoLLemM peanu3oBaTtb NPOCTON NPUHLMN UcCneaoBaHus: To 4to Matematica cpopmynupoBana, 10
Matematica v pelumna.

Pasymeetca 310 rmobanbHas 3agava He MOXeT ObiTb pelleHa B KOHEYHOM Buae Ans GonblmHcTBa Npobnem
MeXaHUKI CMMOLLHbIX CPEL COBPEMEHHBIMI KOMMbIOTEPHBIMU CPEAaMK, HO HayanbHble UHBApUAHTHbIE MOZYU
ANs BbiBOAA (hyHAAMEHTambHbIX YPaBHEHWU B3aUMOAEICTBIS B SNEKTPOANHAMMUKE, MEXaHWKE, (PU3NKe MOXHO
nocTpouTb Yxe cenvac. Mo-eugumomy, B OyayLlem meTogamm KoMnboTepHon anrebpebl nogobHele 3agavun oyayT
peLuaTcs B KOHEYHOM BUAe U NPEANOKeHHble B HACTOSLLEM AOKMaAe NOAXOAbI MOCNYXaT CTUMYNOM K CO3LaHMI0
nopobHbIX MpuKnagHbIX nakeToB B cpeae Matematica ans pewweHus pas3nuyHbIX NpUKnagHbX npobnem
HEeNWHENHOM ANHAMUKN LedhopMUPYEMBIX TeT.

B nepsoit YacTv paboTbl CHOpMYNMPOBaHbI 1 MOCTPOEHbLI MHBAPWUAHTHbIE MOZYNW ANS 3a4a4u B3aUMOLENCTBIS
yNpyron LunMHOPUYECKon 0BONOYKA C Y4ETOM 3MEKTPOMArHUTHbIX 3EEKTOB HENMHEHOMO B3aMMOAENCTBIS
XWIOKOCTU 1 060NOYKM.

MocTaHOBKAa KOHTAKTHOW 3aAa4y MarHUTHON M’MAPOYNPYroCTM LUNMHAPUYECKOW 000NO0YKM.

[lB/XEHME KNaKOCTU B 000NOYKe, MOMELLEHHON B 3NEKTPOMAarHUTHoe nore GyaeT onuchiBaTbCs COBMECTHOM
CUCTEMON YpaBHEHMIA ABUXKEHWS, KOTOPAs BKIHOYAET B cebs:

- YPaBHEHUS [IBUKEHMS KIUOKOCTY,

- YPaBHEHMS [JBXEHNS 0BOMOUKY,

- W 3MeKTPOMAarH1THOro nons
nw n’d N 1 n’ n’w

) o nwnld nPwnid
= - —+nyh—;
nt

—n'n"w 2

2 2 2 2 s
nx nn ny nx nxnn nxnn R nx

1
+—(P+P);
L (PHE)



518 5.1. Algorithms

2 2 2 2
1, ., nw nwnw lnanw
— ,/l — - R ,
nxnn  nx* nn* R nx’

n

P=-n—;
Ont

P =ne[E+l[ﬂﬁxflﬂ+l(j*xﬁ);
c\ nt c

a3 - l’lW —_
J =J+n,—n
nt
V =hn.
roe B hopmynax BeefeHbl 0603HaueHNs:
- n, - NNOTHOCTb MaTepuana 0bornouKm,

- nf - NNOTHOCTb XMOKOCTH,
- 71 - NOTEHLMan CKOPOCTE XKIUAKOCTH,
- P - paBneHne Ha 0601104Ky OT B3aMOAENCTBISA C 3NEKTPOMArHUTHbIM MONeM.

KuHemaTtnyeckue ycrnoBmsi COBMECTHOTO ABMXKEHUS XMAKOCTW 1 060N0UKN UMEIOT BUL

nw _ nd

nt nn
B kayecTtBe rpaHn4yHOro ycrioBust Ha BECKOHEYHOCTN MPUHUMAETCS PABEHCTBO HYSHO BO3MYLLEHHOTO ABKEHMUS
XMOKOCTH.

HauarneHoe ycnosue ana NPUHUMAKTCA HYNEBbIMU

n
n= nb =0.
nt
['paHn4HOE ycrnosue Ans 06004k UMEIOT BUA
N'(w)=0

roe N:ln - HEKOTOpbIE ﬂM(i)(bepeHLllﬂaﬂbele onepaTopbl Ha rPaHNUYHbIX JIMHUAX Cpe,ElI/IHHOVI NOBEPXHOCTN.

WHBapuaHTHbIe MOAYNM ANA BbIBOAA YPaBHEHUN ABUKEHUA XKMAKOCTU B 4EKapPTOBbIX
koopauHatax B cpege Mathematica.

YpaBHeHUs ABWXEHUs B LMITMHAPUYECKUX KOOPAMHATAX.
PelueHe nNepBbIX ABYX YpaBHeHUiA MakcBenna B LMNMHAPUYECKUX KOOpAMHATAX.

Kak 13BeCTHO ypaBHeHMst MakcBenra UMEIoT 04eBUAHbIE PELLEHUS, KOTOPbIE 3aNnCbIBAOTCS Yepes CkanspHbIiA 1
BEKTOPHbIE MOTEHUManbl. 3agaya COCTOMT B TOM YTOObl MPEACTaBUTb 3TU PELIEHUS| B BUAE CUMBOMbHBIX
BbluncneHnin B cpefe Mathematica ¢ Tem, 4YToGbl B MOCNeAyIOLEM MPUMEHSTL AN PELUEHUS] HEKOTOPbIX
KOHKPETHbIX 3a/la4 MarHUTHOI SMEKTPOANHAMMKM.

Takum 06pa3om anekTpUYECKOe MOME MOXHO BbIpasuTh CreayoLLMM 06pasom
Electric =-Grad [n@@ Append [F, t]:l -9, Table[/L @@ Append [77, t] , {i, n}]
{—A](O’O’O’l) (Rr,Ttheta, Zz,t) -n"*""" (Rr, Ttheta, Zz,t),
n' """ (Ry, Ttheta, Zz,t)
Rr ’
—Aéo’o’o’]) (Rr,Ttheta, Zz,t) -n""*"" (Rr, Ttheta, Zz,t)}

PelueHne nepeoro ypaBHeHusi MakcBenna, KOTOpoe MOKa3biBaeT YTO BEKTOP MarHUTHOTO MOMs eCTb POTOP
HEKOTOPOro BEKTOpA.

- (Rr, Ttheta, Zz,1) -

B aaHHOM criyyae nonaraem, YTo MarHUTHOe nose ecTb poTop BekTopa - A .
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Magnetic = Curl [Table[Ai @@ Append [17, t] , {i, n}ﬂ
1
{E (A0 (Rr, Ttheta, Zz,t) - RrAS"" (Rr, Ttheta, Zz,t)),
A (Rr, Ttheta, Zz,t) - A" (Rr, Ttheta, Zz,t),
1
2 (A,(Rr,Ttheta, Zz,t) - A"V (Rr, Ttheta, Zz,t) + RrA" " (Rr, Ttheta, Zz,t))}
r

Bropoe ypaBHeHne MakcBenna cucTeMbl 3anncbIBaeTcs B BULE
Div(H)=0
Pewwenue atoro ypasHeHus B cpede Mathematica npeacrasneHo Hixe B onepatope solutionMagnetic
solutionMagnetic =
(Div[Magnetic] /! Expand) ==
True
Kak BWOHO W3 BbIBOZA BTOPOE YpaBHEHWE BEKTOPHbIM MOTEHLManoMm A TOXgecTBeHHO yhoBneTeopsieTcs, a

pelleHne BbINOJSIHEHO B CMMBOJTbHOM BUAE B LUITMHAPUYECKUX KOOPAMHATAX.

[lanee npefcTaBMM CUMBOMbHOE pelleHMe B MOTeHUManax Ans nepeoro ypaBHeHWs Makceenna
MPeACTaBNEHHOO paHee B CUCTeMe

iixE :-la—H,
c ot

PelueHe BEKTOPHOMO ypaBHEHWS Yepe3 COOTBETCTBYHOLLME MOTEHLMANbI NPEACTaBNEHO HIXKe B Koaax Cpeabl
Mathematica

solutionMagneticElectric =
(Div[Curl [Electic] +1/ catMagnetic} // ExpandAll) ==

True
Kak BupHO 13 BbIBOZA MEPBOE YpaBHEHWE CUCTEMbI, TaKKe TOXOECTBEHHO YOOBNETBOPSIETCS BEKTOPHBLIM
MOTEHLMANOM A , @ €T0 PELLIEHNE BbINOMHEHO B CUMBOMLHOM BUAE B LTMHAPUYECKUX KOOPAUHATAX.
solutionMagnetic

True
MpeobpasoBaHue gByx Apyrux ypaBHeHuit Makcsenna

[lanee npeobpasyem ocTaBLUMeCs ypaBHeHWst MakcBenna, ¢ y4eToM BBEJEHHbIX pPaHee MOMyYeHHbIX PeLieHni
yepe3s CKanspHble U BEKTOPHbIE MOTEHLMAbI.

Llenbto ganbHedwnx npeobpa3oBaHMin CTAaHOBUTCS BbIOOP Takoro moTeHuwana Ans avBepreHumn A, ytobebl
YpaBHEHUS! ANst BEKTOPHOTO 1 CKANSPHOrO NOTEHLMANoB pasaenunmch.

densityElectric =n, (@@ Append [77 , t]
ne(Rr, Ttheta,Zz, t)
Bbi6Op B NPOU3BONe BbIGopa ABEPreHLM - A MPUBOAUT K ypaBHeHMIo BUAA
eqSupport = — (Div[Table[Ai @@, Append [17, t] , {i, n}ﬂ // ExpandAll)
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A (Rr,T z
~ (R, Zlgem, Z,f)_A3<0,0Js0>(Rr,Ttheta,ZZaf)_
r
(0,1,0,0)
ALL00 Rr}eTtheta, Zz,t) AN (Ry Ttheta, Zz,t)
r

sub = 0,eqSupport->1/c” 20, , n@@ Append [77, t]
A"V (Rr, Ttheta, Zz,t)
- Rr
Aéo’]’o’l) (Rr,Ttheta,Zz,t)
Rr
n'""%2 (Rr, Ttheta, Zz,t)

2
C

YpaBHeHve Ans CKanspHOro noTeHUMana - NpeacTaBneHo HINKE.
eq4 = (((Div[Electric] /I Expand ) ==
4 PidensityElectric)/ .sub)
n'"""? (Ry, Ttheta, Zz,t) i
2

(4

_ A3(0,0,1,1) (Rr, Ttheta, ZZ: t) -

B A1(1,0,0,1) (Rr,Ttheta,Zz,t) —

n'">" (Rr, Ttheta, Zz,t)

n(0,0,2,0) (Rr’ Ttheta, Zz, t) - 2
Rr

n"0 (Ry, Ttheta, Zz,t)
Rr
4nn,(Rr,Ttheta,Zz,t)

QOueBunaHo, yto Ans CKansapHoOro noteHumana nMeem BONMHOBOE HEOAHOPOAHOE YypaBHEHWE, peLleHne

KOTOPOro B CUMBOSIbHOM BUAE AN NPOCTpaHCTBEHHOro cnyyvas Mathematica noka He npegocTaenseT. Bmecte ¢
TEM, €ro BblBOA W3 WHBApPWaHTHbIX CUMBOMbHbIX Npeobpa3oBaHW NPOBEAEHHbIX paHee AaeT OCHOBY Ans
AanbHemMLwero uccnefoBaHns npu passuTAN HOBbIX KOMMbIOTEPHbIX NPe0bpa3oBaHuil.

PellueHVe ans ckansipHoro noTeHuMana B cryyae OAHOPOAHOrO NMons UMeeT BU
eq4 = (((Div[Electric] /I Expand) == 0)/ .sub)
p(0002 (Rr,Ttheta,Zz,t)

2
C

n(z,o,o,O)(Rr,Ttheta, Zz,t) ==

(0,2,0,0)
n Rr,Tl‘heta,ZZﬂt
7(0-0:2.0) (Rr,Ttheta,Zz,t) - ( ) _
Rr?
17 (10.0.0) (Rr,Ttheta, Zz,t)
Rr

CoCTaBNEHMe ypaBHEHWS! N5l BEKTOPHOTO MoTeHUyana - A
nobo = Table[0,Grad[® @@ Append|[r,t])[[k]]- >

¢ 2Grad|Div[Table[ A, @@ Append|[r,t],{i,n} 111[[£]],

{k,n}]// ExpandAll

eq3=(c"2Curl [Magnetic] —4Pi/cCurrent —0,Electric) | ExpandAll ;
equationVectorPotenciall =

ReplacePart[eq3[[1]],nobo[[1,2]],7] ==

n' > (Rr, Ttheta,Zz,t) == 0
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A (Rr, T Zz,1)c?
_ A (Rr, t};etf’ z,1)c — A*Y(Rr, Ttheta, Zz,t)c* —
r
A (Rr Ttheta, Zz,0)c* | A" (Rr, Ttheta, Zz,0c” |
R’ Rr

2A§1’1’0’0) (Rr,Ttheta,Zz, l‘)c2
+
Rr
AP (Rr, Ttheta, Zz,t)c” + A" (Rr, Ttheta, Zz,t) —
4rJ,(Rr,Zz,t) 4z v,(Rr,Zz,t)

c c
equationVectorPotencial2 =

ReplacePart{eq3[[2]],nobo[[2,2]],7] ==

240 (Rr, Ttheta, Zz,1)c” +

0

A (Rr. T, tzetf’ Zzt)c” AP (R Ttheta, Zz,1)c* +
r
2A3(0’1’1’0)(1’€r,Ttheta,Zz,t)c2 N Aéo’z’o’o)(Rr, Ttheta,Zz,t)c’ B
Rr Rr?
Aé"o’o’o)(Rr,Ttheta,Zz, 1)c’ N 2A1(1’1’0’0) (Rr, Ttheta, Zz,t)c’ B
Rr Rr

AP (Rr, Ttheta, Zz,t)c” + A" (Rr, Ttheta, Zz,t) —
4nJ,(Rr,Zz,t) 4z v,(Rr,Zz,1) _

c c
equationVectorPotencial2 =

(1/c”2ReplacePart[eq3[[3]],nobo[[3,2]],5]// ExpandAll ==
_AnJy(Rr,Zz,t) 4Arn vy(Rr,Zz,1) N

c’ c’
A3<o,o,o,2> (Rr, Ttheta, Zz,t)c’ N 2A1(0’0’1’°)(Rr,Ttheta, Zz,t) N

c’ Rr
2 A (Rr, Ttheta, Zz,t)
Rr -
A" (Rr,Ttheta, Zz,t) ~ 4"*" (Rr,Ttheta, Zz,t) N
Rr? Rr

24N (R, Ttheta, Zz,t) — A" (Rr, Ttheta, Zz,t) == 0
BsaumopgeiicTBus BONMHOBBIX M konebaTenbHbIX ABWKEHUA MPOCTEMLUMX MEXaHWUYECKMX CMCTEM W BHELUHWX
ra3onHaMUYECKNX 1 MarHUTHBIX nonen

- BsaumopeiictBue KkonebaHus MPU3MATUYECKOTO CTEPXKHS C BO3MYLLEHWSMW OT BHELUHWX MONe:
YpaBHeHUs ABMKEHNS U UX peLueHue B cpefe Mathematica

- CeobogHble konebaHus NPMU3MaTMUYECKOro CTEpPXKHA B cpeae 6es CONpOTMBNEHNA

- CoBMecCTHble KorebaHusi MpU3MATUYECKOro CTEPXHS M XuakocTu: Bsaumopeiicteue konebanuii ¢
MAPOAMHAMUYECKUMI BO3MYLLIEHWSIMI NONS AaBNEHNS!

- PeaKLI,VIFI CTePXHA Ha BO3MYLLUEHUA MarHUTHOro nons
- PelueHue 3agaum o pacnpocTpaHeHnn BOINH B LLI/IJ'IMH,U,pI/I‘-IeCKOIZ cucTeme KkoopauHat
,U.VIHaMI/NeCKVIe YpaBHEHUA NONA U YpaBHEHUA OBMKEHNA B C(bepmqecmx KoopAanHaTax

=0

A3(0,0,2,0) (Rr, Ttheta,Zz, t) +
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3akniouyeHue

B Hactoswei paboTe npeactaBneHbl pesynbTaTbl CUMBOIMbHBIX BbIYACIEHWUA B MarHUTHOW rMapoOMeXaHuike,
KOTOpbIE PELIAIOT 3a4auu NOCTPOEHUS MHBAPWUAHTHBLIX BEKTOPHLIX ONEPaTOpOB MaTeMaTWYECKOro BEKTOPHOTO
aHanu3a v 3agayu nocTpoeHns (hyHOaMeHTarnbHbIX YPaBHEHUI ABMKEHNS U COCTOSIHUS cpedbl 1 nons B Mto6oi
KPUBOSMHENHO CUCTEME KOOPAMHAT.

lMpuBeaeHbl COOTBETCTBYIOLME BbIBOALI YPABHEHUI OBUKEHUS, COCTOSHWUS W T.M., @ TaKkke 06CyKaeHbl METOabI
NCMONb30BaHNS KOMMbIOTEPHOW anrebpbl B Hanbonee LWMPOKO NPUMEHSIEMbIX CUCTEMAaX KOOPAMHAT (LekapToBa,
UMnuHApUYeckas, cepuyeckas).

B kayecTBe npuMmepoB, MpUBELEHbI PELUEHUS MOAENbHbIX 33d4ay O B3aUMOAEUCTBMM YMPYTUX ABUWXEHWNA
NpOCTENWNX TBEPAbIX AedOpMUPYEMbIX TEN B MMAPOANHAMMYECKUX W MarHUTHbIX nonsx. [Ans peleHus
MOZenbHbIX 33fay WMCMoNb3ylTCs BCTPOEHHble B cpedy Mathematica ctaHgapTHele mpoueaypbl, KOTOpble
NoKa3blBalOT HanpaBneHue NPUMEHEHUS W PasBUTUS CUMBOMbHBLIX U YUCTIEHHBIX METOOB B KOMMbIOTEPHBIX
TEXHONOTUAX.

Bce pelLeHuns mogernbHbIX 3a4a4 MOXHO MIKCTPUMPOBaTh rpadpukamMm pacnpoCTpaHEHNUs TMAPOANHAMUYECKUX U
MarHUTHbIX BOJTH BO3MYLLIEHWIA U BOMHOBbIX PEaKLW YNpyrux Ten Ha T BO3MyLLeHs. Ha kapTUHKax BOMHOBbIX
nonen BMAHbI MPOLECCHl B3aUMOZEWCTBUS, KOTOpble MOrYT MPUMEHATbCA B y4eBHOM npouecce U
COOTBETCTBYHLLMX KypCax.

Bubnuorpadumsa

1 Cepnos J1./. MexaHuka cninowuHon cpegbl T7.1., M., "Hayka", 1973, 536 c.

2. Cepos J1.M MexaHuka cnnowHon cpegpl 7.2, M., "Hayka", 1973, 584 c.

3. 3ommepdensa A. MexaHuka gedopmmpyembix cpeg. M., M3gatenscTBo MHOCTPaHHOM nutepaTtypel, 1954, 486 c.

4.  Papusha AN. Mathematica in Non-linearElasticityTheory Proceedingof the Second International Mathematica
Symposium Computational Mechanics Publications, Southampton-Boston, Great Britain, 1997, pp. 383-390.

MUHbopmaums 06 aBTopax

Nera 10.I. — Yepkacckuit rocynapCTBEHHbI TEXHONOTMYECKUA YHMBEpCWTET, A.T.H., npodeccop, Oynba.
LLleBueHKo, 460, Yepkacchl, YkpauHa

MenbHuk B.B. — Yepkacckuit rocyaapCTBEHHbIA TEXHOMOMMYECKWA YHWBEPCUTET, K.€.H., JOLEHT kadedpbl
3KOHOMMYeckoi knbepHeTukn, Oynbs. LiesyeHko, 460, Yepkacchl, YkpanHa

bypueBa T.U. — Yepkacckuit rocyqapCTBEHHbLIN TEXHOMOrMYECKU YHUBEPCUTET, CTapLUMA Npenopasatenb
kadpeapbl SkOHOMUYECKon knbepHeTukm, Bynbs. LeByeHko, 460, Yepkaccnl, YkpanHa

Manywa A.H. - g.db.-M.H., npodheccop MypmaHCKOro rocyapCTBEHHOro TEXHUYECKOTO YHUBEPCUTETA

SOME APPROACHES TO DISTRIBUTED ENCODING OF SEQUENCES

Artem Sokolov, Dmitri Rachkovskij

Abstract: We discuss several approaches to similarity preserving coding of symbol sequences and possible
connections of their distributed versions to metric embeddings. Interpreting sequence representation methods
with embeddings can help develop an approach to their analysis and may lead to discovering useful properties.

