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PREFACE
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The main ITA 2008 events were:

KDS XIVth International Conference "Knowledge - Dialogue — Solution"

i.Tech Sixth International Conference "Information Research and Applications"

MeL Third International Conference "Modern (e-) Learning"

ISK Second International Scientific Conference "Informatics in the Scientific Knowledge"
INFOS International Conference "Intelligent Information and Engineering Systems"

GIT Sixth International Workshop on General Information Theory

CS Third International Workshop "Cyber Security"

eM&BI  Second International Workshop "e-Management & Business Intelligence"
IMUICT International Seminar "Information Models’ Utility in Information and Communication Technologies"
ISSI Second International Summer School on Informatics

More information about ITA 2008 International Conferences is given at the www.foibg.com.

The great success of ITHEA International Journals, International Book Series and International
Conferences belongs to the whole of the ITHEA International Scientific Society.

We express our thanks to all authors, editors and collaborators who had developed and supported the
International Book Series "Information Science and Computing".

General Sponsor of IBS ISC is the Consortium FOI Bulgaria (www.foibg.com).

Sofia, June 2008 Kr. Markov, Kr. Ivanova, I. Mitov
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NON-LINEAR NETWORK-FLOW MODEL OF tUKASIEWICZ’S MULTIVALUE LOGIC

Vassil Sgurev, Stefan Kojnov

Abstract: The paper presents a new network-flow interpretation of tukasiewicz’s logic based on models with an
increased effectiveness. The obtained results show that the presented network-flow models principally may work
for multivalue logics with more than three states of the variables i.e. with a finite set of states in the interval from 0
to 1. The described models give the opportunity to formulate various logical functions. If the results from a given
model that are contained in the obtained values of the arc flow functions are used as input data for other models
then it is possible in tukasiewicz’s logic to interpret successfully other sophisticated logical structures. The
obtained models allow a research of tukasiewicz’s logic with specific effective methods of the network-flow
programming. It is possible successfully to use the specific peculiarities and the results pertaining to the function
‘traffic capacity of the network arcs’. Based on the introduced network-flow approach it is possible to interpret
other multivalue logics — of E.Post, of L.Brauer, of Kolmogorov, efc.

Keywords: tukasiewicz’s multivalue logic, operational research, network flow interpretation.

ACM Classification Keywords: F.4.0 Mathematical Logic and Formal Languages — General, F.4.1 Mathematical
Logic — Logic and constraint programming.

Conference: The paper is selected from XIVth International Conference "Knowledge-Dialogue-Solution” KDS 2008, Varna,
Bulgaria, June-July 2008

Introduction

Most often the popular publication of J.Lukasiewicz [1] is accepted as a beginning of the multivalue logic.

Together with the classic logical systems since the middle of the past century different models of multivalue logic
were an object of significant development [2].

During the second half of the same century a research activity started to use precise quantitative methods from
the operational research to describe various logical operations. To achieve this goal most widely were used the
methods of mixed integer programming (MIP) [4, 5].

A network-flow interpretation of operations and formulas from the propositional logic was introduced in [7] for
decision-making systems. Due to its specific character in series of cases the network-flow methods lead to a
greater effectiveness compared to MIP.

An attempt was made for a network-flow interpretation of Lukasiewicz's multivalue logic in [8]. The applied
models were nonlinear with a significant degree of sophistication.

The paper presents a new network-flow interpretation of Lukasiewicz’s logic based on models with an increased
effectiveness.

Non-Linear Network-Flow Model of Lukasiewicz’s Multivalue Logic

A new nonlinear network flow will be used that most generally can be defined in the following way [9]. For every
x, eX
v iff x, €8S;
Y h-2f=1 0 x e{SUT}, (1)

iel} Jjeli —v, lﬁ( X, € T;

F(f.f)=1. where i, j,reT; 2)
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0< f, <1 foreacharc u, eU, 3)

where G(X,U) is a graph with a set of nodes X and a set of arcs U; f; is a network function over the arc

u, €U ; Sand T are respective sets of sources and consumers; ¢, is the traffic capacity of the arc u,; 7, and
I, are the sets of indexes for all arcs that are the respective input and output for the node x, € X ; v, is the
flow for the node x, € SUT ; Tis the set of indexes for the equalities (2).

It is assumed that the traffic capacities {c,.} are integers and as a rule always equal to / while the arc flow
functions { f,.} may have various nonnegative values in the interval from 0 up to 1.

In the propositional logic of Lukasiewicz the propositions may be in one of three possible states: true, false and
neutral, respectively 7, 0 and 7/, .

The truth tables for disjunction and conjunction in Lukasiewicz's logic numerally have the following appearance:

Table 1 (f,) Table 2 (f,)
/o , E 1
N Z N %
1 |1 1] 1 1 1] 1]%
0 | 1]0 Y 0 ]0]o0]oO
Vo Ll 1L Y Vo | 1L Ve | Y

If A -and B are propositions and their respective numerical functions are f, and f, i.e.
A=f and B=f,; (4)

then from the two tables above it follows that for the disjunction 4\ B and the conjunction A A B we may
denote respectively

X, fy=max(f,. f,) and f, =min(f,, f,). (5)

The two logical operations will be interpreted by the following below
subgraph and the corresponding to it flow equalities and inequalities:

fi+fo= =1 =0 (6)
k(f, =)+ 1o =1 (7)
LS <1 (8)
0<f, <1, i=1;2;..;4 and k=0 orl 9)

where (6) is an equality for preservation in node x,; (7) is a
Fig. 1 nonlinear dependency corresponding to (2) via which the disjunction
from (5) is realized; (8) are additional linear constraints assisting the
choice of the greater variable from f, or f,.
The equations (1) for the nodes from x, to x, do not need to be explained because they are trivial: v, = f; for

e{r2}and v, =f for je{34}

The variable f; takes the bigger value from f, and f,:if k =1 then the value is from f, andif £ =0 then the
value is from f,.
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The dependencies from (5) to (9) serve the determination of the variables f, and f, with the bigger value i.e.
these dependencies guarantee the requirements from Table 1.

The conjunction, the second equality from (5) may be realized via the same dependencies from (6) to (9) but the
inequalities (8) must be replaced by the new dependencies

fi=zf,and f, > f, (10)
assisting the choice of the smaller variable from f, or f,.

On the other hand if the disjunction £, from (5) is already determined then it is possible to determine £, directly
from the equation of preservation (6):

fo= it o= 1 (11)
Lisfivfoand f, <+ f, (12)

Therefore the subgraph from Fig. 1 and the dependencies from (6) to (9) are ample factors to determine
synonymously the disjunction 4V B = f, and the conjunction 4 A B = f, in Lukasiewicz’s logic.

Negation in the same logic is determined by the functions:
—A=1-f and -B=1-f, (13)
Implication in the logic of Lukasiewicz satisfies the requirement:
ﬂ={1ﬁﬁgﬁ;
I=fi+ 15 i fi> 1o

or otherwise
fy=min[1.(1-f,+1,)] (15)
where
A=f;;B=f,and (4 B)=f,. (16)
The truth table for implication by tukasiewicz is of the following type:
Table 3 (f,)
2
1 0|/
7 Z
1 1 1| Y
0 1 1
Vol 1 a1

The data from this table may be juxtaposed to the subgraph from Fig. 1 and to the following dependencies for a
network flow:

k(U =1)+ 1= 1 (17)
f;<I-f,+f,and f,<1I; (18)
with valid constraints (6) and (9).
In this flow the dependencies (17) and (18) guarantee the exact adherence to the equation (14). Here if f, < f,
then the coefficient k has a value of zero and f, =  but in the opposite case kis unity and f, =1— f, + f,.

In binary logic there exists an important equipollence:
A—>B=—AvB (19)
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which as it is evident from Table 3 is not valid for all meanings of A and B. For example for 4=B =1/, i.e.
f,=f, =", then

A—>B=(Y,>1,)=1 (from Table 3):

—AvB=(1-1,) v !/,=1/, (from Table 2).
An analogous conclusion can be made based on the network-flow realization of the two formulas from the

equipollence (19). The first realization is shown via the dependencies (6), (9), (17) and (18) and the second
formula from (19) may be interpreted by the disjunction from (6) to (9) where f, is replaced by its negation

I1—f,.Then

I=fi+fo=fs= i =0;

k([_f1 _f2)+f2 :f3;

I-f,<f L/
The comparison of the last equalities and inequalities with the ones from (6), (17) and (18) shows that we have
two different types of implications in the examined three-value logic, i.e. that the equipollence (19) is not valid (or
it is not true) for all possible estimates in tukasiewicz’s logic.
The obtained results from (6) to (18) also show that the presented network-flow models principally may work for
multivalue logics with more than three states of the variables i.e. with a finite set of states in the interval from
Oto 1.
The described models give the opportunity to formulate various logical functions. If the results from a given model
that are contained in the obtained values of the arc flow functions are used as input data for other models then it
is possible in tukasiewicz's logic to interpret successfully other sophisticated logical structures. The obtained
models allow a research of Lukasiewicz's logic with specific effective methods of the network-flow programming.

It is possible successfully to use the specific peculiarities and the results pertaining to the function ‘traffic capacity
of the network arcs’.

If we denote the value of some complex formula with f, ie. F(f,, f,,...,f,)=f, while observing the

equalities and the inequalities of the network flow respectively from (6) to (18) and formulating the goal functions
f; > max and f, — min then it is possible to determine whether this formula is tautology and also what
maximal and minimal values it may accept.

From the computational point of view the nonlinearity of the used models doubtlessly is a source of difficulties.

The search of effective linear — precise and approximate network-flow methods and algorithms remains an
important problem.

Based on the introduced network-flow approach it is possible to interpret other multivalue logics [2] - of E.Post, of
L.Brauer, of Kolmogorov, etc.

Conclusion

The paper presents a new network-flow interpretation of Lukasiewicz’s logic based on models with an increased
effectiveness.