Keywords: sequence similarity, metric embeddings, distributed representations, neural networks

Introduction and Background

In various applications, it is necessary to search for similar sequences of data. Examples include (but are not
limited to) gene similarity search in biology, speech recognition, document database or Internet search,
comparison of network traffic flows in computer security systems or detecting dangerous deviations from normal
behavior of users by observing sequences of their actions.
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There are many ways to formalize an intuitive notion of similarity ("looking the same") between strings?, e.g., by
edit distance. Given a set of edit operations, edit distance L(s,t) between string s and t is the minimum number of
edit operations needed to transform s into t. This definition benefits from being intuitive clear, simple to
understand, and is often motivated by applications (e.g. evolutionary arguments in biology).

The simplest edit distance is the Hamming distance that counts the number of positions where strings differ — or,
alternatively, the number of character changes needed to transform one string to another. Being simple (however,
very useful in some applications, e.g. error correction), it is not sufficient for many real-world symbol sequences.

A more general definition is the Levenshtein distance [Levenshtein, 1965], where operations are symbol changes,
insertions and deletions. Its exact value can be computed using dynamic programming algorithm in O(n?) time.
More flexible definitions extend the set of possible operations with block copies, moves, indels etc.

In applications, sequence length can be very large, especially in Internet and networking applications and/or
applications working with streaming data. Estimating their similarity requires fast algorithms, making time
consumption of exact algorithms prohibitive. For example, finding Levenshtein distance in quadratic time is not
fast enough. Finding minimum sequence of block edit operations is substantially harder — some versions of it
were proved to be NP-hard [Lopresti, Tomkins, 1997].

As representations allowing for a simple (element-wise) definition of similarity or distance, consider vector
representations of symbolic sequences. Let each element of a vector represent some item - e.g. some substring
of the input string. Depending on the chosen sets of substrings, we obtain representations known by different
names in literature. If items are all substrings of nearby symbols of length q and the vector contains their
occurrence numbers/frequencies, they are known as "g-grams" [Ukkonen, 1992]. If the sequence is a text and
items are single words (i.e., g=1), we get a common “bag-of-words” representation often used in Vector Space
Models (VSM) for informational retrieval [Salton, 1989]. The latter case (g=1) does not take order of items into
account, but this can be regulated by setting g>1.

Such vector representations can be linked with edit distance through an observation that when two strings s and t
are within a small edit distance of each other, they share a large number of items. Vector representations of
strings can be used for (weakly, see further) approximating edit distances.

A way to solve the problem of fast finding similar sequences is to look for approximate solutions. One research
area where such approximate solutions are sought is embedding techniques [Indyk, 2004]. They deal with
mapping complex data to some “easier” space, which allows finding or approximating distances faster. “Easy”
spaces are usually vectors spaces; particularly interesting are Euclidean and Hamming ones. In those spaces,
efficient algorithms may be already available for a specific task (like nearest neighbor search) and/or computing
similarity or distances between vectors can be done faster than in the original “complex” space.

The idea behind embeddings is that smaller parts of objects are often sufficient to approximate distances or
similarity, provided objects are partitioned in sufficiently random manner. In a number of interesting cases, this
happens because of the phenomenon known as concentration of measure. An excellent state-of-the-art review of
embeddings of general metrics as well as of special metrics such as edit distances is given in [Indyk, 2004].

Another research area where similar problems are considered is distributed representations that try to capture
brain’s way of representing objects [Thorpe, 2003; Arbib, 2003]. In distributed representations data types of
various complexity — from elementary to structured ones — are sought to be represented by patterns of activity
over pools of "neurons”, which can be thought of as "codevectors" (e.g., [Rachkovskij, Kussul, 2001]). It is
believed that brain uses similar representations for an efficient recall and comparison of complex internal models
of real-world objects.

It was commonly thought that distributed representations are suitable only for "bag-of’
representations [Feldman, 1989; Malsburg, 1986], however, the introduction of the so-called binding operations
changed the situation [Plate, 2003]. In contrast to the non-distributed representations described above, here
similarity of even elementary items can be reflected in the degree of correlation of their codevectors. Another
property is the possibility of composing "reduced representations” of complex objects from subsets of
codevectors of their parts as well as reconstructing full representations of parts from a reduced representation of

' We consider sequences composed of symbols from finite alphabet X (e.g., letters, commands, macromolecules),
i.e. strings, as opposed to other types of sequences (e.g. speech, movements, behaviors), where components are
not so evident.
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the whole. Recursive construction of reduced representation results in a codevector representing the whole
complex object. Different ways of combining components and reducing their representations give potential for
constructing representations that reflect some necessary application-specific notion of similarity. One can use dot
products or whatever for measuring similarity of codevectors — which are usually of the same dimensionality even
for items of different complexity.

For sequences, goals for embeddings and distributed representations are similar at least in the following: both try
to find such a vector representation of sequences that preserves necessary application-specific similarity and
provides fast calculation of similarity or difference in the target space. In this paper, we describe some ways of
introducing order information into distributed representations, including those of binary sparse type; and their
connection to traditional sequence vector representations and embeddings. We show that some non-distributed
and distributed sequence-processing methods can be related through random embeddings (particularly, random
projections) and can be viewed in a coherent way. We think that connecting sequence representation methods
with embedding theory can help develop approach to their analysis and discover useful properties.

Vector Representation of Strings by g-grams

In this section, we mention some of non-distributed representations that can be characterized as bag-of
representation approaches and that allow some approximation of edit distance.

Consider a string s and a sliding window of g symbols on it. For each possible window content (g-gram) the
number of its occurrences in the string is recorded in a corresponding coordinate of the vector vy(s) (g-gram
vector). In case of =1 it is just a vector with elements equal to the number of times a respective letter was met in
a sequence, equivalent to frequency vector in VSM. As it was noted in [Ukkonen, 1992], each edit operation
changes at most q g-grams, so if the edit distance is at most L, then

[Iva(8)-va()l] < gL (2)

This method discards order of seen g-grams. Nevertheless, this gives a way for approximating edit distance from
below L > ||vq(s)-v4(t)||/g and can be used for filtering. Given a query string for which it is necessary to find the
nearest one from a set of strings, too distant strings can be filtered out using Manhattan distance between g-gram
vectors. Developed further, the idea of g-grams can be used to define such notions of similarity as "resemblance”
and "containment" of strings [Broder, 1997].

Another interesting application of g-grams is solving gapped edit distance problem [Bar-Yossef et al, 2004]. To
solve a k vs. m gapped edit distance problem is to be able to answer, given strings s and {, whether the edit
distance between them is less than k or it is greater than m. In the algorithm, each string is divided into non-
intersecting regions of some length D. Then each g-gram is accompanied with a fingerprint that is equal to the
number of region it starts within, constituting a set of pairs (y, i), where yeXa. Pairs are considered equal only if
their g-grams are equal and they appear in the same region. So, identical g-grams, but starting far enough from
each other, receive different fingerprints and are different. Then Hamming distance is measured between vectors
corresponding to the sets of such pairs (y, ). It turns out that it is possible to solve k vs. (kn)?3 gapped edit
distance problem by measuring Hamming distance between characteristic vectors of sets of fingerprinted
g-grams. Second step in [Bar-Yossef et al, 2004] is to use dimensionality-reducing technique in Hamming space
from [Kushilevitz et al., 1998].

Distributed Sequence Coding

Let us consider some ideas of representing strings with distributed representations. Since symbols are
considered non-similar, they are assigned independent random binary codevectors. Here we consider non-
hierarchical version of order representation, that are designed for representation of short sequences - to
represent long strings it may be necessary to build representations in a hierarchical manner.

Distributed representation of strings by unordered substrings. Let us consider a distributed version of g-
gram representation from the previous section. Let us take the allocated random vectors for each of sequence
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substrings and sum up (or take disjunction of) them to form a codevector of the sequence. Sequences containing
many identical elements would receive close codes. This method takes information about order in the sequence
into account only to an extent captured by choosing substrings.

This method is somewhat similar to the Random Indexing (RI) and Random Labeling (RL) methods used in
semantic processing of texts, which are versions of vector space methodologies for producing distributed words’
representations using co-occurrence data [Kanerva et al., 2000; Karlgren, Sahigren, 2001]. There a word can be
abstractly viewed as a set of contexts it is used in. Each context is a bag of words (either a text where the word
was met (RI) or a word’s neighborhood (RL)). Each element of a context (either a text or a word) is assigned a
random vector (with small number of +1 and -1). Context representation is a sum of those random vectors
corresponding to constituent words. Target word representation forms by adding those context vectors each time
this word appears in a corpus. As we will see in the following sections, this method can be interpreted
straightforwardly with embeddings.

The following methods are trying to merge information about position of an item within a sequence with the
representation of the item itself by modifying item’s representation in a position-dependent manner. In each of
following schemes vectors can be made binary (sums could be substituted by disjunctions), making dot product
(a common similarity measure) computation efficient.

Positional binding with permutations. Consider the so-called shift coding which exemplifies an attempt to
preserve information about ordering in a string. Vectors are modified by circularly shifting (or otherwise
permuting) item’s vector by the number of bits that depends on the position of the item. Code of the whole
sequence is formed by disjunction of codes of all constituent items.

Consider e.g. strings 'abc', 'abd', 'cha’. Each symbol is represented by a random vector: v(a), v(b), v(c), etc. Then
sequence codevectors are formed in this way:

v(abe) = (V@) >> 1) v (v(b) >> 2) v (v(b) >> 3)
v(bca) = (v(b) >> 1) v (V(c) >> 2) v (V(a) >> 3),

where v is bit disjunction, X>>y means codevector X shifted by y bits.

The intersection between obtained vectors for strings with no identical items in the same positions will be (in
expectation) negligible, provided the random vectors are sufficiently sparse and strings of short enough length.
Thus, this coding scheme discards information about identical symbols in different positions. However, partial
permutation or shift may provide a way to fix that.

Positional binding with codevector. Here codevectors for positions are generated additionally to those for
substrings. To code a substring in a particular position, the codevector of the substring and the codevector of its
position are bound. In the binary case, binding is done by bit-wise conjunction and is called
thinning [Rachkovskij, Kussul, 2001].  Other types of binding are also possible, both for binary
codevectors [Rachkovskij, Kussul, 2001; Kanerva, 1996] and codevectors with continuous elements [Plate, 2003].

If we encode substring as continuous codevectors and positions as binary codevectors, binding by element-wise
product is possible (see also Gayler's multiplicative binding for real-valued codevectors in [Plate, 2003]), which in
this case can be also considered as thinning. Thinning does not remove similarity of identical elements in different
positions, as the shift method does. Representations of positions may be correlated for nearby ordinal numbers.
Codevectors of symbol-position bindings are then combined by bit-wise disjunction or addition.

Binding an element with its context. Another option is to bind item’s vector with vectors of item’s from its
context. This may give way to build position-independent representation of items, where item’s contribution
depends only on its context and does not depend directly on the position in a sequence. As edit metrics is usually
also position-independent in the sense of counting edit operations independently of the place they were applied;
this may help to approximate them. Note an analogy with taking into account contexts by g-grams.



526 5.1. Algorithms

Embeddings and Representational Economy

In this section we discuss some results for embedding vector and sequence distances. Target spaces for
embedding are usually vectors spaces like |, (where ||x|[;=(3=1,...sxP)"?), particularly interesting are Euclidean

The seminal result that we will use is the Johnson-Lindenstrauss reduction lemma [Johnson, Lindenstrauss,
1984). Let the elements of matrix Ry.q be from N(0,1) distribution. Let vectors v'=Rv. Then for every >0 and any
two vectors vi vy € [

(1-e)lVa-vall2< V!4Vl [2 < (14 €)||v4-Val|2 @)

holds with probability exp(€(-d’/€2)). In case of normal distribution of the vectors embedding into normed space is
due to 2-stability of the normal distribution. There exist embeddings of norms for |, using other p-stable
distributions for 0<p<2 (see [Cormode et al, 2002] for a brief overview). Thus it is possible to logarithmically
reduce the input dimension while distorting mutual distance not too much. Note that instead of vector elements
distributed according to normal distribution we can use either binary {-1,1} or ternary {-1,0,1} elements (with
proper distribution) as proven in [Achlioptas, 2001].

Despite the progress in embedding “usual” metrics, embedding Levenshtein distance is a long-standing
problem [Indyk, 2001], and a negative result was proved recently that any such algorithm would not have
distortion smaller than 3/2 [Andoni et al., 2003]. However, it is possible to embed a relaxed version of edit
distance (with block moves) to /; with approximately logarithmic distortion O(log(n)) by carefully selecting
substrings, which add to the characteristic vector of the sequence [Cormode et al, 2000]. This result is particularly
interesting because the exact calculation of this distance is NP-hard.

Connection between Distributed and Non-distributed Sequence Processing

In this subsection, we show how to interpret some distributed sequence coding methods with the help of
embedding theory. We consider continuous case, so elements of the used vectors are from R and operations are
usual summation and multiplication; as well as binary case, where operations are Boolean OR and AND.

Distributed representation of strings by unordered substrings According to it, a codevector v(s) for a string
§=81,...,Sn is defined as v(S)=Zx1,. 1(S)), where r(s) is a random codevector corresponding to an item s. The
expression for v(s) can be rewritten as

V(S) = Y ist,..nM(S) = D oex 21,0 [SF0] = X sexM{0) Ns(0), 4)

where ny(o) is the number of times o occurs in s.

Expression (3) is the same as projecting a bag-of-items vector ns’(o)=(n+(o),n2(0),...,ns(0)) by multiplying it by a
random matrix (dx|X|) with columns (o). Thus, this coding can be viewed as mapping from (e.g., VSM) space of
dimension |[Z| to RY, where d can be made considerably lower then the number of all possible items |Z|.

If both spaces are Euclidean, then, applying JL-lemma (1) and taking r(s) from normal distribution (or from certain
binary or ternary distributions, see [Achlioptas, 2001]) we obtain, that for a desired distortion 0<e<1, it is possible
to reduce dimension, while keeping ||v(s)-v(f)|| within the range (7xé&)||vq(S)-vo(f)|| with high probability. This is
what is done in RI (however, with sparse codevectors) appealing to “near orthogonality” of random vectors in high
dimensions (but, in the same time, dimension can be considerably lower than the number of all contexts). And so
using inequality (2), for the two strings within edit distance less then L the Euclidean distance between
corresponding codevectors is no more then (7+&)gL. This provides an upper bound for distance between vectors,
and can be used for filtering purposes using representation vectors of low dimension instead of large (however,
sparse) g-gram vectors.

Binary sketch There are evidences that taking into account only information about presence of words in texts, it
is possible to preserve similarity of texts to an extent sufficient for some applications [Grossman, Frieder, 1998].

Let k(s,f) be the the number of common items and n(s) and n(t) are the total number of items in either s or t. Then
the expectation of the inner product of resulting vectors is binomially distributed with parameters
(1+(1-p)s)+(1-p) nO-(1-p)nt+n(eikish o), Thus, measuring inner product of such sketches can provide means to
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estimate common set of items in the sequences without having to store the whole sequence. However, we may
need to add the total number of items into the sketch at the cost O(log(n)).

Connection of thinning coding to random sampling In this subsection show analogy between thinning coding
and some of the edit distance approximation approaches. Consider the 's element of output vector v(s):

Vi(S) = D ket Cii lispg = Yiet,nChi ) oeslic [SE0] = Y 5es D ket ntio ok Chie 4)

Then we can define V(s)=RL(s) -C, where columns of matrix R are random codevectors r; assigned to the /-th
symbol of X and rows of C are position codevectors C;.. Elements of the indicator matrix L are: I4=1 if the k-th
substring (or symbol if g=1) of string s is o and /4x=0 otherwise. That is, the element of the matrix shows where
symbols from the alphabet (symbols or substrings) in the string are situated.

Consider the product X=L(s)C. If matrix C had contained only 1’s in each of its cells, then this product would
have just given columns of vector representation (e.g., g-gram) for the string. But, as C does contain zeros,
substring in not all of the positions is counted into the vector. So, columns of the resulting matrix X would become
an “incomplete” vector representations (g-gram representations, if £ is all g-grams) of the input string s. Columns
of matrix C act as binary masks marking positions in s, from where symbols sum up to a particular g-gram vector,
e.g., the j's column of C masks s to obtain a vector with the /'s element equal t0 > k=1, sloxCii. SO, while earlier
g-gram representations discarded order information in a sequence, here we introduced it with the help of position
vectors.

Above, it was noted that position codevectors (rows of C) can be made so that nearby ones have small Hamming
distance of each other and this distance grows as the distance between positions grows. Possible ways of
constructing such codevectors from for ordinal numbers are considered in [Rachkovskij et al, 2005] and can also
be implemented with a 2-state Markov chain with proper transition probabilities.

Different columns act as independent samplers. We note that similar approach has already led to even sublinear
approximation of edit distance in [Batu et al, 2004]. Their approach is similar to ours in that the approximation is
also achieved by randomly sampling input string and using the already mentioned observation that strings within
small edit distance have many substrings in nearby positions.

Consider now the effect of multiplying X by matrix R. Each i-th element of the output vector v(s) is a dot product of
the random codevector r; by the corresponding “thinned” g-gram vector. We already saw such an operation
(projection on a random direction) when established analogy between unordered distributed encoding of strings
by assigning random codevectors to their substrings (g-grams). The difference is that there each of the g-grams
was projected to all random directions, but here different thinned g-gram vectors are projected along different
directions. However, if we look closer, we note that because of intersections between columns of C
“common parts” of masked (thinned) g-gram vector may undergo projection to different directions.
From expression (4):

V(S) = 2 sex 2kt un (Chifio)l ok = D k=t,...n R(C(K)) k. 4)

R(C(k)) is matrix R with only those rows left that correspond to those position codevectors that have 1s in position
k. So, we see that each vector I, undergoes projection to a respective random subspace, defined by those C; that
cover position k. The farther are identical symbols (or g-grams) from each other, the less common random
directions they have, and so, the more distant are their projections.

Conclusions

We believe that enriching distributed representations with ideas and methods of analysis from embeddings can
provide a more formal interpretation of distributed methods usually introduced in an ad-hoc manner. This may
help infer the similarity type they approximate or find modifications that will allow them to approximate some, and
help obtain bounds on the distortion of the proposed coding schemes, their complexity and limitations.

Here we have described approach to analysis of only few distributed schemes for coding sequences. We hope it
could be extended to other schemes for encoding sequences mentioned above, as well as to schemes for
distributed encoding of other types of data like numerical [Rachkovskij et al, 2005] or complex relational
structures [Rachkovskij, 2004]. Those schemes include binding by context-dependent thinning and hierarchical
representations [Rachkovskij, Kussul 2001].
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5.2. Modal Logic

REPRESENTING THE CLOSED WORLD ASSUMPTION IN MODAL LOGIC

Frank M. Brown

Abstract: The nonmonotonic logic called the Closed World Assumption is shown to be representable in a
monotonic Modal Quantificational Logic whose modal laws are stronger than Sb. Specifically, it is proven that a
set of sentences of First Order Logic is equal to the Closed World Assumption of an initial set of sentences and
defaults if and only if the meaning of that set of sentences is logically equivalent to a particular modal functor of
the meanings of that initial set of the sentences and those defaults. This result is important because the modal
representation allows the use of powerful automatic deduction systems for Modal Logic and because unlike the
original Closed World Assumption, it is easily generalized to the case where quantified variables may be shared
across the scope of the components of the defaults thus allowing such defaults to produce quantified
consequences.

Keywords: Closed World Assumption, Modal Logic, Nonmonotonic Logic.