The obtained results show that the presented network-flow models principally may work for multivalue logics with
more than three states of the variables i.e. with a finite set of states in the interval from 0 to 1.

The described models give the opportunity to formulate various logical functions.

If the results from a given model that are contained in the obtained values of the arc flow functions are used as

input data for other models then it is possible in Lukasiewicz's logic to interpret successfully other sophisticated
logical structures.
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The obtained models allow a research of tukasiewicz's logic with specific effective methods of the network-flow
programming. It is possible successfully to use the specific peculiarities and the results pertaining to the function
‘traffic capacity of the network arcs'.

Based on the introduced network-flow approach it is possible to interpret other multivalue logics — of E.Post, of
L.Brauer, of Kolmogorov, etc.
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LAGRANGEAN APPROXIMATION FOR COMBINATORIAL INVERSE PROBLEMS

Hasmik Sahakyan, Levon Aslanyan

Abstract: Various combinatorial problems are effectively modelled in terms of (0,1) matrices. Origins are coming
from n-cube geometry, hypergraph theory, inverse tomography problems, or directly from different models of
application problems. Basically these problems are NP-complete. The paper considers a set of such problems
and introduces approximation algorithms for their solutions applying Lagragean relaxation and related set of
techniques.

Keywords: Approximation algorithms, Lagragean relaxation
ACM Classification Keywords: G.2.1 Discrete mathematics: Combinatorics

Conference: The paper is selected from Sixth International Conference on Information Research and Applications —
i.Tech 2008, Varna, Bulgaria, June-July 2008

1. Introduction

A set of diverse combinatorial problems are defined and investigated in terms of discrete structures; in the
simplest case these are (0,1)-matrices. Considered optimization problems come from specific subject areas —

astronomy, medical diagnostics, seismology, etc. and are effectively modeled in terms of n-cube geometry,
hypergraph degree sequences, image restoration, and other mathematical means. The common to these
problems is that they look for inverses of some direct simple tasks. Most of these and related problems are NP-
hard therefore approximate and heuristic algorithms are of interest. The area is studied intensively and we will
brief in references [2-4].

Approximation algorithms introduced in this paper are based on Lagrangean relaxation and on variable splitting
technique. These are well known widely implemented techniques of getting approximations. But in each particular
case it is yet a question if the Lagrangean approach is effective. The problem under consideration is to be
transformed into a form of Integer Linear Optimization with several groups of constraints. For each group of
constraints it is necessary to have developed algorithms of their solutions. Finally it is yet a question whether the
integration into Lagrangean framework will approach the optimal solution. To learn these possibilities a software
environment is created for experimentations, which in addition provides solutions of Problems 1-3 considered
below. As a demonstration example the Problem 2 is considered taking into account that differences between
these problems are not critical.

Section 2 contains the necessary initial information and problem definitions. (0,1) -matrix interpretations are

given in Section 3. In Section 4 Lagrangean relaxation method is applied to solve these problems. The splitting
problems are given in Section 5 where Algorithms to solve the fragmental problems are constructed.

2. Problem descripion

We start with listing of minimal set of source problems.
P1. n-dimensional unit cube subsets with given partition (projection) sizes [4].

Vertices of n -dimensional unit cube is given by E" = {(xl,---,xn) /x;€{0,1},i=1, n} Consider partition of
E" into the two subcubes E"_' and E”~' in accord to values of an arbitrary variable x, . Similarly, each

x;=1 x;=0

vertex subset M < E" can be partitioned into the M _, and M _,.
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Let M be an m -vertex subset of E”. The vector S =(s,,--+,s,) is called associated (characteristic)
vector of partitions for the set M if s, = ‘Mx,:l‘ for i,1<i<mn. The existence problem in this regard is to

find out the existence of an m -vertex subset of £” with given associated vector of partitions and a Boolean
function by the given associated vector of activities. |

P2. Uniform hypergraphs with given Subsumed graphs’ Degree Sequences
k >2 isanintegerand V'(G) is the vertex set with |V'(G)|> k . Edges E(G) of G are defined as members

V(G
of ( (k )J which is the set of all & -subsets of V' (G).If G is k -hypergraph, £ >3 and u € V(G), then a

(k —1)-hypergraph G, is defines as follows. The vertex set V' (G,)=V(G)—u, and for each edge
B e E(G) with ueV(G), B—u is included as an edge of E(G,). We say that G subsumes the
collection of hypergraphs {Gu /ue V(G)}.

If G is a hypergraph and u € V(G), then deg(u) (degree of u ), the number of edges containing u , is the
number of edges of the subsumed graph G,. The degree sequence of G is the multiset
DegSeq(G) = {deg(u)/u € V(G)}.

Problem (Subsumed graphs’ Degree Sequences). [3]

Given DegSeq(g,),i=1,---,n of n graphs g,,---,g,, is there an n vertex hypergraph G such that the
subsumed graphs G,,---,G, satisfy DegSeq(G,) = DegSeq(g;) for i=1,---,n?

P3. Reconstruction of weighted (0,1) -matrices [4].