1. Introduction

One very simple nonmonotonic logic is the Closed World Assumption [Reiter 1978]. The basic idea of the Closed
World Assumption is that there is a set of axioms I" and some non-logical "inference rules" of the form:

P 4

—X
which suggests that —y may be inferred whenever it is consistent with T". Such "inference rules" are not effective
since the determination as to whether y is derivable depends on whether y is consistent which is not an effective
operation for a First Order Logic. Thus, tentatively applying such inference rules by checking the consistency of x
with the current set of inferences from T rather than with the final result produces a y result which may later have
to be retracted if it should later be found to be inconsistent with other inferences (such as those that would be
deduced when another axiom were examined). For this reason valid inferences in a nonmonotonic logic such as
the Closed World Assumption are essentially carried out not in the original nonmonotonic language, but rather in
some (monotonic) metatheory in which that nonmonotonic logic is defined.
This intuiion may be explicated by defining the Closed World Assumption in terms of the set theoretic proof
theory metalanguage of First Order Logic (i.e. FOL) with the following sentence:

k=(cwa T "yj)
where cwa is defined as:
(cwa T "yj) =df (fol(T{(—yi): (%i (fol T))})*2
where 'yj is the closed sentence of FOL occurring in the ith "inference rule”. and T is a set of closed sentences

of FOL. A closed sentence is a sentence without any free variables. fol is a function which produces the set of
theorems derivable in FOL from the set of sentences to which it is applied. The quotations appended to the front
of these Greek letters indicate references in the metalanguage to the sentences of the FOL object language.
Interpreted doxastically this fixed point equation states:

! [Reiter 1978] defined cwa as: (cwa 'T 'yj) =df (T'{(—xj): (‘xi2(fol 'T))}). If that definition were used then all the
theorems in this paper should have (cwa T 'yj) replaced by (fol (cwa T "yj)).
2 The Closed World Assumption is often presented less generally by restricting "yj to begin with a particular

predicate symbol or one or more such predicate symbols and by requiring that the arguments to those predicates
range over all possible variable free terms of particular types [Reiter 1978].
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the set of closed sentences which are believed is equal to:
the set of closed sentences derived in FOL from
the union of the initial beliefs consisting of a set of closed sentences: T
and the set of closed sentences of the form '(—y;)

such that for each i, the closed sentence "yj is not initially believed.

The purpose of this paper is to show that all this metatheoretic machinery including the formalized syntax of FOL,
the proof theory of FOL, the axioms of a strong set theory, and the set theoretic equation is not needed and that
the essence of the Closed World Assumption is representable as a necessary equivalence in a simple
(monotonic) Modal Quantificational Logic. Interpreted as a doxastic logic this necessary equivalence states:

that which is believed is logically equivalent to
the initial beliefs I" and for each i, if —yj is initially believable then —y;j

thereby eliminating all mention of any metatheoretic machinery.

The remainder of this paper proves that this modal representation is equivalent to the Closed World Assumption.
Section 2 describes a formalized syntax for a FOL object language. Section 3 describes the part of the proof
theory of FOL needed herein (i.e. theorems FOL1-FOL4). Section 4 describes the Intensional Semantics of FOL
which includes laws giving the meaning of FOL sentences: M0-M7, theorems giving the meaning of sets of
sentences: MS1, MS2, MS3, and laws specifying the relationship of meaning and modality to the proof theory of
FOL (i.e. the laws RO, A1, A2, and A3 and the theorems: C1, C2, C3, and C4). The modal version of the Closed
World Assumption, called CWA, is defined in section 5 and explicated with theorems MC1-MC6 and SS1-SS2. In
section 6, this modal version is shown by theorems CWA1 and CWA2 to be equivalent to the set theoretic fixed
point equation for the Closed World Assumption. Finally, in section 7, some consequences are discussed.

FOL2 FOL1Cl MS3 M0-M7 MC1 MC2

SS1
m \ZM 1
FOL3 C3—®(C2 MC3 MC4
kc4 JVA S $/V

//C'WAI /ﬁgsz

FOL4 CcwA2 MC6

Figure 1: Dependencies among the Theorems

2. Formal Syntax of First Order Logic

We use a First Order Logic (i.e. FOL) defined as the six tuple: (—, #f, V, vars, predicates, functions) where —,
#f, and V are logical symbols, vars is a set of variable symbols, predicates is a set of predicate symbols each of
which has an implicit arity specifying the number of associated terms, and functions is a set of function symbols
each of which has an implicit arity specifying the number of associated terms. The sets of logical symbols,
variables, predicate symbols, and function symbols are pairwise disjoint. Lower case Roman letters
possibly indexed with digits are used as variables. Greek letters possibly indexed with digits or lowercase
roman letters are used as syntactic metavariables. vy, y1,...yn, range over the variables, &, &1...En range over
sequences of variables of an appropriate arity, m,71...ntn range over the predicate symbols, ¢, ¢1...¢n range over
function symbols, 8, 81...8pn, o range over terms, and o, aq..an, B, B1.--Bn.x x1--xn.T.T1,..ITn,@ range

over sentences. The terms are of the forms y and (¢ 81...6n), and the sentences are of the forms (a—), #f,
(Vy o), and (m 81...0n). A nullary predicate 7 or function ¢ is written as a sentence or a term without parenthesis.
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o{n/AEa} represents the replacement of all unmodalized occurrences of m in ¢ by A&a followed by lambda
conversion. The primitive symbols are shown in Figure 2 with their intuitive interpretations.

Symbol Meaning
o—p if o then B.
#f falsity
Vya forally, a.
Figure 2: Primitive Symbols of First Order Logic

The defined symbols are listed in Figure 3 with their definitions and intuitive interpretations.

Symbol Definition Meaning Symbol Definition Meaning

-0 o —> #f not a. onP —(o. > =B) o and B

#t — #f truth o> B (a— B) o if and only if B
A(B— a)

ovp (ma)—> B o orf dya —Vy —a for some y, o

Figure 3: Defined Symbols of First Order Logic

The FOL object language expressions are referred in the metalanguage (which also includes a FOL syntax) by
inserting a quote sign in front of the object language entity thereby making a structural descriptive name of that
entity. Generally, a set of sentences is represented as: {T'j} which is defined as: {Tj: #t} which in turn is defined

as: {s: Ji(s="T’j)} where i ranges over some range of numbers (which may be finite or infinite). With a slight abuse
of notation we also write ', T to refer to such sets.

3. Proof Theory of First Order Logic

FOL is axiomatized with a recursively enumerable set of theorems as the set of axioms is itself recursively
enumerable and its inference rules are recursive. The axioms and inference rules of FOL [Mendelson 1964] are

given in Figure 4:

MAT: o — (B— o) MR1: from o and (a— ) infer 3
MA2: (a— ( B— p)) = ((a— B)— (a— p)) MR2: from o infer (Vy o)
MA3: (= )= (= B))= (= )= B)—a)
MA4: (Vy a)— B where B is the result of substituting an expression (which is free for the free positions
ofy ina) for all the free occurrences of y in a.
MAS: (Vy(ao — B)) = (a—>(Vy B)) where y does not occur in a.
Figure 4: Inferences Rules and Axioms of FOL

In order to talk about sets of sentences we include in the metatheory set theory symbols This set theory includes
the symbols €, ¢, o, =, U as defined in [Quine 1969].

The derivation operation (i.e. fol) of any FOL obeys the Inclusion (i.e. FOL1), and Idempotence (i.e. FOL2)
properties:

FOL1: (fol 'k)2'k Inclusion
FOL2: (fol 'x)(fol(fol '«)) Idempotence
From these two properties we prove:
FOL3 (cwa(fol 'T"))"yj)=(fol(cwa(fol 'T")'xi))
proof: FOL1 and FOL2 imply that (fol(fol 'k))=(fol ). Since cwa begins with fol this implies: 'k=(fol(cwa 'k)) QED.
FOL4: ('w=(cwa T 'yj))—("x=(fol 'k))
proof: From the hypothesis and FOL3 'k=(fol(cwa T "yj)) is derived. Using the hypothesis to replace (cwa
T 'xj) by 'k in this result gives: (‘'k=(fol 'k)) QED.
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4. Intensional Semantics of FOL

The meaning (i.e. mg) [Brown 1977, Boyer & Moore 1981] or rather disquotation of a sentence of FOL is defined
in Figure 5 below'. mg is defined in terms of mgs which maps each FOL object language sentence and an
association list into a meaning. mgn maps each FOL object language term and an association list into a meaning.
An association list is a list of pairs consisting of an object language variable and the meaning to which it is bound.

0: (mg 'a) =df (mgs '(Vy1...yn a)'()) where 'y1...'yn are all the free variables in ‘o

1: (mgs ‘(o — B)a) <> ((mgs ‘o a)—>(mgs '} a))

2: (mgs "#f a) <> #f

3: (mgs '(V y a)a) «> Vx(mgs 'a(cons(cons 'y x)a))

4: (mgs '(m 81...0n)a) <> ((mgn '61 a)...(mgn 'dp a)) for each predicate symbol 'x.

5:(mgn'(¢p 81...0n)a) = (d(mgn 'd1 a)...(mgn 'dp a)) for each function symbol '¢.

6: (mgn 'y a) = (cdr(assoc 'y a))

7: (assoc v L)= (if(eq? v(car(car L)))(car L)(assoc v(cdr L))) where: cons, car, cdr, eq?, and if are as in Scheme.
Figure 5: The Meaning of FOL Sentences

The meaning operator (i.e. mg) is a disquotation operation: (mg 'a)<>a
The meaning of a set of sentences is defined in terms of the meanings of the sentences in the set as:
(ms k) =df Vs((sg'k)—>(mg s)).

MS1: (ms{'a: T'}) <> VE((I'{s/'a})—>a) where & is the sequence of all the free variables in ‘o and where I" is any
sentence of the intensional semantics. proof: (ms{'o:I'}) Unfolding ms and the set pattern abstraction symbol
gives: Vs((se{s: F&((s='a)Al")})—(mg s)) where & is a sequence of the free variables in 'a. This is equivalent to:
Vs((FE((s="a)Al'))—>(mg s)) which is: VsSVE (((s='a)Al')—(mg s)) which is: VE(T'{s/'a}—(mg 'a)). Unfolding
mg using M0-M7 then gives: VE((I'{s/'a})—a) QED

The meaning of a set is the meaning of all the sentences in the set (i.e. MS2):
MS2: (ms{Tj}) <> ViVvE} proof: (ms{Tj}) Unfolding the set notation gives: (ms{'T7: #t}). By MS1 this is
equivalent to: VjVE&j((#{s/'a})—T'j) which is equivalent to: VivElj QED.

The meaning of the union of two sets of FOL sentences is the conjunction of their meanings (i.e. MS3):
MS3: (ms('kU'T)) <> ((ms 'k)A(ms 'T")) proof: Unfolding ms and union in: (ms('x\'T)) gives:
Vs((sefs: (se'k)v(seT)})—(mg s)) or rather: Vs(((se'k)v(seT))—(mg s)) which is logically equivalent to:
(Vs((se'x)—(mg s)))A(Vs((se'T)—(mg s))). Folding ms twice then gives:((ms «)A(ms 'T")) QED.

The meaning operation may be used to develop an Intensional Semantics for a FOL object language by
axiomatizing the modal concept of necessity so that it satisfies the theorem:

C1: (‘ae(fol 'k)) <> ([] (ms 'k)—>(mg 'a)))

for every sentence 'a and every set of sentences 'k of that FOL object language. The necessity symbol is
represented by a box: []. C1 states that a sentence of FOL is a FOL-theorem (i.e. fol) of a set of sentences of
FOL if and only if the meaning of that set of sentences necessarily implies the meaning of that sentence.

One modal logic which satisfies C1 for FOL is the Z Modal Quantificational Logic described in [Brown 1987;
Brown 1989] whose theorems are recursively enumerable. Z has the metatheorem: (<>T{n/AEa})— (<>T)
where T is a sentence of FOL . Z includes all the laws of S5 Modal Logic [Hughes & Cresswell 1968] whose
modal axioms and inference rules are in Figure 6. Therein, « and I are sentences of the intentional semantics.

' The laws M0-M7 are analogous to Tarski's definition of truth except that finite association lists are used to bind
variables to values rather than infinite sequences. M4 is different since mg is interpreted as being meaning rather
than truth.
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RO: from « infer ([] «) A2: ([J(c—T)) > (([x)— ()
Al: ([IK) - x A3: ([Ix) v ([1-x)
Figure 6: The Laws of S5 Modal Logic

These S5 modal laws and the laws of FOL given in Figure 6 constitute an S5 Modal Quantificational Logic similar
to [Carnap 1946; Carnap 1956], and a FOL version [Parks 1976] of [Bressan 1972] in which the Barcan formula:
(Vy([Ix))—([]¥yx) and its converse hold. The defined Modal symbols are in Figure 7 with their definitions and
interpretations.

Symbol | Definition | Meaning Symbol | Definition | Meaning
<>k —[]—x | ais logically possible k] T [] (k—>T) | B entails a
k=T [] (xe>T) | ais logically equivalent to B <k>I" | <>(kal) | aand B is logically possible

Figure 7: Defined Symbols of Modal Logic

From the laws of the Intensional Semantics we prove that the meaning of the set of FOL consequences of a set
of sentences is the meaning of that set of sentences (C2), the FOL consequences of a set of sentences contain
the FOL consequences of another set if and only if the meaning of the first set entails the meaning of the second
set (C3), and the sets of FOL consequences of two sets of sentences are equal if and only if the meanings of the
two sets are logically equivalent (C4):

C2: (ms(fol '))=(ms ') proof: The proof divides into two cases:

(1) [(ms '«)](ms(fol '«)) Unfolding the second ms gives: [(ms 'k)]Vs((se(fol 'k))—>(mg s))

By the soundness part of C1 this is equivalent to: [(ms 'k)]Vs(([(ms 'k)](mg s))—(mg s))

By the S5 laws this is equivalent to: Ws(([(ms '«)](mg s))— [(ms 'k)](mg s)) which is a tautology.
(2) [(ms(fol '))](ms ') Unfolding ms twice gives: [Vs((se(fol 'k))—(mg s))]Vs((s€'k)—(mg s))

which is: [Vs((se(fol '))—(mg s))]((se'x)—(mg s)) Backchaining on the hypothesis and then dropping it gives:
(se')—>(se(fol 'k)). Folding o gives an instance of FOL1. QED.

C3: (fol ')(fol T) <> ([(ms 'k)](ms 'T")) proof: Unfolding o gives: Vs((se(fol T'))—(se(fol 'k)))

By C1 twice this is equivalent to: Vs(([(ms 'T)](mg s))—([(ms 'k)](mg s)))

By the laws of S5 modal logic this is equivalent to: ([(ms 'k)]Vs(([(ms T")](mg s))—(mg s)))

By C1 this is equivalent to: [(ms ')]Vs((se(fol 'T'))—(mg s)). Folding ms then gives: [(ms '«)](ms(fol T'))
By C2 this is equivalent to: [(ms 'k)](ms T’). QED.

C4: ((fol ')=(fol 'T)) <> ((ms 'k)=(ms 'T’)) proof: This is equivalent to (((fol ‘«)=(fol 'T))A((fol 'T")=(fol 'k))) <>
([(ms ')](ms 'T))A([(ms 'T)}(ms ")) which follows by using C3 twice.

5. The Closed World Assumption in Modal Logic

The equation for the Closed World Assumption may be expressed as a necessary equivalence in an S5 Modal
Quantificational Logic [Brown 1989] as follows:

k=(CWAT ;)
where CWA is defined in Modal Logic as follows: (CWA T yj) =df TAVi((<I">—yj)—>—yji) Where I" and y;j are
propositions of FOL. Given below are some simple properties of CWA:
MC1: [(CWAT i)l
proof: By RO it suffices to prove: (CWAT yj)—I". Unfolding CWA gives: (TAV|((<T>—yj)—>—yi))—>T
which is a tautology. QED.
MC2: (<I>—i)~>([(CWA T xi)l-xi)
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proof: Unfolding CWA gives: (<I'>—yj)—=([TAVi((<T>—yi)——xi)l—xi). Using the hypotheses on the ith
instance gives: (<I">—y)—> ([T AV{((<T>—yi)—=>—xi)A—yil—xi) which is a tautology. QED.

The concept (i.e. ss) of the combined meaning of all the sentences of the FOL object language whose meanings
are entailed by a proposition is defined as follows:

(ss k) =df Vs(([x](mg s))—>(mg s))
SS1 shows that a proposition entails the combined meaning of the FOL object language sentences that it entails.
SS2 shows that if a proposition is necessarily equivalent to the combined meaning of the FOL object language

sentences that it entails, then there exists a set of FOL object language sentences whose meaning is necessarily
equivalent to that proposition:

SS1: [k](ss k) proof: By RO it suffices to prove: k—(ss k). Unfolding ss gives: k—Vs(([k](mg s))—>(mg s))
which is equivalent to: V's(([k](mg s))—(k—(mg s))) which is an instance of A1. QED.

SS2: (k=(ss k))— Is(k=(ms s)) proof: Letting s be {s: ([k](mg s))} gives: (k=(ss k))— (k=(ms{s: ([K](mg s))})).
Unfolding ms and lambda conversion gives: (k=(ss k))<> (k=Vs(([x](mg s))—(mg s))). Folding ss gives a
tautology. QED.

The theorems MC3 and MC4 are analogous to MC1 and MC2 except that CWA is replaced by the combined
meanings of the sentences entailed by CWA.

MC3: [ss(CWA Vil xi)] Vil

proof: By RO it suffices to prove: (ss(CWA Vil %i))—Vili which is equivalent to: (SS(CWA Vil xi))—>Ti
Unfolding ss gives: (Vs(([(CWA Vil xi)l(mg s))—(mg s)))—T'i which by the meaning laws M0-M8 is equivalent
to: (VS(((CWA ViI %i)l(mg s))—(mg s)))—(mg 'Tj). Backchaining on (mg 'Tj) with s in the hypothesis
assigned to be 'Tj in the conclusion shows that it suffices to prove: ([((CWA Vil xj)l(mg 'T’)) which by M0-M8 is

equivalent to: ([(CWA Wil yj)I['j) which by the laws of S5 Modal Logic is equivalent to: ([(CWA Wil'j /yj)]Vil’)
which is an instance of MC1. QED.

MC4: (<k>—i)— ([ss(CWA T xj)]—xi)

proof: Unfolding the last ss gives: (<k>—yi)—([Vs(([((CWA I'(mg "xi))](mg s))—(mg s))]—yi)

Instantiating s in the hypothesis to '(—y;) and then dropping the hypothesis gives:

(<k>—xi) >([(([(CWA I'(mg “i))l(mg '(=xi)))>(mg ‘(—xi)))l—xi). Using the meaning laws MO-M7 gives:
(<k>=xi)=>((((CWA T yxi)l=xi)—=—xi)l—yxi). Backchaining on —yj shows that it suffices to prove:
(<k>=yj)—>([(CWAT y)]—yi) which is an instance of theorem MC2. QED.

MC5 and MC6 show that talking about the meanings of sets of FOL sentences in the modal representation of the
Closed World Assumption is equivalent to talking about propositions-

MC5: (ss(CWA(VIL)yi)) <> (CWA(VIL)yxi)

proof: In view of SS1, it suffices to prove: [(sS(CWA(VIiLj)xi))(CWA(VIT)yi)

Unfolding the second occurrence of CWA gives: [(sS(CWA(VIL})xi)I((VIT)AV((<(VITj)>—yi)—=>—xi))
which holds by theorems MC3 and MC4. QED.

MCB: (k=(CWA(ViT)xi)—Is(kx=(ms s))

proof: From the hypothesis and MC5 «k=(ss(CWA(ViTj)y;j)) is derived. Using the hypothesis to replace
(CWA(VIiT')yj) by x in this result gives: k=(ss(CWA «)), By SS2 this implies the conclusion. QED.
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6. The Relationship Between The Closed World Assumption and Modal Logic

The relationship between the proof theoretic definition of the Closed World Assumption [Brown 1989] and the
modal representation is proven in two steps. First theorem CWA1 shows that the meaning of the set cwa is the
proposition CWA and then theorem CWA2 shows that a set of FOL sentences which contains its FOL theorems is
equal to cwa of an initial set of axioms and defaults if and only if the meaning (or rather disquotation) of that set of
sentences is logically equivalent to CWA of the meaning of that initial set of sentences and those defaults.

CWAT1: (ms(cwa{'Tj}'xj))=(CWA(VIiL})xi)

proof: (ms(cwa{Ti}xi)).

Unfolding the definition of cwa gives: ms(fol({'TihoA'(—yi): (‘xje (fo{'Ti}))})

By C2 this is equivalent to: ms({'Ti}{'(—xi): (i (fol{'Ti}))}).

Using C1 gives: ms({Tirof{/(—xi): ~([(ms{Ti})l(mg "xi))}).

Using MS3 gives: (ms{TihA(ms{'(—yi):(—([(ms{Ti})(mg "xi)))})

Using MS2 twice gives: (Vilj)A(ms{'(—yi):(=([(VIT)I(mg "%i)}).

By MS1 this is equivalent to: (Vil'j) AVi((—([(Vil})]I(mg "xi)))—>(mg'(—yxi)))-

Using MO-M7 to gives: (ViTj)AVi((—([(ViT})]xi))—>—yi) which is equivalent to: (Vilj)AVi((<(ViT})>—yi)—=>—xi)-
Folding the definition of CWA gives: (CWA (Vilj)yj) QED.

CWAZ2: ((fol '«)=(cwa{'T'i}'xi))<>((ms 'k)=(CWA(VIl)yi))
proof: (fol 'k)=(cwa{'Tj}'i).

By FOL3 this is equivalent to: (fol 'c)=(fol(cwa{T’i}'x;)).

By C4 this is equivalent to: (ms '«)=(ms(cwa{'Tj}'x)).