The general image reconstruction problem is defined as follows: an image of (72 X n) pixels of p different
colors, has to be reconstructed. We are given the number 7(i,c) of pixels of each color ¢ in each row i and
also the number s(j,c) of pixels of each color ¢ in each column j ; is it possible to reconstruct an image, for
alli,j,c?

3. (0,1) matrix model of problems P1. P2. P3

Consider a (0,1) -matrix A of size mxn. Let R=(%,---,r,) and S=(s,---,s,) denote the row and
column sums of A4 respectively, and let U(R,S) be the set of all (0,1)-matrices with row sums R and
column sums S'. A necessary and sufficient condition for the existence of a (0,1) matrix of the class U(R,.S)
was found by Gale and Ryser [R,1966].

We reformulate the basic problems P1, P2 and P3 in terms of (0,1) -matrices. Common to all problems are the
given integer vectors R = (#,,--+,7,,) and S = (s,,-*+,s, ).

Problem 1. Existence of a (0,1) matrix with different rows in the class U(R,S)

Given vectors R = (7, --,7,) and S =(s;, --,s,). Does there exist a matrix X ={x, ;} in the class
U(R,S) with different rows?

Problem 2. Existence of a (0,1) matrix in the class U (R,.S) , with given intersections of pairs of rows
Given R=(#,--+,1,), S=(s,--,8,) and R'= (', ""°’"'c3,) vectors. Enumerate pairs of rows and let

AR ]

p(i',i") indicates the number of the pair (i',i"") for 1<i <i <m. Then the problem is in existence of
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amatrix X ={x, ;} in the class U(R,S) with the following property: rows i' and ;" intersect (by 1's) in
7 .m Places.

Problem 3. Existence of a (0,1) matrix in the class U (R,.S) with given intersections of adjacent pairs of
rows

Given vectors R=(n,---,r,), S=(s,-,s,) and R'=(r',,---,r', ). Does there exist a matrix
X ={x,;} in U(R,S) with the given intersections of adjacent pairs of rows - rows i and i +1 intersect (by
1's)inexactly 7', places (i =1,---,m—1)?

Note . Consider rows i' and 7" and let . <r.. If rows are different, then their intersection size is less than
7. Assuming that 7} <---<r, , the requirement of different rows in Problem 1 can be replaced by the

property: intersection size for all pairs of rows, (i',7"), 1 <i'<i'"'<m is less than 7.

While the Problem 2 is NP-complete, the complexity of Problems 1 and 3 are not known: Problem 1 is a well
known open problem [4]. Complexity issue of the Problem 3 is not addressed yet.

4. Integer linear programming formulations and Lagrangean relaxation formulas

AR ]

Let X bea (0,1) -matrix of size m x n . Enumerate pairs of rows and let p(i',i'") indicates the number of the
pair (i',i"), for 1<i <i <m . For each pair of rows, (i',i'"), we define n binary variables Y pnmy; » SUCh
that. (¥,m,; =D < (x,, =D & (x,.; =1).

V(g < %o
Obviously it can be provided by the following set of algebraic conditions:  § ¥, im ; < X ;

Yptany 2 X+ X —1

Now Problems 1-3 above can be formulated in terms of integer linear programming. We focus only on Problem 2
giving the details for that case. Problems 1 and 3 can be reformulated as integer programming, then relaxed and
solved, - by a similar way.

Recall that we assume 1} < --- <7, .
Problem IP2 Given integer vectors R = (,---,r,)), S =(s,,--,s,) and R'= (7", ,---,r‘cz ). The problem

is in existence of an m x n binary matrix X = {x, ;} and a (C2)xn binary matrix ¥ = {y, ;) such that

(l)Exi,j :Sjaj =1,"',I’l
i=1

(Z)in,j =r,i=L-,m
=l

Ypiwing < X
(IP2)4(3) Voing S X 1<i<i <m,j=1,-,n

v 2 X =
Vping = Xij ¥ Xinj 1

n
DD Yy = iy 10 <i"<m
Jj=1

(5)x, ;€ {0,1}, y, ; € {0,1}
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3. Lagrangean relaxation and variable splitting

In a way to solve this problem we apply the Lagrangean relaxation and variable splitting technique.

Lagrangean relaxation for integer linear programming

Consider the following optimization problem

(P) Max {fx/ Ax<b,Cx <d,x e Z} in which some constraints are complicating (suppose Ax <b), in
the sense that one would be able to solve the same integer programming problem has these constraints not been
present: Max {fx/Cx <d,x e Z}. One can take advantage of this situation by constructing a so-called

Lagrangean relaxation in the following way. Let 4 > 0 be a vector of multipliers and let ( LR, ) be the problem

(LR;) Max {fx+ A(b—Ax)/Cx<d,xeZ.(LR)) is the Lagrangean relaxation of (P). Let v(LR)) is
the value of optimal solution of (LR, ). The problem (LD ) Min, ,v(LR)) is called the Lagrangean dual of

(P) relative to the Ax < b. The optimal value of LD is a smallest upper bound on the optimal value of (P). For
Problem 2 we will use variable splitting technique - we split our problem into separate vertical and horizontal
subproblems, then the horizontal subproblem is further separated into subproblems for each pair of rows. Thus

we consider Lagrangean relaxation of (IP2). We duplicate variables x; Iz getting 2 independent sets of variables

xi}f ; and X; ;»and then dualize the copy (duplication) constraint using Lagrangean multipliers 4 .
max {z A (xl.’fj - X )}
(I)szj = S],J = 1’...,}1
i=1
QX x! = ryi=1,em
j=1
h
(IP2LR) Yoy S X
(3) yp([',["),jsxih",j 1<i<i'<m,j=1,---,n
B o
Vi 2 X+ Xm; —1
(4)2 Yoiiing = piin 1<i'<i"<m
j=1
(S)x!.x;, € {01}, v, € {01}

Split the problem into sub problems — horizontal and vertical

max{>, ,b’l.’jxl.v,j

(IP2-v) (I)Zx{j =s,,j=1-n
i=1

2)x!, € 10,1}
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(IP2-h)
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max{z ai,jxffj}

n
W x!, =r, i=l-m
j=1

h
Ypiiing < X
h N X .
(2) yp(iv,ivv)’j S)Cin’j lgl <1 Sm,] :1,-..”1

h h
Yoiang 2 Xy + Xy =1
n
A | -1 1
(3)zyp(i',i"),j = paiiny I<i'<i<m
j=l

(4)x; e {01,y {01}

Using similar reasons IP2-h is split into subproblems for each pair of rows:

(IP2-h1)

Further we apply an iterative procedure to find the optimisation coefficients /ll.) Iz On each iteration we consider

C,i+1 separate subproblems (C,i horizontal and 1 vertical). Each horizontal subproblem is formulated as a

non

n ' '
max{zl(ocjxj +o,x ;) }
j:

Y, > x'j +x']'. -1
G2y, =r
j=1

(4)x;~,x;e 0.1}, y, €{0,1}, j=1---,n

parameterised set system problem.

4. Algorithms for solving subproblems for pairs of rows

(IP2-h1) is equivalent to the following problem.

Problem of Weighted Threads. Given 2 sets of weighted elements X'={x,,---,x, } and

n_ "
X"={x, -,
also positive integers #',7'",7*, r'< 7", r*<7'". The problem is in finding subsets X'cC X' and

X"c X", suchthat:

X"|=r",and

X":r' and

xn} a;. > 0 is the weight of xl'. e X', and a; > () is the weight of xl e X' Given
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1. X o+ 2 o, > max
x;e)} ' x;.'e)g "

2. = r*

iy e d e}

In its short description a three stage selection algorithm is constructed.

1. Arranging elements in X' and X'' by decreasing order of their weights Y’z{xlfl,---,x;."},

)cl'.l > > x;. , and X—”:{x‘;l,---,x;.n}, x;l > > xj and taking the first iteration for X' and X"
as X, ={x,,x }and X.={x;,--,x; }.
2. If ‘Y ‘ =7 then X " and X . are the required subsets. Otherwise consider cases:

a) ‘Y‘ =7, < " and b) ‘Y‘ =71, > r o ltis enough to consider the first case:

Shift the elements of Y to the left.

12 oo n 12 cee n
r, r'=r, r, r¥*-r,
—— —
Y Z W Y Z, W
"
r'-r,

Arrange elements (pairs) in Z \U W by decreasing order of sum of elements (weights) of the pair and denote

by Er*_ro first 7 — 1, elements, and by W - the reminder.

Construct the sets X' and X'" by the elements of ¥ Ufr*_ro (first element of each pair goes to X',

- , - . -
second goes to X''). Remaining 7'—7 elements of X' and 7''—7 elements of X" are formed as follows:

1 n _

Arrange elements by decreasing order in W and W , where W' and W consist of respectively the first

(belonging to X') and second (belonging to X'") elements of pairs of W . Consider first #'—r" subset in

" '

each set and denote them by Wr'_r* and V_V »—r" . Subsets of remaining elements we denote by W rem

and W rem .

"

1. If there are no elements with the same index in W r—r" and W »—r", then these elements go to the X'

and X' respectively.
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2. Otherwise we replace the last element in subset Wr'—r* by the first element of W rem OF replace the last

element in W »—r" by the first element of W rem depending on the sum of corresponding weights.

"

Remaining 7"''—7 elements for X "' we take from W

Problem of Weighted Threads is just one example of fragmental problems that arise in splitting of optimisation
of (0,1) matrices. A series of similar problems arise when different conditions are applied as a consequence of
application area modelling. These problems are relatively simple and a large set of them and their solutions are
collected in a software library serving the experimentation software system created in this regard.