By CWA1 this is equivalent to: (ms '«)=(CWA(VIilj)yi) QED.

Theorem CWA2 shows that the set of theorems: (fol ') of a set 'k equals cwa if and only if the meaning (ms '«)
of 'k: is equivalent to CWA. Furthermore, by FOL4 it cannot be anything else (such as a set not containing all its
theorems) and by MC6 there are no other solutions (such as a proposition not representable as a sentence in the
FOL object language). Therefore, the Modal representation of the Closed World Assumption (i.e. CWA), faithfully
represents the set theoretic description of the Closed World Assumption (i.e. cwa). Finally, we note that (Vilj)

and (ms 'k) may be generalized to be arbitrary propositions I" and « giving the more general modal
representation: k=(CWAT yj).

7. Conclusion

Theorems CWA2, FOL4, and MC6 prove that The Closed World Assumption can be represented in a monotonic
modal quantificational logic which is a slight extension of S5. Since the modal representation:

(CWA T yj)=df CAVi((<T>—j)—>—i)

is equivalent to the Closed World Assumption and since it an instance of the more general case where free
variables may occur in the j sentences:

(QCWAT yj) =df CAVIVE((<KT>—yi)—>—yi)
we now have a logic for inferring consequences from that more general case where universal quantifiers may
cross modal scopes. For example,
(QCWA (P 1)AVX((P x)—(P(add1 x))) —(P x))
is equivalent to: VX((P X)> ([(t 1)AVX((rt X)—(r(add1 x)))](r x)))



536 5.2. Modal Logic

which states that the natural numbers and only the natural numbers bear the property P.

Finally, we note that the techniques used herein to develop a modal representation of the Closed World
Assumption and then to generalize it to handle the case where bound variables cross modal scopes, may be
applied to other nonmonotonic systems such as those defined by a fixed-point equation [Brown 2003a], thereby
allowing those systems to be extended to analogous cases where variables are allowed to cross the scope of
nonmonotonic operations.  An example of using the Modal Representation of the Closed World Assumption on
multiple knowledgebases involving actions and epistemic reasoning is given in [Brown 1986].
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REPRESENTING SKEPTICAL LOGICS IN MODAL LOGIC

Frank M. Brown

Abstract: Several skeptical nonmonotonic logics are shown to be representable in a monotonic Modal
Quantificational Logic whose modal laws are stronger than S5. Specifically, it is proven that under certain
conditions a set of sentences of First Order Logic is the intersection of the possibly infinite number of fixed-points
of the fixed-point equation of a base nonmonotonic logic with an initial set of axioms and defaults if and only if the
meaning of that set of sentences is logically equivalent to the meaning of the set of sentences entailed by the
disjunction of the possibly infinite number of solutions to a necessary equivalence formed from a particular modal
functor of the meanings of that initial set of sentences and of the sentences in those defaults. This result is
important because the modal representation allows the use of powerful automatic deduction systems for Modal
Logic and because unlike the set theoretic definition of a skeptical logic, the modal representation is easily
generalized to the case quantified variables may be shared across the scope of the components of the defaults
thus allowing the such defaults to produce quantified consequences.

Keywords: Skeptical Fixed-point Logics, Modal Logic, Nonmonotonic Logic.

1. Introduction

In general, a fixed-point equation defining a nonmonotonic logic may have any number of solutions including an
infinite number or even none. When an equation has more than one fixed-point, the question arises as to what is
actually the case, since a different answer follows for each distinct fixed-point. This question could be answered
in the "skeptical" sense of not believing anything that does not hold in all the fixed-points' by computing the
intersection of all the fixed-points: "{k: k=(nml k)} where nml is a set theoretic functor defining the theorems of
some nonmonotonic logic. Thus, the set of closed sentences which are skeptically believed is:

|the intersection of all sets of closed sentences such that: each such set is equal to nml of itself. |

The purpose of this paper is to show that all this metatheoretic machinery including the formalized syntax and the
proof theory of First Order Logic (i.e. FOL), the axioms of a strong set theory, the intersection of the fixed-points
of the set theoretic fixed-point equation is not needed and that the essence of a Skeptical Logic may be
representable in a simple (monotonic) Modal Quantificational Logic as an expression involving a modal functor:
NML which is analogous to the set theoretic functor: nml. In this case, that which is skeptically believed is:

|the disjunction? of all propositions such that each is necessarily equivalent to NML of itself. |
thereby eliminating all mention of any metatheoretic machinery.

The remainder of this paper proves that this modal representation is equivalent to the set theoretic description.
Section 2 describes a formalized syntax for a FOL object language. Section 3 describes the part of the proof
theory of FOL needed herein (i.e. theorems FOL1-FOL3). Section 4 describes the Intensional Semantics of FOL
including the meaning operator (i.e. the laws M0-M7) and the relationship of meaning and modality to the proof
theory of FOL (i.e. the laws RO, A1, A2 and A3 and the theorems C1, C2, C3, and C4). The modal version of
Skepticity, called S, is defined in section 5 and explicated with theorems MSK1-MSK3 and SS1. In section 6, this
modal version is shown by theorems SL1 to be equivalent to the set theoretic representation of a Skeptical Logic.
Figure 1 outlines the relationship of all these theorems in producing the final theorems SL1 and MSK3. In section
7 these theorems are applied to producing the modal representations of the Skeptical Logics constructed from
FOL, the Closed World Assumption [Reiter 1978], Reflective Logic [Brown 1989], Default Logic [Reiter 1980], the
recursive definition of Default Logic [Reiter 1980], and Autoepistemic Logic [Moore 1985]. Finally, in section 8,
some conclusions are made.

'An alternative answer is the "credulous" sense of believing anything that holds in any of the fixed-points.
2 ust as the word "intersection” in the set theoretic description encompasses an infinite and even a
nondenumerable number of sets, our usage of the word "disjunction” encompasses an infinite and even a
nondenumerable number of propositions.
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SS1 MO0-M7 Cl1 FOL1 FOL2
MSK1 'Y’
MSK2
SL1
MSK3
SFOL1 SCWAI SRL1 SDL1 SDR1 SAELI
C3 CWA2 RL2 DL2 DR2 AEL2
FOL4 FOL4 FOL7 FOL6 FOL4
MC6 MR6 MD7 MDS MAG
Figure 1: Dependences among the Theorems
(The theorems in the boxes are proven in other papers as noted in section 7.)

2. Formal Syntax of First Order Logic

We use a First Order Logic (i.e. FOL) defined as the six tuple: (—, #f, v, vars, predicates, functions) where —,
#f, and V are logical symbols, vars is a set of variable symbols, predicates is a set of predicate symbols each of
which has an implicit arity specifying the number of associated terms, and functions is a set of function symbols
each of which has an implicit arity specifying the number of associated terms. The sets of logical symbols,
variables, predicate symbols, and function symbols are pairwise disjoint. Lower case Roman letters
possibly indexed with digits are used as variables. Greek letters possibly indexed with digits or lowercase
roman letters are used as syntactic metavariables. vy, v1,...yn, range over the variables, &, &1...En range over
sequences of variables of an appropriate arity, mt,71...wtn range over the predicate symbols, ¢, ¢1...¢n range over
function symbols, 8, 81...8pn, o range over terms, and o, a1...an, B, B1.-Bn.x x1--xn.T.T1,..Tn,@ range
over sentences. The terms are of the forms y and (¢ 51...6n), and the sentences are of the forms (a—), #f,
(Vy o), and (m 81...8pn). A nullary predicate = or function ¢ is written as a sentence or a term without

parenthesis. @{n/A&a} represents the replacement of all unmodalized occurrences of w in @ by A&a followed by
lambda conversion. The primitive symbols are shown in Figure 2 with their intuitive interpretations.

Symbol Meaning
o—p if o then B.
# falsity
Vya forally, a.
Figure 2: Primitive Symbols of First Order Logic

The defined symbols are listed in Figure 3 with their definitions and intuitive interpretations.

Symbol | Definition Meaning Symbol | Definition Meaning

- o — # not o onPB —(a > =) o and 3

#t — #f truth o> B (o> B)A (B> a) | aifandonlyif B
avp (wa)> B |aorP dya —Vy —a for some y, o

Figure 3: Defined Symbols of First Order Logic

The FOL object language expressions are referred in the metalanguage (which also includes a FOL syntax) by
inserting a quote sign in front of the object language entity thereby making a structural descriptive name of that
entity. Generally, a set of sentences is represented as: {T'j} which is defined as: {T7j: #t} which in turn is defined

as: {s: Ji(s="T’j)} where i ranges over some range of numbers (which may be finite or infinite). With a slight abuse
of notation we also write ', 'T" to refer to such sets.
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3. Proof Theory of First Order Logic

The axioms and inference rules of FOL [Mendelson 1964] are given in Figure 4:

MAT: o — (B— o) MR1: from o and (a— ) infer 3

MA2: (o— ( B— p)) = ((a— B)— (a—> p)) MR2: from o infer (Vy a)

MA3: (= a)— (= B))—= (= ) B)—a)

MA4: (Vy o)— B where 3 is the result of substituting an expression (which is free for the free positions
ofy ina) for all the free occurrences of y in a.

MAS: (Vy(oo — B)) = (a—>(Vy B)) where y does not occur in a.
Figure 4: Inferences Rules and Axioms of FOL

In order to talk about sets of sentences we include in the metatheory set theory symbols €, ¢, o, =, M as defined
in [Quine 1969]. The derivation operation (i.e. fol) of FOL obeys the Inclusion and Idempotence properties:

FOL1: (fol 'k)2'k Inclusion
FOL2: (fol 'x)(fol(fol '«)) Idempotence
From these two properties we prove:

FOL3: Vp((p=(fol p))—>au}«>Vp(afp/(fol p)}) and Ip((p=(fol p))rc)<>Ip(ofp/(fol p)})

proof: The universal quantifier version follows from the existential quantifier version by running negation through

both sides of the bi-implication. The existential version is proven as follows. There are two cases:

(1) ((p=(fol p))aa)— 3 p(op/(fol p)}). The existentially quantified p is replaced by p giving: ((p=(fol
p))aa)— (afp/(fol p)}). The equation in the hypothesis is used to replace p in o by (fol p) giving the conclusion.

N
(2) (ofp/(fol p)})— Fp((p=(fol p))~c). Letting p in the conclusion be (fol p) gives: (a{p/(fol p)})— (((fol p)=(fol(fol
p)))A(afp/(fol p)})) which holds by FOL1 and FOL2.

4. Intensional Semantics of FOL

The meaning (i.e. mg) [Brown 1977] or rather disquotation of a sentence of FOL is defined in Figure 5 below. mg
is defined in terms of mgs which maps each FOL object language sentence and an association list into a
meaning. mgn maps each FOL object language term and an association list into a meaning. An association list is
a list of pairs consisting of an object language variable and the meaning to which it is bound.

mg ‘o) =df (mgs '(Vy1...yn a)()) where 'y1...'yn are all the free variables in 'a.

mgs ‘(o — B)a) <> ((mgs ‘a. a)—>(mgs B a))

mgs #f a) <> #f

mgs '(V v a)a) <> Vx(mgs 'a(cons(cons 'y x)a))

mgs '( 81...8p)a) <> (n(mgn 'd1 a)...(mgn '8p a)) for each predicate symbol 'x.

mgn ‘(¢ 81...0n)a) = (¢(mgn '61 a)...(mgn 'dp a)) for each function symbol '¢.

mgn 'y a) = (cdr(assoc 'y a))

assoc v L)= (if(eq? v(car(car L)))(car L)(assoc v(cdr L))) where: cons, car, cdr, eq?, and if are as in Scheme.
Figure 5: The Meaning of FOL Sentences

0: (
1
2:
3:(
4:(
O
6: (
7

The meaning operator (i.e. mg) is a disquotation operation: (mg 'a)<>a. It may be used as an Intensional
Semantics for a FOL object language by axiomatizing the modal concept of necessity to satisfy the theorem:

C1: (‘oe(fol 'x)) <> ([I ((ms 'k)—>(mg 'a)))
for every sentence 'a and every set of sentences 'k of that FOL object language. The necessity symbol is

represented by a box: []. C1 states that a sentence of FOL is a FOL-theorem (i.e. fol) of a set of sentences of
FOL if and only if the meaning of that set of sentences necessarily implies the meaning of that sentence.
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One modal logic which satisfies C1 for FOL is the Z Modal Quantificational Logic described in [Brown 1987;
Brown 1989] whose theorems are recursively enumerable. Z has the metatheorem: (<>I'{n/A&a})— (<>T)
where T is a sentence of FOL . Z includes all the laws of S5 Modal Logic [Hughes & Cresswell 1968] whose
modal axioms and inference rules are in Figure 6. Therein, k and T" are sentences of the intentional semantics.

RO: from k infer ([] «) A2: ([l(x— T)) — (([Ix)— (Ir)
Al: ([Ik) - x A3: ([Ix) v ([1-x)
Figure 6: The Laws of S5 Modal Logic

These S5 modal laws and the laws of FOL given in Figure 6 constitute an S5 Modal Quantificational Logic similar
to [Carnap 1946; Carnap 1956], and a FOL version [Parks 1976] of [Bressan 1972] in which the Barcan formula:
(Vy([Ix))—([]¥yx) and its converse hold. The defined Modal symbols are given in Figure 7.

Symbol | Definition | Meaning Symbol | Definition | Meaning
<> —[]—x | ais logically possible k] T [] (k—>T) | B entails a
k=T [l (ke>T) | ais logically equivalent to B <> | <>(kAl) | aand B is logically possible

Figure 7: Defined Symbols of Modal Logic

5. Skepticity Represented in Modal Logic

The set theoretic intersection defining a Skeptical Logic in terms of a base nonmonotonic logic called nmi:
N{k: k=(nml k)}

may be expressed in an S5 Modal Quantificational Logic supplemented with propositional quantifiers [Fine 1970;
Bressan 1972] which obey the normal laws of Second Order Logic (i.e. laws analogous to MR2, MA4, and MA5
given in Figure 4 where y is now a propositional variable), as follows:

k(kA(k=(NML k)))
where NML is the modal functor corresponding to nml. The idiom 3k(kA(k=(¢ k))) is intuitively read as a nominal
as the (possibly infinite) disjunction of all propositions such that «j. When the necessary equivalence has a finite
number of solutions: «k1,...,kn then the idiom is equivalent to: kqv...vkp, but there is in general no requirement
that the necessary equivalence holds for only a finite or even only a denumerable number of solutions.

Some theorems are now proven which show that reasoning about meanings of sets of sentences is
equivalent to reasoning about propositions in general. MSK1 shows (in the cases of interest) that quantifying
over the meanings of sets of FOL sentences is equivalent to quantifying propositions in general:

MSK1 if (k=(NML «))—3s(k=(ms s)) then (Fk((ms k)A((ms k)=(NML(ms k)))))=(3k(kA(k=(NML k))))

proof: By RO it suffices to prove: (3k((ms k)A((ms k)=(NML(ms k)))))<>3k(kA(k=(NML k))). There are two cases:
(1) 3k((ms k)A((ms k)=(NML(ms k))))—3k(ka(k=(NML k))). By FOL this is equivalent to:

((ms k)A((ms k)=(NML(ms k))))—3k(ka(k=(NML k))). Letting k in the conclusion be (ms k) gives a tautology.

(2) Fk(kA(k=(NML k)))—3k((ms k)A((ms k)=(NML(ms k))))). By FOL this is :(ka(k=(NML k)))

—>(3k((ms k)A((ms k)=(NML(ms k))))). From (k=(NML k))) and the hypothesis to the theorem we infer 3s(k=(ms
s)) and then k=(ms s). Using this to replace k by (ms s) gives: ((ms s)A((ms s)=(NML(ms s)))) — (Fk((ms
K)A((ms k)=(NML(ms k))))). Letting k in the conclusion be s then gives a tautology. QED.

The concept (i.e. ss) of the combined meaning of all the sentences of the FOL object language whose meanings
are entailed by a proposition is defined as follows: (ss ) =df Vs(([k](mg s))—>(mg s)). SS1 shows that a
proposition entails the combined meaning of the FOL object language sentences that it entails.

SS1: [k](ss ) proof: By RO it suffices to prove: k—(ss k). Unfolding ss gives: k—Vs(([k](mg s))—(mg s))
which is equivalent to: V's(([k](mg s))—(k—(mg s))) which is an instance of A1. QED.

One might think that: (ss(3k(kA(k=(NML k))))<>(3k(ka(k=(NML k))), but in general ss(3k(kA(k=(NML k))) does
not imply: 3k(ka(k=(NML k)) because if there were an infinite number of solutions to: k=(NML k)) none of which
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was entailed by the others, then that disjunction of all the solutions would be infinite and therefore might not be
representable as a sentence of FOL. However, if there are only a finite number of solutions then this relation will
hold as is proven by MSK2 below:

MSK2: If k does not occur in any 'Ti then: (ss(Ik(ka(vi=1,n(k=(ms T1)))))) = (Vi=1,n(ms 'T}))

proof: By SS1 it suffices to prove: [(ss(Ik(kA(vi=1,n(k=(ms T))))I(vi=1,n(ms 'Tj))

By the laws of FOL this is equivalent to: [(ss(vi=1,n(Ik(kA(k=(ms 'T}))))(vi=1,n(ms 'T'))

Since k does not occur free in I'j by the laws of S5 this is equivalent to: [(ss(vi=1,n(ms 'Tj)))l(vi=1,n(ms 'Tj)).

The last ms is unfolded giving: [ss(vi=1,n(ms T))](vi=1,n(Vs((se'Tj)—(mg s)))). By C1 this is equivalent to:

[ss(vi=1,n(ms 'TQ))I(vi=1,n(Vs(([(ms Tj)](mg s))—(mg s)))). Renaming and pulling out the universal quantifiers

gives: [ss(vi=1,n(ms I'i))]Vs1... Vsn(vi=1 n(([(ms Ti)](mg si))—>(mg si))). This is equivalent to:

[ss(vi=1,n(ms T§))]vs1...Vsn((Ai=1,n([(ms 'Tj)I(mg si)))—(vi=1,n(mg sj))) By the mg laws this is equivalent to:

[ss(vi=1,n(ms Ti)]Vs1... Vsn((Ai=1,n([(ms 'Ti)l(mg sj)))—>(mg (vi=1,n ,si))). Unfolding ss gives:
[(Vs(([(vi=1,n(ms Ti))l(mg s))—>(mg s))] Vs1...Vsn((Ai=1,n([(ms Ti)l(mg si)))—>(mg'(vi=1,n i)

Backchaining letting s:= (vi=1 n ,si) shows that it suffices to prove:

(Vs1...¥sn((~i=1,n([(ms Ti)I(mg si)))—> ([(Vi=1,n(ms Ti)(mg “(vi=1,n ,5i))))-

In view of the hypothesis it suffices to prove: ([(vi=1,n(mg si))l(mg "(Vvi=1,n ,Si))).

By the mg laws this is equivalent to: ([(vi=1,n(mg si))l(vi=1,n(mgsi))) which is a tautology. QED.

MSK3 is the instance of MSK2 with only one solution:

MSK3 (ss(Fk(ka(k=(ms 'T))))) = (ms T). and (ss(ms 'T)) = (ms 'T) proof: Let n=1in theorem MSK2.

6. The Relationship between Skeptical Logics and Modal Logic

The relationship between the proof theoretic definition of Skepticity and the modal representation is proven with
theorem SL1. Theorem SL1 shows that the meaning of the intersection of all the fixed-points of the set theoretic
functor nml is the meaning of the sentences entailed by the "disjunction” of the solutions of the Modal functor
NML provided that hypotheses H1, H2, and H3 (listed therein) hold.

SL1: Let nml be a set theoretic functor and let NML be a modal functor. If the following three hypotheses hold:
H1: (‘x=(nml 'k))—("x=(fol '«))
H2: ((fol 'k)=(nmi(fol 'k))) <> ((ms "k)=(NML(ms 'k)))
H3: (k=(NML x))—>3s(k=(ms s))
then:  (ms(~{k: k=(nml k)})) = (ss(Ik(kAk=(NML k))))
proof: ms({k: k=(nml k)}). By hypothesis H1 this is equivalent to: ms({k: (k=(fol k))A(k=(nml k))})
Unfolding the definition of intersection gives: ms{s:Vk((kefk: (k=(fol k))A(k=(nml k))})—(sek))} which is equivalent
to:  ms{s:V'k(((k=(fol k))A(k=(nml k)))—>(sek))}. By FOL3 this is equivalent to: ms{s:¥v'k(((fol k)=(nml(fol k))))
—(sg(fol k)))}. By the Hypothesis H2, this is equivalent to: ms{s:Vk(((ms k)=(NML(ms k)))—(se(fol k)))}

By C1 this is equivalent to: ms{s:Vk(((ms k)=(NML(ms k)))—([ms k](mg s)))}. By the S5 laws pushing Vk to
lowest scope gives: ms{s: ([Tk((ms k)A((ms k)=(NML(ms k))))](mg s))}

Hypothesis H3 is equivalent to the hypothesis of theorem MSK1 therefore by the conclusion of MSK1 the above
expression is equivalent to: ms{s: ([Fk(ka(k=(NML k)))](mg s))}. Unfolding ms and lambda conversion gives:
Vs(([Tk(kA(k=(NML k)))](mg s))—(mg s)). Folding ss gives ss(3k(ka(k=(NML k)))) QED.