5. Conclusion

Lagragean relaxation and the related set of techniques is one of the ways of constructing approximation
algorithms for hard and unsolved combinatorial problems. A compact class of optimisation problems are
effectively modelled in terms of (0,1) matrices. During the Lagrangean relaxation a number of relatively simple
optimisation problems arise as a result of splitting the problems into fragmental subproblems. The Weighted
Threads Problem of this class is solved and the whole chain of approximation is formalised for an example
demonstration problem. A software system created on this base provides experimentation environment for
treatment of combinatorial NP problems.
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TIMED TRANSITION AUTOMATA AS NUMERICAL PLANNING DOMAIN
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Abstract: A general technique for transforming a timed finite state automaton into an equivalent automated
planning domain based on a numerical parameter model is introduced. Timed transition automata have many
applications in control systems and agents models; they are used to describe sequential processes, where
actions are labelling by automaton transitions subject to temporal constraints. The language of timed words
accepted by a timed automaton, the possible sequences of system or agent behaviour, can be described in term
of an appropriate planning domain encapsulating the timed actions patterns and constraints. The time words
recognition problem is then posed as a planning problem where the goal is to reach a final state by a sequence of
actions, which corresponds to the timed symbols labeling the automaton transitions. The transformation is proved
to be correct and complete and it is space/time linear on the automaton size. Experimental results shows that the
performance of the planning domain obtained by transformation is scalable for real world applications. A major
advantage of the planning based approach, beside of the solving the parsing problem, is to represent in a single
automated reasoning framework problems of plan recognitions, plan synthesis and plan optimisation.

Keywords: Timed Transition Automata, Automated Planning, Domain

ACM Classification Keywords: F.1.1 Models of Computation 1.2.8 Problem Solving, Control Methods, and
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Introduction

Timed transition automata, introduced in [Alur and Dill, 1994], are an extension of finite state automata where the
notion of time has been introduced. Transitions take place in specific instants of the time, they can subject to time
constraints based on absolute time and/or clocks. Timed automata are very useful to describe the behaviour of
systems where the transition or system activities are characterised by prevailing temporal aspects. Many
applications of TTA have been developed for control systems and agent models [Ceri et al, 2005]

A main drawback of the automata based model is that they focus on a single aspect of the sequential process,
i.e. the problem of recognizing a pattern of actions. On the other hand a planning [Blum and Furst, 1997] based
approach to sequential process modeling would allow to manage general issues such as goal attainment
problems (i.e. the problem of finding sequence of actions which reach a given state), optimisization problems
(sequences of actions which minimise/maximise some given cost function) in a signle framework.

In the following paragraphs it will be shown how the timed transition automata model can be modeled in the
framework of numerical parameters planning model, where more general planning and optimisation problems
can be posed. Experimental results both for the timed word recognition problem and the general planning
problems are also discussed.

Timed Automata

A Timed Transition Automata (TTA) [Alur and Dill, 1994] is a finite state machine which is able to recognise timed
words, i.e. a sequence of pairs made by symbols over a given alphabet 2. and time values. The pairs in the
sequence can be seen as a sequence of logs records, describing user events or system operations annotated
with the time in which they occurred. In a TTA it is possible to constrain a certain action to be executed, i.e. a
certain transition to occur, only when some time conditions are met. In the following an action-time pair is also
referred to as a token.
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Let us recall more formally some basic concepts related to Timed Transition Automata.

Def. Timed word. Given a finite alphabet X, a timed word on 2, is a finite sequence of pairs or tokens [(ao,t0)
...(ak, )] where aieZ*, tieR forie[0,k] with 7 < Tiv1i €[0,k-1]
Def.Timed Language. A timed language over an alphabet 3. is a subset of timed words on ..

Def. Time Transition Automata. A Timed Transition Automata (TTA) is a tuple (2, S, so, C, E, F) where X is
finite alphabet, S is a finite set of state, soeS is an initial state, C is a finite set of clocks, F S is a set of final
acceptance states, E cSxSx2 x2¢x®d(C) defines the transition table for the automata.

Each transition e<E is a 5-ple e=<s,s’,a,/1, 5> representing a transition from state s to state s’ on input symbol a
which can occur at a certain time t when clock constraint 8 is verified by the current values of clocks; the
transition also resets to 0 the subset AcC of clocks.

Clocks are used to express more easily time constraints such as durations relative to sub patterns in the
transition diagram. Clocks are usually initialised to 0 and they are updated as time advances.

Given a set X of clocks, the set of clock constraints ®(X) includes all the simple constraints conjunctions and
negations defined by 8:=x<c|c<x| —& |8 A 8 where x eXis a clock and ¢ is a rational constant.

Def. Run of Timed Transition Automata. A run of a timed transition automata records a sequence of legal state
transitions and the value of all the clocks when state transitions take place, starting from the initial state so.

Def. Timed Language. The language L(A) accepted by an automaton A=(2., S, so, C, E, F) is the set of all timed
words which correspond to consistent runs of the automaton starting with the state sp and ending with a final state
sreF, i.e. a timed word w=[(a,t;)] with ic[0,k] is also weL(A) if exists a run from s; with each transition
<s,s’,a,A,0> taking place at time instant t; and the final transition being <st.,sr,ax,A,0> for a state sreF.

A domain automaton can then be defined for representing the legal transitions or, equivalently, the legal
sequences of actions which can occur in the system or the agent process to be modelled.