Theorem SL1 shows that the modal representation of Skepticity using ss is logically equivalent to the set theoretic
representation. ss(3k(ka(k=(NML k)))) may be generalized to: (Fk(ka(k=(NML k)))) since the latter entails the
same FOL object language sentences.
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7. Example Relationships between Skeptical Logics and Modal Logics

Figure 8 gives the set theoretic representations of six Skeptical Logics in terms of their base logics. The six base
logics are FOL: (i.e. fol), The Closed World Assumption (i.e. cwa) [Reiter 1978], Reflective Logic (i.e. rl) [Brown
1989], Default Logic (i.e. dl) [Reiter 1980], the "recursive" definition of Default Logic [Reiter 1980], and
Autoepistemic Logic (i.e. ael) [Moore 1986]. The first two Skeptical Logics are defined with degenerate equations
of the form k=(nml) where nml does not contain k, and thus are identical to their base Logics. These exemplify
the theorems in section 6 relating set theoretic descriptions of Skeptical Logics to their corresponding modal
descriptions. The last four Skeptical Logics involve the more interesting nondegenerate cases.

Skeptical Logic Skeptical Logic constructed from the Base Logic

sfol N{k: k=(fol 'T")} or (fol 'T)

scwa N{k: k=(cwa T 'yj)} or (cwa T "xj)where: (cwa'T"yj)=df fol('"TU{"yi:'(—yi) & (fol 'T)})

sl {k: k=(rl k T 'oij:'Bjjl"yi)where: (1l ' T 'oij:'Bijl"xi)=df fol( T {'yi:('aie' ) Anj=1 mi' (=Bij)  })
sdl {k: k=(d k T oij:'Bjjl"xi) where:

(dl' T "aiiBijl"xi) =df ~{p:(p=(fol p))A(PT)AVi((('tiep) Anj=1,mi'(=Bij) & ') >("xiep))}
sdr {k: 'e=(dr ' 'T 'o:'Bij'xi)}  where: (dr ' T o' Bjjl"xi) =df Ut=1,o(r t ' T "oii:'Bijl"xi)
(r0'% T "oiji'Bjjl"yi) =df (fol ')

(r t+1'k) =df (fol((r t s 'T""auii'Bijl"%i) A'wi: (evie(r t'se T e Bijl'xi)) Anj=1,mil (=Bij) &'w)})
sael N{k: k=(ael k I")} where: (ael '« 'T") =df (fol(TU{'(L"xi):"xie'c}o{ (—(L'%i): xi e '<}))

Figure 8: Set Theoretic Representations of Skeptical Logics

Figure 9 gives the Modal Logic representations of six Skeptical Logics in terms of their base logic. The six base
logics are the modal representations of FOL (i.e. the identity operator), The Closed World Assumption (i.e. CWA)
[Brown 2005], Reflective Logic (i.e. RL) [Brown 2003a], Default Logic (i.e. DL) [Brown 2003b], "recursive"
definition of Default Logic [Brown 2004], and Autoepistemic Logic (i.e. AEL) [Moore 2003c].

Skeptical Logic Skeptical Logic constructed from the Base Logic

SFOL k(kA(k=(FOLT) or I' where: (FOLT) =df

SCWA Ak(kA(k=(CWAT y;))) or (CWAT yj) where: (CWAT yj) =df CAV((<T>yi)—>xi)

SRL FK(kn(k=(RL « T oij:Bjj/i) where:(RL k T" aij:Bjj/xi)=df T AV/i((([i]oi) AAj=1, mi(<&>Bij)) =)
SDL Fk(ka(k=(DL k T oij:Bijlxi))

where: (DL I ai:Bij/i)=df Ip(PA([PIN) A Vi((([Plati) AAj=1,mi<k>Bij)—[Plxi)

SDR «=(DR « I" j:Bjjfxi) where DR is defined as: (DR « I" ij:Bjjfxi) =df V(R tk " auj:Bij/i)
(ROKT ai:Bijfyi) =df

(Rt+1 kI a:Bijjlyi) =df (Rt T oi:Bijlxi) A Vil(([(R tk T o Bijlxi)]oti) Anj=1, mi(<k>Bij) =)
SAEL Jk(ka(k=(AEL k T')) where: (AEL k T') =df TAVi((L "yi)<>([]xi)

Figure 9: Modal Representations of Skeptical Logics

The skeptical logics defined in set theory are now related to the corresponding skeptical logics defined in Modal
Logic. The following theorems show that the two representation coincide

SFOL1: (ms({k: k=(fol T)}))=(ss(Tk(kA(k=(FOL(ms T)))))

proof: Letting nml be fol and NML be the identity operator makes the three hypotheses to theorem SL3 true:
(1) (‘'x=(fol T))—>('x=(fol ')

(2) ((fol 'x)=(fol(fol 'T’)))<>((ms 'k)=(FOL(ms T")))

(3) (k=(FOL(ms 'T")))—>3s(k=(ms s))
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FOL is the identity functor. (1) is a tautology. Letting s be 'T" makes (3) a tautology. The left hand of (2) is
equivalent to: ((fol '«)=(fol 'T")). By C4 proven in [Brown 2005] this holds. The conclusion of SL1 with the variable
nml instantiated to fol and the variable NML instantiated to FOL must therefore be true. QED. Since k does not
occur in (FOL(ms 'T)), (k=(FOL(ms T)) has only one solution and theorem MSK3 allows SFOL1 to be rewritten
as: (ms(fol T))=(FOL(ms 'T")).

SCWAT: (ms(nk: k=(cwa T "xj)}))=(ss(Tk(kA(k=(CWA(ms T)yxi)))))

proof: Letting nml be cwa [Reiter 1978] and NML be CWA makes the three hypotheses of theorem SL3 true.
These three hypotheses were proven as theorems FOL4, CWA2, and MC6 in [Brown 2005]:

(1) FOL4: ('w=(cwa T "xj))—('k=(fol 'k))

(2) CWA2: ((fol 'x)=(cwa(fol 'T")'yji)) <>((ms '«)=(CWA(ms T)yxi))

(3) MCB: (k=(CWA(ms T")(mg "yi)))—3s(k=(ms s))

The conclusion of SL1 with the variable nml instantiated to cwa and the variable NML instantiated to CWA must
therefore be true. QED. Since k does not occur in (CWA(ms 'T)y;)), (k=(CWA(ms 'T")y;)) has only one solution
and theorem MSK3 allows SCWA1 to be rewritten as: (ms(cwa T "yj))=(CWA(ms 'Ty;)).

SRLA: (ms({k: 'k=(rl 'k T "otj:'Bijl"xi)}))=(ss(Ik(kak=(RL k(ms 'T')asi:Bijl"i))))

proof: Letting nml be rl [Brown 1989] and NML be RL makes the three hypotheses of theorem SL3 true. These
three hypotheses were proven as theorems FOL4, RL2, and MR6 in [Brown 2003a]:

(1) FOL4: (we=(rl " T "o Bijl'xi))—("e=(fol ))

(2) RL2: (ms(rl(fol ') "oii:'Bijjl"¢i))=(RL(ms "«)(ms T)oxi:Bij/xi)

(3) MR6: (ie=(RL 1<(ms 'T")aij:Bjj/(mg '%i)))—>3s(k=(ms s))

The conclusion of SL1 with nml instantiated to rl and NML instantiated to RL must therefore be true. QED.

SDL1: (ms({k: 'k=(dl 'k 'T" "otj:'Bijl"xi)}))=(ss(Ik(kak=(DL k(ms 'T')aii:Bjjxi)))

proof: Letting nml be dl and NML be the DL [Reiter 1980] makes the three hypotheses of theorem SL3 true.
These three hypotheses were proven as theorems FOLG, DL2, and MD7 in [Brown 2003b]:

(1) FOL6: (k=(dl '« T "ai:'Bjjl"xi))—>("x=(fol "))

(2) DL2: ((fol w)=(dI(fol i) T "auii'Bjjl"i)) «>((ms "ic)=(DL(ms "k)(ms 'T')ci:Bij/x))

(3) MD7: (ie=(DL 1c(ms 'T')oij:Bjj/(mg '%i)))—>3s(k=(ms s))

The conclusion of SL1 with nml instantiated to dl and NML instantiated to DL must therefore be true. QED.
SDR1:(ms({k: 'k=(dl 'k 'T" 'otj:'Bijl"xi)}))=(ss(Ik(kak=(DL k(ms 'T')aii:Bjj/xi)))

proof: Letting nml be dI [Reiter 1980] and NML be the DL makes the three hypotheses of theorem SL3 true.
These three hypotheses were proven as theorems FOLG, DL2, and MD7 in [Brown 2004]:

(1) FOL6: (k=(dr i T "o Bijl"i))—>('w=(fol "))

(2) DR2: ((fol 'sc)=(dr(fol ') T "air'Bjjl"i)) «>((ms c)=(DL(ms "«)(ms 'T')ci:Bijlxi)))

(3) MD8: (1c=(DR 1(ms 'T)aij:Bjj/(mg i) —=>3s(ie=(ms s))

The conclusion of SL1 with nml instantiated to dr and NML instantiated to DR must therefore be true. QED.
SAEL1: (ms({k: k=(ael k 'T")}))=(ss(Ik(kA(k=(AEL k(ms 'T))))))

proof: Letting nml be ael [Moore 1986] and NML be AEL makes the three hypotheses of theorem SL true. These
three hypotheses were proven as theorems FOL4, AEL2, and MAG in [Brown 2003c]:

(1) FOL4: ('v=(ael 'k'T))—("x=(fol 'k))

(2) AEL2: ((fol 'x)=(ael(fol 'k)T)) <«>((ms 'k)=(AEL(ms 'k)(ms T)))

(3) MAB: (k=(AEL k(ms T")))—>3s(k=(ms s))

The conclusion of SL1 with nml instantiated to ael and NML instantiated to AEL must therefore be true. QED.
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8. Conclusion

Theorem SL1 proves and section 7 exemplifies that many skeptical nonmonotonic logics can all be represented
in a single modal quantificational logic which is a slight extension of S5.
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AUTOMATIC FIXED-POINT DEDUCTION SYSTEMS FOR FIVE DIFFERENT
PROPOSITIONAL NONMONOTONIC LOGICS

Frank M. Brown

Abstract: The commonality and differences among five different nonmonotonic logics is described by
implementing an automatic fixed-point equation solver for their propositional logic versions with finite
stream based algorithms involving maps, filters, and accumulators. The result of organizing
nonmonotonic computations in this fashion is to make apparent in an elementary way, that different
nonmonotonic systems embody many of the same basic ideas and in fact differ by often only a few
filters or accumulators. The nonmonotonic systems investigated are the Closed World Assumption, the
kernel of Autoepistemic Logic, Frame Logic, Default Logic, and Parallel Circumscription. Scheme code
which defines all the fixed-points for all these systems for all propositional problems is given.

Keywords: Automatic Deduction Systems, Fixed-point, Nonmonotonic Logic.

1. Introduction

Growing out of the need for logics and automatic deduction systems for common sense reasoning phenomena
such as default reasoning, reasoning about an agent's knowledge or lack thereof, and reasoning about the
consequences of robotic actions, researchers have developed a number of logical systems generally called
nonmonotonic logics. The various systems at first appeared to be very different partly because of the different
formalisms involved and partly because the interrelationships were not at first understood or were misunderstood.
However, there are now a number of known important relationships between the different nonmonotonic systems.
These results are often metatheorems which state that certain sets of nonlogical axioms and inference rules in
one nonmonotonic system have fixed-point solutions that are related to the fixed-point solutions produced by
certain other sets of nonlogical axioms and inference rules in some other nonmonotonic system. Herein we take
a different approach to comparing nonmonotonic systems. Our approach is to begin by studying the propositional
structure of nonmonotonic systems while ignoring the quantificational structure. Later, we hope to extend this
research by restoring widening ranges of quantificational structure to the propositional nonmonotonic systems
studied herein. Because herein we limit ourselves to propositional nonmonotonic systems everything is finite and
we will be able to present the different nonmonotonic systems as Lambda Calculus functions. These functions,
define the propositional versions of these nonmonotonic systems by specifying all the fixed-points for any input
sets of nonlogical axioms and inference rules. By writing these functions in the fashion of (finite) stream functions
involving generators, maps, filters, and accumulators, we are then able to extract out the differences among
different nonmonotonic systems as some minor changes in a few of these Lambda Calculus functions thereby
providing an interesting elementary way to compare them. Alternatively a programmer (as opposed to a
theoretical logician) may view these functions as being Scheme programs.

Section 2 presents the call to a Propositional Logic Decision Procedure. Section 3 presents the generic functions
for testing whether defaults hold. These functions implement the basic ideas of testing defaults and generating
potential fixed-points which are common to all the nonmonotonic systems discussed herein.  Since we are
limiting this study to propositional logic the tableaux algorithm in Section 2 is decidable returning true or false. For
this reason we don't need to represent the nonmonotonic default structure itself in a formal logic such as in the
modal logic style of [Brown 1986] and [Brown 1989], nor in the tableaux style of [Bonatti et.al 2002] and [Olivetti
1992]. These results in a significant simplification of the automatic deduction systems involved, allowing each to
be described in as a few small functions thereby making these systems available to the many Al scientists who
understand LISP like languages but are not familiar with modal logic nor settheoretic fixed-point description of
nonmonotonic logics. The remaining sections give Propositional Logic versions of the Closed World Assumption
(Section 4), the kernel of Autoepistemic Logic (Section 5), Frame Logic (Section 6), Default Logic (Section 7), and
Parallel Circumscription (Section 8). Some conclusions are made in Section 9.
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2. An Automatic Theorem Prover for Propositional Logic

We assume the existence of a decision procedure for Propositional Logic represented as a Scheme function
called prove. This function is called with two arguments as(prove h x) where h is a list of hypotheses
and c is a theorem to be proven. Each hypothesis and the theorem are sentences of the propositional logic
obtained by replacing the variables p, g, p1,...,pn in one of the forms: #t, #f, (and p1,...,pn), (or p1,...,pn), (not p),
(if p q), (iff p q) by other sentences. The elementary sentences are distinct symbols such as P or list structures
not beginning with a logical symbol such as (Loves John Mary).

3. Nonmonotonic Default Inference Rules

Nonmonotonic inferences in Propositional Logic may be specified by nonlogical inference rules called "defaults"
of the form:

(04 (X,m 14000490

X
where ou,...,am, B1,...,pn, and y are sentences. Such a nonlogical inference rule is interpreted to mean that if
each o holds in a given theory A; and if each B is consistent with respect to a given theory B; then y may be
inferred. If we suppose that all the A; theories are identical, then the inference rule may be rewritten as:
(0 1y.0059n

X

where a. is (and ou...am) Since a holds in A; if and only if each o holds in that theory. The case where there are
no oy sentences may then be represented by letting o be #t. However, if we suppose that the B; theories are
identical, the B1,...,pn sentences cannot likewise be replaced by one large B since each [; sentence may be
consistent with a theory without (and pBs,...,3n) itself being consistent with the theory, as for example, in the theory
(not(and p qg)) where B1is p and B2is . Thus, a nonlogical inference rule or default will be represented
as a three element list of the form: (cu(fB1...Bn)x)

Assuming that all A; are identical and that all the B; are identical, a Scheme function to determine whether a
nonlogical inference rule is applicable is given in Figure 2. test takes as arguments: A;, Bi, and a default.

(define(test a b d)
(define(pv x) (prove a x))
(define(pos x) (not(prove b(list "not x))))

(and(pv(car d)) (all pos(cadr d))))

Fig. 1. Procedure to determine whether a default is applicable.

test assumes that the theories a and b are known before one tests the default d. However, if either of the
theories on which the o and By,...,Bn sentences of each default are tested itself includes the x sentences of
those defaults which fired, then we need to already know which  sentences fired in order to test the o and
B1,...,Bn sentences. This circularity may be avoided by picking a subset of the set of defaults to be the fired
subset and then testing that each default in the chosen set is applicable and that each default not in the chosen
subset is not applicable. By successively choosing as the set of fired defaults each subset of the initial set of
defaults we get all potential default subsets for generating the fixed-points.

A Scheme function called testal 17?2 which determines whether a subset s of the set of defaults Ds is a fired
subset of defaults is given in Figure 3. This function calls test+ which checks to see that every default which
should fire (i.e. those in s) does and test- which checks to see that every default which is not supposed to
fire (i.e. those not in s), does not. It also calls the function setdifference which computes the defaults
which are not fired. Also given in Figure 3 are the fp and subsets functions. The Fp function produces a
potential fixed-point which is a list of all the ¢ sentences of the fired defaults appended to the set of axioms As.
The subsets function generates the list of all subsets of the set of defaults.
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(define(testall? a b s Ds)

(and(test+ a b s)(test- a b(set-difference Ds s))))
(define(test+ a b s)(all(lanmbda(d)(test a b d))s))
(define(test- a b s)(all(lambda(d) (not(test a b d)))s))
(define(set-difference Ds s) (Filter(lambda(x)(not(memg X s)))Ds))
(define(fp As s)(append(map caddr s)As))
(define(subsets L) (accumulate

(lambda(x m) (append(map(lambda(s)(cons x s))m)m))"(QQ)L))

Fig. 2. Procedures to test whether a subset of defaults is a firing set of defaults.

4. The Closed World Assumption

The Closed World Assumption [Reiter 1978] (which is related to Completion systems [Clark 1978]) is a rule which
allows the inference of a sentence of the form —(r 81...8m) where 7 in an m-ary predicate and 61...8n, are variable
free terms, whenever that sentence is consistent with a given theory:

: (1t 81...0m)
—(7 81...0m)
Since no variables occur in (w 81...6m) we may think of it as being a propositional constant .
x
X
We interpret this structure to mean that there is a set of axioms As such that if i is consistent with As then y.

We generalize the closed world assumption so that there may be an o sentence, any number of f3; sentences
which may be different from :

o 1,000,990

X
and interpret this structure to mean that there is a set of axioms As such that if o follows from As and each Bi is

consistent with As then %. A Scheme function to compute the result of applying such defaults to an initial set of
axioms is given in Figure 4. This function works by generating all the subsets of the set of defaults, filtering them
by removing those subsets which are not fired subsets, and then by constructing the resulting fixed-points.

(define(cwa-fixedpoints As Ds)
(map(lambda(s) (fp As s))
(Filter(lambda(s) (testall? As As s Ds))
(subsets Ds))))

Fig. 3. Fixed-point Deducer for The Closed World Assumption

Since the i sentences of the defaults are not part of As which is being used to test the defaults, there is only one
set of firing defaults. The resulting theory is the result of appending the  sentences of the firing defaults to As.
Thus, there is a single cwa fixed-point which may be computed by the more efficient function given in Figure 5
which tests each default to see if it fires and then constructs the fixed-point from As and all the firing defaults.

(define(cwa-fixedpoint As Ds)
(fp As(Filter(lambda(d)(test As As d))Ds)))

Fig. 4. Efficient Fixed-point Deducer for the Closed World Assumption
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Example 1: This example has one axiom: A and one default:
B

B

The set of axioms is represented as a list of axioms “ (A) and the set of defaults is represented as a list of
defaults “ ((#t(B)B)). Since there is no o part of this default, it is represented as #t. To compute the
fixed-point we simply apply cwa-Ffixedpoint to the set of axioms and the set of defaults:

(cwa-fixedpoint “(A) “((#t(B)B)) => (A B)

Example 2: Here is an example illustrating the problem cwa has in dealing with two contradictory defaults:
A =A
A —A
(cwa-Tixedpoint “Q)“((Ht(A)A) #t((not A))(not A))=>(A(not A))
which is a fixed-point from which #¥ may be derived by the prove function.

5. The Kernel of Autoepistemic Logic

Autoepistemic Logic [Moore 1985] for a Propositional Logic includes the syntax of Propositional Logic
supplemented with a unary operation L which has the properties of an S4.5 modal logic. These modal properties
allow each sentence of this Propositional Autoepistemic Logic to be rewritten [Konolige 1987] as a finite set of
sentences of the form: ((La)A(—=L—B1)A...A(—L—PBn) )—y where the (La) expression is optional in any sentence
and n may be 0. Such a sentence can then be thought of as being the inference rule:

o 1,000,990

X
where o follows from the given theory k and each [ is consistent with that theory k. The given theory k will
always be a fixed-point. The fixed-points can be obtained by enumerating all the subsets of the set of defaults,
filtering out those subsets which are not fired subsets and conjoining all the  sentences of the firing defaults to
the initial axioms. A Scheme function to do this, called aek-Fixedpoints, is given in Figure 6. [Bouix
1998] gives an analogous function written in Logistica [Brown 2003b]. This procedure is an encoding of the
splitting technique on the modal logic representation of nonmonotonic reasoning described in [Brown 1986].

(define(aek-fixedpoints As Ds)
(map(lambda(s) (fp As s))
(Filter(lambda(s) (testal1?(fp As s)(fp As s)s Ds))
(subsets Ds))))

Fig. 6. Fixed-point Deducer for the Kernel of Autoepistemic Logic

Since the y sentences of the defaults are part of the set being used to test the defaults there is not necessarily a
single fixed-point as in the case of cwa. For example, the empty set of axioms and the default A:/—A has no
fixed-points. Likewise the empty set of axioms and the two defaults: :A/A and :—A/—A has two fixed-points,
namely one consisting of A and the other consisting of —A. In general, if there are n defaults then there will be
2n potential fixed-points produced by subsets. Since each call to testal l involves a finite number of calls
to the propositional logic automatic theorem prover which itself is essentially an O(2") process, the resulting
complexity is essentially: O(22). This contrasts favourably with [Antoniou 1997] which describes a procedure that
generates 2™ subsets where m is the total number of o and B sentences in all the defaults. Thus [Antoniou 1997]
is an O(2mm) process where m is greater than or equal to n and is usually much larger. ([Antoniou 1997] does not
however claim to be presenting an efficient algorithm). Another approach is presented in [Eiter, Klotz, Tompits, &
Woltran 2002] which is based on a quadratic encoding of an Autoepistemic Theory into a propositional logic with
propositional quantifiers. [Brown 2003a] compares that approach with the approach used herein. Since
quantified propositional logic is at least as difficult as propositional logic, the quadratic representation leads to a
proof procedure which is essentially: O(2"). Both the systems of [Antoniou 1997] and [Eiter, Klotz, Tompits, &
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Woltran 2002] produce additional sentences of the form: L'y; whenever y; is a theorem of the fixed-point and
—L"y; whenever y; is not a theorem of (all) the fixed-points. This may be obtained in our system by adding the
schema: L'yi<>[K]y; to each kernel fixed-point k. However since L does not occur in the kernel fixed-point this
addition constitutes a conservative extension of the kernel fixed-point and is therefore irrelevant. The null set of
axioms with the n defaults: {Ai:/A}=1,, has 2" fixed-points — one corresponding to each subset of the set of
defaults. Since, subsets in Figure 6 produces 2" subsets, and each subset needs to be checked with prove, it
is difficult to imagine a more asymptotically efficient algorithm that produces all the fixed-points than the one given
hereabove, although producing fixed points by splitting on the modal subformulas and symbolically simplifying at
each step, as was used in the nonmonotonic automatic deduction systems described in: [Brown & Araya 1991]
and [Leasure 1993] would often allow solutions to be determined without enumerating all the fixed-points.

Aek is a powerful logic capable of representing, as defaults rules, action logics involving both precondition/result
pairs of actions and the necessary frame laws:

preconditions-action(t): at): y(t+1

results-action (t+1) x(t+1)
tis a number representing the time (represented as an additional argument to each predicate) when the action is
applied. The first default states that the results of an action applied at time t holds at time t+1 if the preconditions
held at the previous moment of time t. The second law is the frame law which states that a property o which

holds at time t causes a property y to hold at time t+1 if it is consistent for i to do so. In the simpler cases
(usually discussed in the literature) o is identical to .

6. Frame Logic

Frame Logic [Brown 1987] represents in a direct manner action logics involving both the precondition/result pairs
of actions and the necessary frame laws. A Propositional Frame Logic involves a set of axioms and default laws
representing precondition/action pairs and the necessary frame laws of the following forms:

preconditions-action: ay

results-action X
Unlike Autoepistemic Logic (aek) no numeric subscripts representing time are needed because the sentences
before the colon in any default rule follow from a given theory representing what holds at the preceding moment
in time. Let OLD be the theory which specifies what holds in the previous moment of time. An action law then
says that if the preconditions held in OLD then the results hold in the fixed-point (which represents what now
holds). Likewise, the frame laws say that a property o which holds in OLD causes a property y to hold in the
fixed-point if i is consistent for it to do so. Again in the simpler cases (usually discussed in the literature) a. is
identical to y. [Brown 1989] discusses more sophisticated cases dealing with Newtonian Mechanics.

We generalize Frame Logic defaults to:

(o 1,000,990

X
where o holds in the old theory and each Bi is consistent with a resulting fixed-point which includes the
sentences of the firing defaults. The fixed-points can be obtained by enumerating all the subsets of the set of
defaults, filtering out those subsets which are not fired subsets and conjoining all the % sentences of the firing
defaults to the initial axioms. A Scheme function to do this, called Frame-fixedpoints, isin Figure 7.

(define(frame-fixedpoints old As Ds)
(map(lambda(s) (fp As s))
(filter(lambda(s) (testall? old(fp As s)s Ds))
(subsets Ds))))

Fig. 7. Fixed-point Deducer for Frame Logic
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7. Default Logic

Default Logic [Reiter 1980] for a Propositional Logic is essentially a set of axioms As and a finite set of default
rules of the form:
[ 1y:00,9n0

X

where a follows from a theory k and each B is consistent with that theory k. The theory k must be constructible
by adding to the axioms the  sentences of those defaults whose a. sentences are already deducible from the
axioms and previously deduced y sentences. This requirement does not allow the o sentence of a default to be
proven by using its own y sentence. This supported nature of Default Logic, perhaps, more closely represents
defaults such as those used in taxonomies and other cases than do logics such as Autoepistemic logic. Other
authors prefer other Default Logics such as Justified Default Logic or Constrained Default Logic. [Antoniou 1997]
discusses the merits of different alternatives.

The fixed-points of a system of defaults of Default Logic is obtained by enumerating all the subsets of the set of
defaults, filtering out those subsets which are not fired subsets, filtering out those subsets which are not
supported, and then conjoining all the x sentences of each set of firing defaults to the initial axioms. A Scheme
function to derive all the fixed-points, called d 1 -Fixedpoints, is in Figure 8.

(define(dl-fixedpoints As Ds)
(map(lambda(s)(fp As s))
(Filter(lambda(s) (supported? As s))
(filter(lambda(s) (testall1?(fp As s)(fp As s)s Ds))
(subsets Ds)))))
(define(supported? rn s)
(define fs(filter(lambda(d)(prove rn(car d)))s))
(Gf(ull? fs)(null? s)
(supported?(append(map caddr fs)rn)(set-difference s fs))))

Fig. 8. Fixed-point Deducer for Default Logic

Since Default logic as defined herein differs from Autoepistemic kernels by a single filter (i.e. supported?)itis
obvious that the fixed-points of Default Logic are a subset of the fixed-points of Autoepistemic Kernels as
Konolige suggested and eventually proved. (see [Konolige 1987]). This algorithm has many variations.
For example, testal 1? can be replaced by:

(and(test+ “(#F)(fp As s)s Ds))
(test-(fp As s)(fp As s)(set-difference Ds s)))

making the entailment check in test+ trivially true. This check is not needed since it is implied by the
supported? filter. The Default Logic algorithms given in both [Schwind 1990] and [Antoniou 1997] use this
fact. Another variation is that the order of filters may be swapped. Whereas [Schwind 1990] apply the above
filter first followed by the supported? filter, [Antoniou 1997] does the reverse. [Antoniou 1997] gives an
algorithm (where no default may have more than one 3 expression) taking this approach but which also combines
the supported? test into the subset generation procedure. Instead of using the subset generator in Figure 8,
which produces 2" candidates, [Antoniou 1997] generates n! permutations (but suggests that these redundancies
may be eliminated). His algorithm has the advantage of not producing candidate fixed-points for defaults whose
o expressions do not hold in a fixed-point, and likewise for  expressions which are not consistent with any fixed-
point with the expense of redundant tests on the ps.

8. Circumscription

A nonmonotonic system such as the Closed World Assumption produces precisely one fixed-point. In such a
case one may determine that a conjecture follows from that fixed point by simply applying the prove function to
the fixed-point and the conjecture. However, most nonmonotonic systems do not always produce precisely one
fixed-point. In such a case the question arises as to what fixed-point should be used to derive further
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consequences. We could choose arbitrarily but a more conservative approach is to require that the theorem hold
in all fixed-points. Since (fp=>t) & ... & (fpa=>t) is equivalent to (fps or ... or fp,) =>t we need to prove t from the
disjunction of all the fixed-points. From this perspective the problem is to compute this disjunction. It turns out
that there is a nonmonotonic system, namely Circumscription [McCarthy 1980, McCarthy 1986, and Lifschitz
1985] that produces just this disjunction [Konolige 1989, Brown 1989] when all the defaults are of the form:
XL
X
Specifically, Circumscription for a Propositional Logic may be thought of as being a rule which infers sentences
where the form —(n 8+...8m) where w in an m-ary predicate and &1...5y are variable free terms, whenever that
sentence is consistent with a given theory:
. —|‘TE 618ml
—|(TC 816m)

Such a predicate is said to be Circumscribed. Since no variables occur in (7t 1...6m) we think of it as being a
propositional constant. In addition to Circumscribed Predicates, there may be Variable Predicates and Fixed
Predicates. Variable Predicates involve no rules but Fixed Predicates involve two contradictory rules of the form:
Z—|!TC 61...6m! Z!TE 61...6m[
—(7 81...0m) (7 84...0m)
These default structures may be interpreted as an Autoepistemic Kernel structure, a Frame Logic structure, or as
a Default Logic structure since all three interpretations are the same for the defaults used in Circumscription.

We generalize the defaults of circumscription so that there may be an o sentence, any number of ; sentences,
and so that last occurrences of y may be any sentence:
o P1,...,Pn
X
A Scheme function for Circumscription by interpreting its defaults as Autoepistemic Kernel defaults is given in

Figure 9. This function accumulates the fixed-points together by simply returning the disjunction of the
conjunction of all the sentences in each Autoepistemic Kernel fixed-point (see [Brown 1989, Konolige 1989)).

(define(circumscription As Ds)
(define(or-fps s) (cons "or(map(lambda(k)(cons "and k))s)))
(or-fps(aek-fixedpoints As Ds)))

Fig. 12. Theory Constructor for Parallel Circumscription with circumscribed, fixed, and variable predicates.

9. Conclusion

The nonmonotonic systems discussed herein are summarized in Table 2 in terms of the filters and accumulators
that are used. The main choice is whether testall or test+ is used and in either case what theories are used to
test the a sentences and 3 sentences of the defaults. There are also the issues of whether the supported?
filter is used and whether the or-fps accumulator is used. Table 2 suggests the existence other
nonmonotonic systems with different combinations of filters and accumulators.

Table 1. The differences among the different Nonmonotonic Systems. As is the initial set of axioms, k is the
fixed-point, and kp is the conjunction of the axioms in k and each of the 3 sentences of all firing defaults.

nonmonotonic system filters accumulator

Closed World Assumption | As(testall? As As s)

Autoepistemic Kernel As(testall? k k s)

Frame Logic As(testall? old k s)

Default Logic rs(testall? k k s),
As(supported? As s)

Circumscription As(testall? k k s) or-fps
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NONMONOTONIC SYSTEMS BASED ON SMALLEST AND MINIMAL WORLDS
REPRESENTED IN WORLD LOGIC, MODAL LOGIC, AND SECOND ORDER LOGIC

Frank M. Brown

Abstract: A monotonic representation of a nonmonotonic logic makes it possible for an automatic theorem prover
for that monotonic logic to be used to automatically deduce consequences for the nonmonotonic logic. Multiple
monotonic representations, allow different automatic deduction approaches to be developed. Herein, we discuss
two different nonmonotonic concepts, namely simplest worlds and minimal worlds, and show how each may be
represented in three different monotonic logics. These monotonic logics are World Logic, Modal Logic, and
Second Order Logic. These representations are more general than those previously described and are related
back to less general previous work. In all these representations quantifiers obey the normal laws of both classical
logic and S5 Modal Logic and may quantify variables across the scope of the nonmonotonic structures.

Keywords: Smallest Worlds, Minimal Worlds, Nonmonotonic Logic.

1. Introduction

From the standpoint of the Z Priorian Modal Second Order Logic, we might ask when a sentence is entailed by
worlds with certain properties. Two such types of worlds of interest to nonmonotonic reasoning are the
nonmonotonic concepts of the Smallest World and the Minimal Worlds. Using the laws of the Z Priorian Modal
Second Order Logic, whose notation and axiomatization is given in [Brown 2005], we prove that both Simplest
Worlds and Minimal Worlds can be represented in two other ways, namely in a Z MODAL Logic and in a Second
Order Logic. This is important because the three equivalent representations of these two nonmonotonic concepts,
allow different automatic theorem proving methods to be developed. In the succeeding sections we define
Simplest and Minimal Worlds and show that they are representable in all three sub-languages. Smallest Worlds
are discussed in Section 2 and Minimal Worlds are discussed in Section 3. Finally, in Section 4 we draw some
conclusions.

2. Smallest Worlds

Smallestworlds is the “infinite disjunction” of all the Smallest worlds. A world | is Smallest iff every other world
entailing T entails more instances of a. These definitions are given below:

(Smallestworlds I o) =d 3I(IA(world DA([IIT)A(Smallest | T" o))

(Smallest | T o) =df WJ(((world J)A(UID))—>(ISa J))

(I <o J) =df A0 VE(([ou)—([J] o))

The above definitions may be taken as the Z World Logic representation. We now prove the existence of two
other equivalent representations of Smallestworlds. We prove that Smallestworlds are equivalent to the
Quantified Closed World Assumption which is represented in Z Modal Logic and that it is also equivalent to

Completion, which is representable in SOL. The Quantified Closed World Assumption (i.e. QCWA) is written in Z
Modal SOL as:'

(QCWAT o) =df Ik(kA(k=D)AA=10VE((<k>—ol )—>—u))
where &; is the sequence of free variables in au. Intuitively, QCWA asserts the negation of each a; which is not
entailed by I". A common subcase of QCWA is where each a; has the form (m; &).

TQCWA is equivalent to: Tani=1nVE((<T>—0i )>—0i). However, this is not necessarily a linear representation
because T occurs n times. If there are no free variables in any «; this sentence may be expressed in FOL
metatheory as:

(cwa T ‘oi)=df (T U{'=ou: (‘aiig (fol-theorems ‘T)})) where fol-theorems produces the set of First Order Logic
consequences. Thus, if the a; constitute the set of all sentences beginning with a predicate and followed by a
sequence of variable free terms we get the Closed World Assumption (i.e. cwa) as described in [Reiter 1978].
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Example: (QCWA ((N 0)AVX((N x)—(N(+1x)))) (N x))
is equivalent to: VX((N X)<>([(r 0)AVX((1t X)—>(m(+1 X)))]( X)))

We first reformulate Smallest as an entailment:

QCWA1:(Smallest | I ou)<>([TIAi=10V Ei( ([I]ov)—> i)

proof: (Smallest I T" o). Unfolding the definitions gives: WJ(((world J)A([J]T))—(I <a J))

and then: VJ(((world J)A([JIT))—>Ai=1a VE(([[ot)—([J]ow)))

Since J is a world, we pull out the J entailments giving: VJ((world J)—[JJ(T—>Ai=10 VE(([I]oi)— )

By N1 this is equivalent to: [J(T'—> =10V Ei(([I]ot)—oui)) which is equivalent to: [T A1,V Ei(([lJou)—ou) QED.

We now show that the (Smallest I" au) is logically equivalent to the Quantified Closed World Assumption.
QCWA2: (Smallestworlds T" o) = (QCWA T )

proof: (Smallestworlds " o). Unfolding the definitions gives: 3l(IA(world DA([IIT)A(Smallest | T au))

Using theorem QCWA1 gives: 3l(IA(world NA([IT)A[TIAi=1aVE(([I]ot)—> i)

which is equivalent to: Fl(Ia(world DA([IT)A Ai=1a VE(([ou)—>([T]ou)))

Since J is a world [I] may be pulled out and joined giving: 3I(IA(world DA([IJ(CA A=10V Ei(ai—([T]ov))))).

From theorem D1 we get: TA Ai=10VE(oi —([T"]cu)) which may be rewritten as: T AAi=10VE((ST>—0u)—>(—a)).
Pulling out all occurrences of T" this may be rewritten as: Ik(KA(k=I)Ani=1 0V Ei((<k>—oi )—>—au)) which is just
(QCWAT o). QED.

Completion is a representation of Smallest Worlds in Second Order Logic. Completion in SOL is defined as:
(Completion T ou) =df (TAVP1...Pu((T{m/P}) > Ai=1.n V Ei oti —(ai{t/P})))

where m...7tm are all the unmodalized predicate symbols in I" and o

Example: (Completion ((N 0)AVx((N x)—(N(+1 x)))) (N x)) is equivalent to:

VX((N X)>(VP(((P 0)AVX((P x)—>(P(+1 x))))—>(P x)))

CL1: (Smallestworlds I" ai)=(Completion T" o)

proof: (Smallestworlds " o). Unfolding Smallestworlds gives: 3l(Ia(world DA([IIT)A(Smallest | T o))

By QCWAT1 this is: Fl(IA(world DA(ID)A([T A1V E(([[ou)— )

Since lis a world this is equivalent to: 3l(IA(world NA(ITD)AT([TA=1aY E(([1]ou)—> o))

By T1 this is equivalent to: 3l(IA(world DA([IT)A[T]VP1...Pa(T"—=> Aiz1.0 VEi(([ o) > ou) {mi/P}})

where ...ty are all the unmodalized predicates in T or any ai. Pushing the substitutions in (to the unmodalized
subformulas) gives the equivalent sentence:

3l(IA(world NA([IT)A[T]VP1...Pu((T{m/P})— Ai=t.0 VEi(([ou) = (cu{mi/P}))))

Since | is a world, [[] may be pushed in with nestings [I][I] absorbed to [I] and the then pulled out giving:
E||(|/\(WOI’|d |)/\([|](r/\ VP1...Pm((r{nj/Pj})—)/\i:1,nV&i(ai%(ai{nj/Pj}))))))

By D1 this is equivalent to: TAVP1...Pun((T{m/Pj})—Ai=1 VEi(0i—>(ou{m/P;}))) QED

(SOL) Parallel Predicate Completion is the instance of Completion where each ai is a sentence beginning with a
distinct predicate: (i ). In this case n<m. It may be written as:

T'A VP1...Pu((T{mi/P})—> Aiz1.0 VEi((mi &i)—(Pi &)))) where ...t are all the unmodalized predicate symbols in T

The Completed Predicates are m1...m, and the Varying Predicates are mn...mm.  Rewriting the Varying
Predicates with different variable and metavariable symbols and indices gives:

A VP1...PVZy.. . Zn((T{milPHpilZ}) = Ai=1n VEi((T01 &) —(Pi &)
where m1...1t, and p1...pm are all of the unmodalized predicate symbols in T'." 2.

A procedure for completing predicates [Clark 1978] for a set of Horn Clauses T involving separable predicates is
as follows: T is put into the form (yAAi=1aVEi(ai—(mi &))) where m1...1n do not occur in  nor in any a;. The
completion is to replace each — by «<». In this form the definition of predicate completion in the text becomes:
(uAni=1nVEi(ai=>(mi &) A TP Pm((xAni=1,nVE(ai>(Pi &) —>Ai=1nVEI((mi &) —(Pi &)))
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3 Minimal Worlds

Minworlds is the "infinite disjunction” of all the minimal worlds which entail I". A world | is minimal iff every world
which entails T" and is less than or equal to | for all oy, is such that | is less than or equal to it for all ci. A world is
less than or equal to another world for o iff o is entailed by the second world whenever it is entailed by the first.
These definitions' are given below:

(Minworlds T o) =df 3I(IA(world NA([I]T)A(Minimal | T o))

(Minimal | T o) =df WJ(((world )A(UID)AU <o ))—>(I a J))

(J <o l) =df A1 VE(([V]ou)—>([1]o))

Every Smallest World is a Minimal World. Even though Minimal Worlds are not necessarily Smallest worlds, if the

"disjunction” of the smallest worlds is possible then there is only one and it will be the Minimal World. These facts
are proven belowZ:

SM1: Smallest worlds entail minimal worlds: [(Smallestworlds T ou)](Minworlds T" o)

proof: Unfolding the definitions of Smallestworlds and Minworlds gives:

[(3l(IA(world NA(INT)A(Smallest | T a)))] (3I(IA(world DA(IT)A(Minimal | T o))

which by letting I:=I simplifies to just: [(IA(world NA([IIT)A(Smallest | T ou))] (Minimal | T ou;)
Generalizing gives: (Smallest k " oi)—(Minimal k I oij). Unfolding Smallest and Minimal gives:
(VJ(((world HA(JIT)) = (I a J)))—>VJ(((world I)A(UID)AW <o 1)) —>(1 a J))

which holds by classical logic. QED

SM2: A Reduction case of Minworlds to Smallestworlds.