For example, an automaton can be used to describe and recognize the behaviour of a user of an e-learning
platform. Assume for instance that the user can perform 7 main operations or activities: login, lesson, quiz,
assignment, chat, view, logout, and some additional operations: main menu which allows to abandon an activity
and go back to the main menu; submit/abandon which respectively allow to submit the answers of a quiz, or to
abandone it without answering. The activities are not all available at the same time, but they are subject to time
and precedence constraints. Possible user behaviours are represented by TTAs in the fig.1 and fig,2, with
transition labelled by symbols login,logout,main,clock,submit,chat and view (dashed loops indicate the idle action,
i.e. the action of remaining in the current state).

User Modelubl User Modelub2

lesson,
20t <50

clock2:=0

clockl:=0 clockl:=0

clock2>25
submit, | clock1<15

;\\
5
-
Ioguurf

Fig.1 User behavior TTA model Ub1 Fig.2 User behavior TTA model Ub2

assignment

main

User Model ub1. In model ub? the user, after entering the e-learning platform (login action), can repeat the
assignment activity many times, but, in order to reach the final state S5, he has to attend the lesson until the end
for at least 25 minutes (clock2 > 25) and after that he has to submit the answer to the quiz.
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User Model ub2. Behaviour model ub2, instead, describes a user which chooses view for at least 15 minutes as
first activity, and then he/she can alternate view/chat without temporal constraints before logout.

Let consider, for example, the following timed words, where each element consists of a pair time stamps and
symbols.

Seql:[(login,0), (assignment,10),(main,12),(lesson,22),(main,23),(lesson,24),(quiz,5
1), (submit,65), logout,70)]

Seqg2 : [(login,0), (view,3), (main,19), (chat,20) (main,25), (29,chat,29),
(main,35), (view,37), (main,40), (logout,41)]

Seg3: [(logon,0), (view,5), (main,30), (logout,32)]
It is easy to see that sequence Seq? is an example of user behaviour which is recognised by TTA ub?, while
sequence Seq2 and Seq3 are recognized by ub2.

Numerical Parameters Planning Model

In the following we recall some basic notions about the numerical parameters planning model which is used to
implement the TTA recognition process. The plan synthesis problem consists in finding a sequence of domain
actions which, if executed, transforms a given initial state in a goals state. Planning systems have been widely
used to model domain where one or more deliberative actors can modify the state of the world executing a set of
predefined available actions. The numerical parameters extension enriches the classical Boolean planning model
with the management of numerical resources and goals, moreover effects can depend on numerical continuous
parameters of the action instance [Suriani, 2007].The semantics of the model is based on three finite sets: B, N,
and P, respectively representing logical fluents, numerical fluents and numerical parameters. Numerical fluents
and numerical parameters are defined in bounded real interval domains.

Definition (State) A state is a pair of assignments s=(sg, sn) where sg: B — {true, false} assigns truth values to
logical fluents, and sy: N — R assigns real values to numerical fluents. Sg denotes the set of all possible logical
assignments and Sy the set of all possible numerical assignments; finally S denotes the set of all possible states.
Definition (Operators) An operator is defined by a triple 0=(X, 7, £) where: Xc P are the numerical parameters
of o; 7 are the preconditions of 0 and £are its effects.

Preconditions 7 are conjunctions of literals (i.e. b or —b, where b € B is a logical fluent) and numerical
constraints of the form fy_x ® 0, where fis a linear function of numerical fluents/parameters and ® { <, <, =, #,
>, > }. Effects ¢ are conjunctions of literals and numerical effects (i.e. assignments of numerical fluents of the
form u := gnox where u € N, g is a linear function of numerical fluents/parameters). Let O denote the set of all
operators.

Definition (Action Instance) An action instance is defined by a pair (0, o) where 0=(X, 7, &) is an operator and
o a parameter assignment o: X —%R. An action instance (0,0) is said to be executable in a state s=(sg,sn) if
logical and numerical conditions hold in s and numerical effects are consistent with the domain bounds.
Definition (Action Execution) If an action instance (0,0) is executable in a state s=(sg,sn), the result of its
execution is a state  s=y(s, (0,0)) = (S’s,S'n), Where:

o foreach logical fluentb € B 1) s’s(b) =true if beg; 2) s’s(b)=false if—bee 3)s's(b) =sg(b) otherwise
e for each numerical fluentu € N 1) s'n(u)=gnux (sn(u)) if u=gnox €€ 2) s'n(u)=sn(u) otherwise.

Definition (Numerical Parameterized Planning Problem) A numerical parameterized planning problem is a
tuple £= (B, N, P, S, O, s0, G) where B, N, P, S, O represent boolean fluents, numerical fluents, numerical
parameters, states and operators, and

- 80 = (8%, s%) is the initial state;

- G is a conjunction of literals and numerical constraints defined over BUN representing the goal.