(<>(Smallestworlds T" oi))—(Minworlds T" ou)=(Smallestworlds T o)
proof: By SM1 it suffices to prove: (<>(Smallestworlds T" oj))— [(Minworlds T" a;)](Smallestworlds T" ;)

Unfolding Smallestworlds and Minworlds gives:
(<>3(In(world DA([IIT)A(Smallest | T au)))—
[3l(IA(world NA([NT)A(Minimal 1 T au)) 3I(IA(world DA([IT)A(Smallest | T o))
The hypothesis simplifies as follows: first: <>3I(IA(world DA([IIT')A(Smallest | T ov;)), then
3l <> (Ia(world DA([IT)A(Smallest | T au)), then 31 ((<>)A(world NA([IIT)A(Smallest | T au)), and then:
AW (world W)A([W]T')A(Smallest W T" o)) and the conclusion simplifies as follows:
[3l(IA(world NA(INT)A(Minimal I T ou))]31(IA(world DA([IIT)A(Smallest | T o))
VU[(Ua(world U)A(JUIT)A(Minimal U T ou))]3V(VA(world V)A([VIT)A(Smallest V T au)). In Z, this is equivalent
to: VU((world U)A([UIT)A(Minimal U T ou))—3V([U]V]A(world V)A([VIT)A(Smallest V T o))
Since a world entails a world only if they are synonymous we get:
VU((world U)A([UID)A(Minimal U T ou))— 3V(U=V)A(world V)A(VIT)A(Smallest V T o))
Eliminating the 3V gives: YU ((world U)A([UIT)A(Minimal U T ou))—((world U)A([UIT)A(Smallest U T" au))
which simplifies to: W U(((world U)A([UIC')A(Minimal U T" a))—(Smallest U T au))
Putting the simplified hypothesis and conclusion together gives:

Letting P; be A& allows us to infer: (yA Ai=1aVE(i— (i &))A Ai=1.nVEI((Ti &) >aui)

which is equivalent to: yA Ai=12VE((Ti &i)>ou).

A long-winded definition of Minimal is: (Minimal | T o B;) =df (VJ((world J)A([JID)AW <a DA =B 1))—=>(l <a J)), (J
<a l) =df (Ani=1,nVE(([Jou)—([1ew))), (J =B 1) =df (J =B DA(I £B J). Since (I B J)) is equivalent to (J =—f I) this
definition of minimal is equivalent to the one used in the text provided that the a; used therein is (o, Bj,—f;) for the
o; and B used here.

2 The instance of SM2 where each o, is of the form (mi &), where n4,...,m, are all the predicates in T', and where the
domain is finite is analogous to the result in [Lifschitz 1985] relating Simplest Models (actually cwa) to Minimal
Models.
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(AW((world W)A(W]T)A(Smallest W T ai)))— VU(((world U)A(JUIT)A(Minimal U T ou))—(Smallest U T ai))
which follows from:

((world W)A([WIT)A(Smallest W T ai)A(world U)A([UIT)A(Minimal U T ou))—(Smallest U T avi)))

Unfolding Smallest and Minimal gives:

(world W)A(IWIL) AV J(((world J)A([JIT))—>(W <o J)))A

(world U)A([UIT) A(VJ((world A([JIT)A(J Sa U))—(U a J)))— VI(((world J)A(UIT))—>(U <a J))))

Noting that all variables are worlds, which entail T" let us pretend these are sorted quantifiers of that ilk. Writing
the above as sorted quantifiers gives: (VJ(W <o J) AVJ((J <a U)—(U <a J)))—>VJI(U=a J)

which is implied by: (VJ(W <a. J) AVJ((J o U)—(U < J)))—(U <a J)

Letting the first J quantifier have the instances: U and J, and letting the second J quantifier have the instance W
gives: (W <o UIAW <o J) A((W <o U)—(U <a W))—(U <a J)

which simplifies to: (W <o U)A(W<a J) A(U <o W) —(U <a J)

Since < is transitive the second and third hypotheses imply the conclusion. QED

T2 suggests the importance of Minimal Worlds as opposed to Smallest Worlds lies in the case where the
Smallestworlds is not possible. A simple example of this case is in dealing with disjunctive information when the
negation of the components of the disjunction is defaults:
(Smallestworlds ((P a)v(P b)) (P x)) = #f
(Minworlds ((P a)v(P b)) (P x))= (VX((P x)<>(x=a)))v(VX((P x)<>(x=D)))
The definition of Minimal Worlds constitutes the World Logic Representation. We now prove the existence of two
other equivalent representations of Minimal Worlds. We prove that Minimal Worlds are equivalent to the “infinite
disjunction” of a necessary equivalence which is represented in Z Modal Logic and that it is also equivalent to
Circumscription which is representable in SOL. Quantified Possibility (i.e., (Qpos k I" o)) with a sentence k
representing the resulting knowledgebase, a sentence T" representing the conjunction of the initial nonlogical
axioms, and a conjunction of defaults which imply a if ai is possible with «, is defined as follows:
(ons kI OLi) =df TA /\i=1,nV{;i(<K>—|0Ci —>—0 )
From this definition we form the necessary equivalence representing the solutions as follow!,2:
k=(Qpos k I o))

A necessary equivalence may have zero or more solutions including an infinite number of solutions. When a
necessary equivalence has more than one solution there the question as to which solution is to be used arises .
One way of avoiding this question is to adopt the skeptical approach of only accepting what is common to all the
solutions. This is achieved with the “Ik(kA" idiom as in:

3k(kn (k=(Qpos k T as)))
This may be read as the (possibly infinite) disjunction of all the solutions k to the necessary equivalence. When
there are a finite number of solutions Ps,...,.Bn to such a necessary equivalence represented as:
(k=P1)v...v(k=Bn), the sentence Tk(ka(k=(Qpos k T" au))) is equivalent to FK(KA((k=B1)v...v(k=Bn))) which by
the distribution properties of A and v and by the fact that 3 associates through v gives the equivalent expression:

(FK(KAK=BO)V.-..v(FK(KAK=BA))).

! Necessary Equivalences in Modal Logics were first discussed in [Brown 1986].

2 This particular type of necessary equivalence is a generalization of fixed-point representations where quantifiers
are allowed to cross the scope of defaults of both Default Logic [Reiter 1980] consisting only of defaults of the
form: #t:—a/—a and of the Kernel of Autoepistemic Logic where the modal sentences are of the form:

(—La)—>—a. (see [Konolige 1987, Konolige 1987b, Brown 1987, Brown 1989, Antoniou 1997]. Unlike a number
of other generalizations of these logics to the case where where free variables may occur in o [Konolige 1989],
this representation in World Logic obeys all the normal laws of FOL, SOL, and S5 Modal Logic.
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Since Tk(ka(k=p)) is logically equivalent to just B, the result will then be equivalent to the disjunction of
solutions: Brv...vBn. However, if there are an infinite number of solutions the existential quantifier is not
eliminatable in this manner.

SK1: (Minimal I T ou)¢=>([T'A Ai=10V Ei oi—>([1ou))] Ai=1.0VEi(([1ou)—>oni))

proof: (Minimal I T" o). Unfolding the definitions gives: VJ(((world )A(UID)A(J <o 1)— (1 Sa J))

and then: VJ(((world J)A(JIT)A(Ai=1.0 VEI(([J o) = ([ 0t)))) = Ai=1.0 VY E( ([ o) —([J] o))

Since J is a world we can pull out the J entailments giving:

VJ((WOHd J)—>[J]((1"/\ /\i=1,nvai(ai%([|](xi))—)Ai=1,nVEJi((U]OLi)—)OLi)))

By Prior's Law this is equivalent to: [J((TA Ai=1aV Ei( ci—>([1]0ti))—> Ai=1.0 YV Ei(([I]ot)—>oui)

which is equivalent to: [T’ Ani=1,V Ei(oi—>([1]ou))] Ai=10VE(([I]ou)—o) QED

We now show that the (Minworlds T" o) is logically equivalent to the “infinite disjunction” of all solutions to the
fixed point equivalence:

SK2: (Minworlds T" oy)=3k(ka(k=(Qpos k I av)))

proof: (Minworlds T" au). Unfolding the definition of Minworlds gives: 3l(IA(world )A([IT)A(Minimal I T" au))
which by SK1 is just: F(Ia(world DA(IID)A(T AA=1 AV Eiloi—>([1]o))] Ai=0V Ei(([Jou)—>u)))

This is equivalent to: 3l(IA(world DA([IT)A([T AAiz10VE((<I>—0t)—>—00)) ] Ai=10 VE(([I o) —>u)))

Since | is a world it entails: =10V E((<I>—ai)——ai))and the above may be rewritten as:

Al(IA(world NA(IT AAE1 2 VE((<I>—01)—>—06))) AT A1V E((<I>—0t) —>—0u) ] Ai=1.0 V Ei( ([1]on)—>ai)))

Using the definition of Qpos this becomes: Jl(Ia(world )A([IJ(Qpos | T ou))A([(Qpos | T au)]Ai=1aVE(([Jou)—> )
which we rewrite so as to combine the two Qpos subexpressions:

(3N(In(world [)ATk((k=(Qpos | T ai))A([ITK) A([K] A=tV E(([ow)—ou)))

and then by S5 modal Logic as: 3k3I(Ia(world NA([ITk)A(k=(Qpos | T o)) A(Ai=10VEi(([1]ou)—([K]ov)))

Since ([Ik) implies that =10V &i(([K]ou)—([I]cu) the above is equivalent to:

Fk3I(Ia(world DA([ITk)A(k=(Qpos | T" au)) A(Ai=1a VE(([1ou)<>([K]ov)))

Since Ai=1a VEi(([l]au)«>([K]ou))) is equivalent to Ai=1n VEi((<I>—au)<>(<k>—au)), it allows | in Qpos to be replaced
by k giving:  Ik3I(IA(world )A([ITk)A(k=(Qpos k T aui)) A(Ai=1,0V Ei(([Jou)«>([K]ou)))

Again, since ([I]k) implies Ai=1aVEi(([K]ou)—>([1]ou))) this is equivalent to:

k3l(IA(world NA([ITK)A(k=(Qpos | T ou))A(Ai=10V Ei(([ou)—([K]ov)))

which is equivalent to: Ik3I(IA(world )A([ITk)A(k=(Qpos k T aui))A(Ai=1n V Ei((<k>—at)—>—([[]ou)))

Since (k=(QPos k T" o)) implies Ai=1,0VE((<k>—ou)—>([k]—au)), [Tk implies Ai=1aVEi(([k]—ou)—>([I]—ou)), and
(world 1) implies Ai=10VEi([l]—ai)—>—([l]ou)), from these three hypotheses we infer: Ai=1nVEi((<k>—0u)—>—([/]ou)).

Thus the formula above is equivalent to: 3k3I(IA(world I)A([I]k)A(k=(Qpos k T o))
By D1 this simplifies to just: Ik(ka(k=(Qpos k I" ai))) QED

Circumscription in Second Order Logic is defined as:
(Circ T au) =df (CAVP1...Pu((T{mo/PPHA A=tV E((cu{mi/P})—ti )= A1V Ei( ati—>(ou{m/P})))
where ...t are all the unmodalized predicate symbols in T" and o

CIRC1: (Minworlds T" au)=(Circ T" cv)
proof: (Minworlds T" o). Unfolding Minworlds gives: 3l(Ia(world DA([IIT)A(Minimal | T o))

By SK1 this is: 3l(IA(world NA([IT)A[TA Ai=1.0V Ei(oti—>([1]ou))] Ai=10 VE(([ o) —> 1)

Since lis aworld this is equivalent to: 3l(IA(world DA(IIT)AIIITA Ai=10V Eiloti—>([1ow))] Ai=10VE(([ou)—> 1)
By T1 this is equivalent to:

Al(IA(world NA(IINT)AIIVP1...Pm (TA A2V Ei(ati—>([1]oti)))—> Ai=1 0V E([1]ou)—> o) {mti/Py}))
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where m...7tn are all the unmodalized predicates in I or any oi. Pushing the substitutions into the unmodalized
subformulas gives the equivalent sentence:

E||(|/\(WOI’|d |)/\([|]F)/\[|]VP1...Pm (((F{n,-/Pj})/\ /\i=1,nV&K(aﬂm/ﬂ})—)(“]o@)) e d /\i:1,nV&((“]OLO—)(OLK?‘CJ/P;}))) )

Since I is a world, [I] may be pushed in with nestings [I][I] absorbed to [I] and the then pulled out giving:
E||(|/\(W0r|d |)/\([|](F/\VP1...Pm (((F{ch/Pj})/\ /\i=1,nV@((OLi{TEj/Pj})—)(Xi)) e /\i=1,nV@((Xi—)(OLi{nJ'/Pj}))) )))

By D1 this is equivalent to: TAVP1...Pm((T{m/PHA AitaVE((aif{mfPH)—at)) — Ai=taVEi(oi—>(cu{m/P}}))) QED

Circumscription with explicit fixed predicates:

Our definition of Circumscription requires that mi...nm are all of the unmodalized predicate symbols in I" and any
oi. This requirement is not necessary since any Circumscription not obeying that requirement (which we will call
Circ*) is equivalent to a Circumscription which does:

(Circ* T o) =df CAVP1...Pm(((T{mu/P}) AA=1.0 Y E( (0P} —> 0ti))—=> Ai=1 0 VE(oi—> (ou{ i/ P}Y)))
where ;...tm are some the unmodalized predicate symbols in T" or any a.
CIRC2: (Circ T" (ou, (py &), —(py &)))) = (Circ* I" o) where the p; predicates are the ones missing from the i list.

proof: (Circ I" (v, (pj &), —(pj &j))). Unfolding Circ letting Q be the variables for the p predicates from gives:
VP PV Q... Q(((T{m/PHpiQs})
A=tV E((af PR Py Qih)— o) Ani=11V Sl (P ST Q1 —(pi S A=V Gl((—pi G P/ QY —(—pi G)))
= (A=t V(i (ou{ i/ PHpil Qitani=11v E((ps §)—((ps GHPY QI ANV E((=p1 G)—=((=ps GHPIQ))
which is equivalent to:
VP1...PnV Q... Q((T{m/PKp/ Q) Ane10 V El (0 i/ PHpf Q) — ci) Anj=11 Y G((Q; G)«>(p1 )
= (Ai=10V Ej( i (ou{m/PKpy Q) A=V (3 §)(Q; §)
The A=V G((Q G)<> (pj §)) hypothesis allows each Q; elsewhere to be replaced by pj giving:
VP11 PV Qi Q((T{m/PHpy pi}) Ani1nV El(ou{m/PHpil piH) > oi) An=uv E((Q §)>(p; )
— (A=t V(i (ou{m/PHpil pib)) Ani=t1V Gl (pi G)>(pi §)))
This simplifies to:
VP1.. PV Q... Q(((T{m/Pi}) Aniz1nVE((ofmfPih)—>0ti) Ani=01YE((Q §)«>(pj §))) —>Ai=1a YV Ej(ai—>(ou{m/Pi}))
Pushing the Q quantifiers to lowest scope gives:
VP1...Pu((T{m/Ph) Ani=1.aV Ei (o mi/P}) = o) An=1,3Q Y G((Q G (pj §))—>Ai=10 VEj( i (o P)
Letting each Qj be Pj then gives: VP1...Pm((r{TEj/Pj})/\/\i=1,nVE_,i((Oti{nj/Pj})—)(xi))—>/\i=1Yn\V/@(OLi—)(OLi{TEj/Pj}))
Folding Circ* then gives: (Circ*T" o). QED
(SOL Single) Formulae Circumscription [McCarthy 1986] is the instance of Circ* where n=1. Dropping the
superfluous i subscript, it may be expressed as:
TA VP Pa((T{rf/P}) AVE((ofm/P})—a)) > VE(a—>(afmi/P})))
where 71...1tm are some of the unmodalized predicate symbols in T or a.
(SOL) Parallel (Predicate) Circumscription [Lifschitz 1985] is the instance of Circ* where each i is a sentence
beginning with a distinct predicate: (r; &) In this case nsm. This may be written as:
LA VP Pa((T{milP}) Anit.a Y E((Pi &) (1 &))) i1V Ei(mi €i) —(Pi &)))
where m1...7t, are some of the unmodalized predicate symbols in T". The Circumscribed Predicates are m1...7,

and the Varying Predicates are mn+...mm. Rewriting the Varying Predicate with different variable and
metavariable symbols and indices gives the usual formulation:

I'a VP1...PnVZ1...Zm (((I“{m/Pi}{pj/Z,-})/\/\i=1,nv&,i((Pi F;i)—)(ﬂ:i Eﬂ))) —)/\i=1,nV§i((TCi %) —>(Pi i.)))
where 71...7, and ps1...pm are some of the unmodalized predicate symbols in T.

(FOL) Parallel (Predicate) Circumscription without any varying predicates: Ruling out any varying predicates and
replacing the second order variables in the above sentence with schematic metavariables, we may infer the FOL
axiom scheme suggested in [McCarthy 1980]: T'A (T{m/AE&PBH A1V EI(Bi—> (10 &) > Ai=1a VE((i &) —Bi))

where m1...1tm are some of the unmodalized predicate symbols in T".
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4. Conclusion
cwa (Skeptical) Kernel of (Skeptical) Default Logic Equivalence: >
[Reiter 1978] Autoepistemic Logic [Reiter 1980]: T and Instance: —»
[Moore 1985]: T'A {(#t =—ot | — o)zt n Instance:  ——
At (=L ou)—>—ou) \T (proof not given in paper)
QCWA Skeptical Equivalence _
“ Tk ka(k=(QPOS T o)) (SOL Single) Formulae
Circumscription
4 [McCarthy 1986]
» M ‘
Simplest "1 Minimal
Worlds [ <>Smallestworlds Worlds (FOL)Parallel (Predicate)
* * Circumscription without
v y any varying predicates
Comletion Circumscription [McCarthy ‘1‘980]
A 4 A 4
. . - (SOL)Parallel
(SOL)Parallel Horn Clause Completion Circumscription Predicat
- » Procedure for Separable with explicit fixed > (_re \ca e). .
Pred|cat§ Predicates [Clark 1978] redicates Circumscription
Completion P [Lifschitz 1985]

Figure 1: Summary of Relationships

We have proven in the Z Priorian Modal Second Order Logic that Smallestworlds are equivalent to both QCWA
(theorem QCWA2) and Completion (theorem CL1). Likewise, we have proven that Minworlds is equivalent to
both Skeptical Necessary Equivalences (theorem SK2) and Circumscription (theorem CIRC1). Thus, for each of
these two types of worlds we have shown that they are represented in three different ways: namely in Z World
Logic, Z Modal Logic, and Second Order Logic. The relationships among these systems are summarized in
Figure 1 using the bi-arrows.

In addition, the two horizontal arrows show that Simplest Worlds entail Minimal Worlds (theorem SM1) and that
Minimal Worlds entail Simplest worlds if Simplest Worlds are logically possible (theorem SM2). The other arrows
show how a number of previously developed nonmonotonic systems are related to the representations discussed
herein. These include three versions of Circumscription which are instances of the more general Circumscription
with explicit fixed predicates given herein is in turn equivalent to Circumscription as defined herein. Clark's
Completion Procedure for Horn Clauses whose consequences are implied by Parallel Predicate Completion given
herein which in turn is an instance of Completion as herein defined. The relationships between QCWA and the
Closed World Assumption cwa were discussed in [Brown 2005a]. The relationships between Skeptical
Necessary Equivalences and the Skeptical Autoepistemic Kernel and Skeptical Default Logic were discussed in
[Brown 2005b].

Acknowledgements

This material is based upon work supported by the National Science Foundation under Grant Numbers:
MIP-9526532, EIA-9818341, and EIA-9972843.



560 5.2. Modal Logic

Bibliography

Antoniou, Grigoris 1997, NonMonotonic Reasoning, MIT. Press.

Brown, Frank M., 1986, "A Commonsense Theory of Nonmonotonic Reasoning", Proceedings of the 8th International
Conference on Automated Deduction, Oxford England, July 1986, Lecture Notes in Computer Science 230, Springer-
Verlag.

Brown, Frank .M. 1987, "The Modal Logic Z", In The Frame Problem in AI'; Proceedings of the 1987 AAAI Workshop,
Morgan kaufmann, Los Altos, CA .

Brown, Frank M. 1989, "The Modal Quantificational Logic Z Applied to the Frame Problem", advanced paper First
International Workshop on Human & Machine Cognition, May 1989 Pensacola, Florida. Abbreviated version published in
International Journal of Expert Systems Research and Applications, Special Issue: The Frame Problem. Part A. eds.
Kenneth Ford and Patrick Hayes, vol. 3 number 3, pp169-206, JAI Press 1990. Reprinted in Reasoning Agents in a
Dynamic World: The Frame problem, editors: Kenneth M. Ford, Patrick J. Hayes, JAl Press 1991.

Brown, Frank M., 2005a, "Representing the Closed World Assumption in Modal Logic", Submitted to KDS 2005.

Brown, Frank M., 2005b, "Representing Skeptical Logics in Modal Logic", Submitted to KDS 2005.

Brown, Frank M., 2005¢, "Z Priorian Modal Second Order Logic", Submitted to KDS 2005.

Clark, K [1978], Negation as failure. In: Logic and Databases, Gallaire, H. and Minker, J. (eds.), Plenum Press, New York,
pp 293-322.

Konolige, Kurt, 1987, "On the Relation Between Default Theories and Autoepistemic Logic", IJCAI87 Proceedings of the
Tenth International Joint Conference on Artificial Intelligence, 1987.

Konolige, Kurt, 1987b, "On the Relation Between Default Theories and Autoepistemic Logic", personally circulated new
version of IJCAI87 paper correcting it to account for a counterexample found by Gelfond and Przymusinska.

Konolige, Kurt 1989, "On the Relation between Autoepistemic Logic and Circumscription Preliminary Report", IJCAI89.

Lifschitz, V. 1985, "Computing Circumscription" IJCAI 9,pages 121-127.

Lifschitz, V. 1985b, "Closed World Databases and Circumscription", Artificial Intelligence, 27.

McCarthy, J. 1980, "Circumscription -- A Form of Nonmonotonic Reasoning", Artificial Intelligence, volume 13.

McCarthy, J. 1986, "Applications of Circumscription to Formalizing Common-Sense Reasoning", Attificial Intelligence,
volume 28.

Moore, R. C. 1985, "Semantical Considerations on Nonmonotonic Logic" Artificial Intelligence, 25.

Reiter, R 1978, On closed world databases. In: Logic and Databases, Gallaire, H. and Minker, J. (eds.), Plenum Press, New
York, pp 55-76.

Reiter, R. 1980, "A Logic for Default Reasoning" Artificial Intelligence, 13.

Author's Information

Frank M. Brown - University of Kansas, Lawrence, Kansas, 66045, e-mail: brown@ku.edu.

Z PRIORIAN MODAL SECOND ORDER LOGIC

Frank M. Brown

Abstract: Multiple representations of a concept allow different automatic deduction approaches to be developed
for theorems involving.  Herein, we discuss three different monotonic logics. These monotonic logics are World
Logic, Modal Logic, and Second Order Logic. In all these representations quantifiers obey the normal laws of
both classical logc.

Keywords: Z Priorian Modal Second Order Logic, Modal Logic, World Logic, Second Order Logic

1. Introduction

Leibniz [Leibniz 1686] said that the truths of reason are true in all possible worlds. In Modal Logic this idea is
explicated by saying that the logically necessary propositions are those which hold in all worlds. In a Priorian
Modal Logic, worlds are represented in the logic itself as those propositions which are possible and which for



KDS 2005 Section 5: Mathematical Foundations of Al 561

every other proposition, entail that other proposition or its negation [Prior & Fine 1977]. Since possibility and
entailment are defined in terms of necessity, the properties of a world depend on the properties of the necessity
symbol. Unfortunartely, even a modal logic as strong as S5 is not sufficient for axiomatizing worlds since its says
nothing about what combinations of predicates are possible. For example In S5 we cannot even prove that a
sentence consisting of a single predicate symbol is possible. Herein, we give axiom schemes sufficient to
address this problem. We call the resulting Logic the Z Priorian Modal Second Order Logic.

Section 2 presents the syntax and axioms of the Z Priorian Modal Second Order Logic and three distinct
sublanguages, namely Z World Logic, Z Modal Logic, and Second Order Logic, used for representing
nonmonotonic logics in different ways. Some basic properties of the worlds are presented in Section 3. Finally,
in Section 4 we draw some conclusions.

2. Z Priorian Modal Second Order Logic

The syntax and laws of the Z Priorian Modal Second Order Logic is given in sections 2.1 and 2.2 respectively. Its
subllogis are defined in section 2.3.

2.1 Syntax of Z Priorian Modal Second Order Logic
The syntax of Z Priorian Modal Second Order Logic is an amalgamation of 3 parts:

The first part is a First Order Logic (i.e. FOL) represented as the six tuple: (—, #f, v, vars, predicates, functions)
where —, #f, V, are logical symbols, vars is a set of object variable symbols, predicates is a set of predicate
symbols each of which has an implicit arity specifying the number of terms associated with it, and functions is a
set of function symbols each of which has an implicit arity specifying the number of terms associated with it.
Roman letters x, y, and z possibly indexed with digits are also variables.

The second part is the extension to Second Order Logic (i.e. SOL) which consists of a set of predicate variables
predvars and quantification over predicate variables (using V). Roman letters (other than x, y and z)
possibly indexed with digits are used as predicate variables.

The third part is Modal Logic [Lewis 1918] which adds the necessity symbol: [].

Greek letters are used as syntactic metavariables. m,ms...ma,p,p1...pn range over the predicate symbols, ¢,
d1...0n range over function symbols, 6,51...8, range over terms, v,y1,...yn, range over the object variables &,
&1...60,C,C1...Cnrange over a sequence of object variables of an appropriate arity, f,f1...fn range over predicate
variables, and o, au1...0t, 3, B1... B Xn, L, K range over sentences. Thus, the terms are of the forms: y and
(¢ 81...0n), and the sentences are of the forms: (o =), #, (Vy a), (r 81...8n), (f 61...5n), (Vf &), and ([Jar). A
zero arity predicate nt, predicate variable f, or function ¢ is written as a sentence or term without parentheses,
i.e., 7 instead of (rt), f instead of (f), and ¢ instead of (¢). ofn/AER} is the sentence obtained from o by
replacing all unmodalized occurences of t by A& followed by lambda coversion. o{mi/AEi}i=1,1, abreviated as,
o{m/\ERi} represents simultaneous substitutions.  Ai=103i represents (Bia...ABn). The primitive symbols are
listed in Figure 1. The defined symbols are listed in Figure 2 with their intuitive interpretations.

Symbol Meaning

o— B if o then B.

# falsity

Vya for all y, a.

Vfa forall £, o

[]a o is logically necessary
Figure 1: Primitive Symbols
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Symbol | Definition Meaning
-0 o —> #f not a.
#t — #f truth
ovp (—ma)—> B oorp
o —(ot > =f) o and B
o> B (0= B)A (B> ) o if and only if B
dya —Vy —a somey is a
dfa —Vf-a some fis o
<> —[J-o o is logically possible
[B] o [l(B—a) B entails o
<p>a <>(BAa) o is possible with §
o= [(a<>P) o and P are synonymous
81=08; (m 8,)=(m 3,) d, necessarily equals J,
8178 —(81=82) d, does not necessarily equal &,
(det o)) V f([odf)v([a]—f)) where fisnotin o | a is deterministic
(world o) | (<>a)A(det o) o is a world
Figure 2: Defined Symbols of Z

2.2 Axiomatization of Z Priorian Modal Second Order Logic
The law of the Z Priorian Modal Second Order Logic is an amalgamation of five parts:

(a) The first part, which is given in Figure 3, consists of the laws of a FOL. The laws are: FOLR1, FOLR2, FOLA3,
FOLA4, FOLAS, FOLAG, and FOLA7 [Mendelson 1964].

(b) The second part, which is given in Figure 4, consists of the additional laws needed for second order
quantification. The three following laws SOLR2, SOLA4 and SOLAS are the analogues of FOLR2, FOLA4
and FOLAS5 for predicate variables.

(c) The Third part, which is given in Figure 5, consists of the laws MRO, MA1, MA2 and MA3 which constitute an
S5 modal logic [Hughes &Cresswell 1968] [Carnap 1956]. When added to parts 1 and 2, they form Second
Order Modal Quantificational logic similar to a Second Order version of [Bressan 1972).

(d) The fourth part, which is given in Figure 6, consists of the Priorian World extension of S5 Modal Logic. The
PRIOR law [Prior and Fine 1977] states that a proposition is logically true if it is entailed by every world.

(e) The fifth part, which is given in Figure 7, consists of some laws axiomatizing what is logically possible. The
law MA1a allows one to derive theorems such as <>Vx((r x)«<>(x=¢)) and therefore extends the work on
propositional possibilities in [Hendry and Pokriefka 1985] to possibilities in First Order Logic. The Laws MA1b

and MA4 allow one to derive (¢1 &1)=(d2 E2) when 1 and ¢ are distinct function symbols. MA4 states that at
least two things are not necessarily equal just as there are at least two propositions: #t and #f.

FOLR1: from o and (a— ) infer B
FOLR2: from o infer (Vy o)
FOLA3: o — (B— o)
FOLA4: (a— ( B— p)) = ((a— B)— (ae— p))
FOLAS: ((— a)— (= B)—= (= )= B)—a)
FOLAG: (Vy o)— P where [ is the result of substituting an expression (which is free for the free positions
of v in o) for all the free occurrences of y in a.
FOLAT: (Vy (o — B)) > (a0 —(Vy B)) where y does not occur in a.
Figure 3: The Laws of FOL
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SOLR2: from av infer (V f o)
SOLAG: (Vf o)— P where 3 is the result of substituting an expression (which is free for the free positions
of fin o) for all the free occurrences of f in a.
SOLAT: (Vf(ao — B)) > (oo — (Vf B)) where f does not occur in a.
Figure 4: Additional Laws of SOL

MRO: from a infer ([] o) provided o was derived only from logical laws
MA1:  (Jo) >
MA2:  ([o]B) — (([Jo)— ([IB))
MA3:  ([lo) v ([-[le)
Figure 5: Additional Laws of S5 Modal logic

PRIOR: (Vw((world w) — ([w]a)))— [Jo  where w does not occur free in a.
Figure 6: Additional Law of a Piorian World Logic

MA1a: ([Jo) > a{n/ACB} where o may not contain an unmodalized occurence of a higher order variable.

MA1b: ([Jo) —> o{d/ALS} where oo may not contain an unmodalized occurence of a higher order variable. nor an
unmodalized free object variable.

MA4:  Ix3y(xzy)
Figure 7: Additional Laws of a Z Modal Logic

2.3 Axiomatization of three sublanguages of the Z Priorian Modal Second Order Logic

The three sublanguages are described as follows:

(1) Z World Logic — The syntax consists of the symbols of FOL, SOL as it pertains to zero arity predicate
variables (i.e. propositional variables) which are worlds, and []. The laws consist of the laws in Figure 3, 5, 6, and
7, and in addition the laws in Figure 4 only for the case of zero arity predicate variables which are worlds.’

(2) Z Modal Logic - The syntax consists of the symbols of FOL, SOL as it pertains to zero arity predicate variables
(i.e. propositional variables), and []. The laws consist of the laws in Figures 3, 5, and 7, and in addition the laws
in Figure 4 only for the case of zero arity predicate variables.

(3) Second Order Logic (i.e. SOL) — which consistets of the symbols of FOL and SOL and the laws in Figures 3
and 4.

3. Worlds and their Possibility

In Section 3.1 we show that worlds function as models do. These results follow in S5 Modal Logic. In section 3.2
we illustrate how worlds are related to Necessity using the PRIOR axiom in Figure 7. In Section 3.3 we
generalize MA1a and MA1b to involve multiple substitutions.  Finally, in section 3.4 we relate necessity to
classical Second Order Logic using axioms MA1a and PRIOR.

3.1 World Entailments

Some basic theorems of S5 modal quantificational logic are given in Figure 8. Since many of the relations are
only implications, necessity cannot be pushed through all the logical connectives. This makes automatic
deduction somewhat difficult [Brown 1978]. However, if necessity is replaced by entailment by a world
proposition then in S5 Modal logic that entailment may be pushed through all logical connectives. Thus world
propositions play the role that models play in the metatheoretic semantics. Entailment by a world proposition is
thus the analogue of satisfibility by a model. This provides a "semantics" divorced from any specific syntax, and
thus allows general semantical laws to be expressed more easily without being cluttered up with syntax.
Theorems W1, W2, W3, W4, W5, W6, W7, W8, W9, W10, and W11 in Figure 9 show how such entailments are
reduced through the symbols of classical logic. Likewise, theorems W12 and W13 show that such entailments

! [Areces&Heguiabehere 2002] describes a World Logic with special symbols which may be defined as follows:
@wo =df [wla and dwa =df Iw(wa(world w)A([wla))
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disappear in front of modal symbols as one would expect in the framework of a modal logic at least as strong as
S5. These entailments were used in [Brown 1979].

B1:  ([(anq)) <> (([lo)A([la)

B2 ([(aeva)) « (([ou)v([la)
B3: (o) = (o) —>({la))
B4 ((ae>q)) = (([loj>(Ia))
BS: ([J#t) > #t

B6: ([[#) <> #f

B7:  ([—a) = (—([lov))

B8: (I(vya))e> (Vy(llar)

BY: (@) Gy(lla)

B10: ([I(Vfo))e> (V/([lcr))
B11: (I3 o)« (3/([Ier))
B12: ([l([Jet)) <> ([l
B13: (J(<>a)) <> (<>a)
Figure 8: Basic Laws of §5

Wi (W](anp))e> (Wl A([w]B))
W2: (detw) —  ((w](avp)) <> (((Wle)v([w]B)))
W3: (detw) — (([w](a—p)) <> (([Wla)—>([w]B))
W4: (detw) —  (([wl(a>p)) <> (([W]o)>([W]B))
W5: (([wl#t) <> #t)

W6: (<>w) — (([wl#f) <> #f)

WT: (world w)— (([w](—a) <> (—([W]ar)))

Ws: (WI(vyo)> (Vy(W]ar)))

WO: (detw) - (([w](Fyo))> (Fv([W]ar)))

wi1o: (WI(V fa))e> (V f([w]o)))

W11: (detw) - ((Wl(Ff o)) (FF (W)

W12 (<>w) —  ((W]([lor) > ([Jov)

W13 (> w) »  (W](<>a)) > (<>a))

Figure 9: Reduction of World Entailments

3.2 Consequences of Prior’s axiom
PRIOR says that a proposition is logically necessary if it is entailed by every world proposition. ~ This law was
implied in [Leibniz 1686] and has been used by a number of authors including [Prior&Fine 1977, Fine 1970]. ltis
equivalent to saying that every possible proposition has a world that entails it:

(<>a) — Iw((world w)—([w]at))

The PRIOR axiom allows any necessity symbol to be replaced by an entailment by all world propositions in
accordance with the laws in Figure 10 below. This is important because the entailments can then be reduced to
lowest scope using the laws in Figure 9.

N1: ([lo) <> (Yw((world w)—([w]a)))

P1: (<>a) <> (Fw((world w)—([w]a)))

D1: (Fw(wAa(world w)A[w]a))<>a

C1: (Vw((wa(world w))—[w]a))<>a

DC:(Iw(wAa(world w)A(fw))«>(Vw((wa(world w))—(fw)))  (w may not occur free in o in laws: N1, P1, D1, C1)
Figure 10: Necessity and Possibility as Worlds
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3.3 Parallel Versions of MA1a and MA1b
First we note that MAla and MA1b may be modified to include necessary conclusions:

TMA1al]: (o) = [N(o{m/AEBY)
where o does not contain any unmodalized occurence of a higher order variable

proof: From Axiom MA1a: ([Jo) —» af{n/A&PB} the inference rule MRO gives: [J(([lor) — (o{m/AER})). By MA2 this
implies: ([I([Jor) )— (@W(c{r/AER})) which by the laws of S4 Modal logic gives: ([Jo.)— (I(o{r/AER})). QED

TMA1b[]: (Do) = [l(o{d/AES)
where o does not contain any unmodalized occurence of a higher order variable

proof: From Axiom MA1b: ([Ja) - o{r/AED} the inference rule MRO gives: [J(([Ja) — (a{n/AES})). By MA2 this
implies: ([I([Jor) )— (M(o{r/AEB})) which by the laws of S4 Modal logic gives: ([Jo)— (I(a{n/AES})). QED

MA1a and MA1b may be generalized to deal with multiple predicates and functions in parallel. Generalizing
MA1a is difficult because unmodalized higher order variables may occur in any of the 3;:

TMA1a*: ([Ja) = o{m/AE B} where o does not contain any unmodalized occurence of a higher order variable.
proof: By MA1 it suffices to prove: ([Jo.)—>([lo{m/A&B}). By N1 this is:

(Jou)—>VYw((world w)— (wlo{m/AEB}) which is: (([Jo)A(world w))—(w]od{rm/AEiB})). Letting the p; be any
other unmodalized predicates in o other than the m predicates gives: (([Jo)A(world
w))—>((W]la{m/AEBHpiIAGipi})). Since o does not contain any unmodalized occurence of a higher order variable,
the laws in Figure 9 allow the [w] to be pushed down to the predicates giving: (([Jo)A(world
W))—>o{ T/ AEi([W]B)Kpi ACi([wlpy)}). Starting from ([Jor), we now use TMA1a[] (many times) to replace, in any
order, each predicate mw or p; with  A&(w]B) or AGi([wlpy),  respectively, giving:
((Dofm/AE(WIB)H P ALi([WIp)H)A(world w)) —>a{m/A&([WIB)KpyA&([w]pi)}) which holds by axiom MAT. QED

TMA1b*: ([Jo) > o{dpi/LEidi}
proof: Since there are no unmodalized higher order variables in any &; we use TMA1b][] to replace each function
symbol ¢; with &; giving [Ja{di/A&d)}. The conclusion then follows using MA1. QED

3.4 Relation of [] to SOL

The PRIOR and MA1a laws provide a direct method for translating FOL Modal sentences into sentences of (non
modal) Second Order Logic":

T1: If T does not contain any unmodalized occurences of a higher order variable and if mts...t, are all the
unmodalized predicate symbols in T then:

(I7) <> VP4...VP, (T{m/P3})

proof: The proof divides into two cases:

(a) ([]F) — VP1...VP, F{m/Pi} which gives: ([]F) = F{Tci/Pi}

By TMA1a* letting =i be P; gives: T{m/P;} — T'{mi/Pi} which is a tautology.

(b) (VP1...VP, T{m/P}) — [I[". By PRIOR we get: (VP1...VP, ['{miP}) — Vw((world w) — ([w]I))
which is equivalent to: (VP1...VP, T{r/Pi}) A (world w) — ([w]T"). Letting P; be A&[w](mi &) gives:

! This theorem may be constrasted with the Logic described in [Montague 1960] where ([]I") would be
VP1...VPi,VF1...VFEn(T{m/Pi{¢;/F;}) where I" does not contain any unmodalized occurences of a higher order
variable, n1...m, are all the unmodalized predicate symbols in T and ¢1...¢m are all the unmodalized function
symbols in T'. Therein, each Fjis a functional variable of the same arity as ¢;. Montague points out that his
system does not obey the normal laws of logic across modal scopes (but thinks that that is a virtue). For
example, unfolding = in Yx3y(x=y) gives, Vx3y((n x)=(n y)), which in Montagues system is equivalent to
Vx3yVP((P x)«>(P y)) which is #t. Likewise, unfolding = in 3y(¢=y) gives: Jy((r ¢)=(r y)), which in Montague’s
system is yVPV f((P f)<>(P y)) which is false if there are at least two distinct things. Thus Vx3y(x=y) cannot
imply 3y(¢=y) in Montague’s system thereby contradicting the law of universal instantiation (over a modal scope).
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(T{mil AE[W](mi &)} A (world w) — ([w]T'). Since T does not contain any unmodalized higher order variables
and every unmodalized predicate is replaced by a [w] entailment, the laws in Figure 9 allow the [w] entailments to
be pulled out giving (W]T'{r/ A&i(mi &)}) A (world w) — ([W]T') or rather: ((W]I') A (world w) — (W]l which is
a tautology. QED.

An instance of this theorem is Leibniz's Law about the identity of indescernables: (x=y)<>(VP((P x)<>(P y))).

4. Conclusion

The existence of the three different representations (Z World Logic, Z Modal Logic and SOL) for representing
concepts will allow different automatic theorem proving approaches to be developed for those concepts. The
World representation serves as semantics analogous to Model Theory and the Modal representation serves as
the analogue of proof Theory, both with the advantage that quantified variables are allowed to cross the scope of
the analogues to both the model theoretic satisfaction and proof theoretic concept of being derivable. An
application of these three logics to nonmonotonic reasoning is given in [Brown 2005].
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