Note that goals are defined over (B,N), i.e. goals cannot contain any parameter symbols.
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Definition (Solution Plan) A plan, i.e. a sequence of action instances ((0g, ov) ..., (0k0k) ), is a solution plan for a
planning problem 2= (B, N, P, S, O, so, G) if the sequence is executable and the goal G holds in the final state.
The sequence of actions is executable when (oq,00) is executable in sp and each action instance (o, o) is
executable in s; = y(si1, (0-1,01.1)) for each i = 1,... k. The goal G holds in the final state sk1 = y(sk, (0k o%)), if
VgeG when g is a literal g=b (g=—b) then skg(b)=true (sks (b)=false), or when g is a numerical constraint fy_x
then fy_x ® 0 holds in Sk+1.

Timed Transition Automata and Equivalent Planning Domain

Since automated planning models encode state transitions, the basic idea of our approach has been to use
actions to encode TTA state transitions. The parsing process of a given TTA can be embedded by an appropriate
planning domain, where each planning action corresponds to parse a transition in the TTA model, (i.e.
corresponds to a legal TTA transition), timed words represent a plan to a final state in the equivalent planning
domain.

The current state of TTA is simulated by asserting/negating appropriate fluents. Each planning action
representing a TTA transition <s,s’,a,A,8> is executable only if the current simulated state is “s”, and if the pair to
be parsed is (a;,t) where time stamp 7 verifies the time constraints 8. The planner can then be used to verify if a
timed word, corresponds to a path from the initial TTA state to a final TTA state.

The Planning Domain Problem

Given the TTA (2, S, so, C, E, F), and given a timed word w=[(a; ,7)] it is possible to define a planning domain

problem (B, N, P, O, sy, G) for timed word recognition problem, where:

- B={ curr_state(s)), final(s), success, curr_tk(l), next(l, I)), tk(l, a; ,t;d;)} is the set of logical fluents where s;
and J; refer to TTA states and Tokens;

- N={taps , tp} is the set of numerical fluents;
- P={1g } is the set of numerical parameters;
- O={Ac<ss 25,55 A<ssans> ldleg , Af} VseS, VieF, V«ysans> €E is the set of the operators;

- G= GguG; with Gg={success} is the set of literals defined over B and G; ={} is the set of numerical
constraints defined over N.

Each pair (a,f) symbol/time of the timed word is parsed to a 4-pla (I,a,t,d), said token, where  is a sequential
identifier, a is the symbol encoding the performed action, tis the time stamp of the starting time and d is the time
interval between the action and the next one.

Fluents and TTA States

Given a TTA (2, S, so, C, E, F) some logical and numerical fluents are introduced to represent states, tokens,
current state, current token and tokens sequence, i.e. timed words.

Logical Fluents.

curr_state(s) Vsi €S represents the current state. Note that curr_state fluents are used to represent the situation
in which the TTA is currently in the state s;, the domain actions must guarantee that at most one curr_state(s)
can be true at the same time.

tk(l, ai, t, d) Vv (I, a, t, d)eToken s introduced to represent the token information, /i is the token id (i.e.
sequential identifier), a; the action, t; the time, d; is the duration i.e. the time before the next token.

curr_tk(l) ¥ (I, a, t, d) eToken represents the current token; similarly to curr_state(s;), only one curr_tk(l) can be
true at the same time. The sequential order of the tokens is represented by the fluents next(l, ), where I is the
successor of /; in the sequence. A special fluent curr_tk(init) represents the initial situation when no tokens are
have been parsed yet; conversely, a special fluent curr_tk(end) is used to mark the end of the token sequence.
Moreover two fluents next(init,l;) and next(li, end) are also added accordingly.



International Book Series "Information Science and Computing" 25

A set of fluents finalg for each final state sieF and a single logical fluent success are also used to specify
disjunctive goals.

Numerical Fluents. A numerical fluent t.s is defined to represent the absolute time as it evolves while actions
are executed. A numerical fluent f; is also introduced for each clock ¢ C.

Initial State

The initial state of the planning problem represents the initial state of the timed automaton and the value of the
clocks and of the absolute time are initially set to 0.

curr_state(sg)= T curr_state(sj) = L VsieS, i#0 siis falsein | tans = 0, 14=0 V6
moreover it is also needed to represent the state of the parsing process:

curr_tk(init) =T curr_tk(end) = L curr_tk(l) = L V' (l, a; t, d) eToken finalsi=T V5ieF success=_L
the latter two are needed to indicate which are the final states and the fact that the parsing is not yet successful.
TTA transitions and tokens
Appropriate actions A<ssas>, A<ssans>, ldlesi and Ag; are introduced in the planning domain in order to represent
respectively transitions, self-referencing transitions, idle states and the final disjunctive goal.
Transitions and Self-referencing Transitions

For each transition e €E, e=<s,s',a, A\ ,6> of the automata where s=s’, a planning operator denoted by A< a:.5>
or equivalently by Acis introduced as follows,

Pre(Ae)={ curr_state(s) A curr_tk(l1) A next(l, I)) Atk(l1, a,t, d) A & A tgpg =t}
NumPar(Ae)={}
Eff(Ae)={ — curr_state(s) A — curr_tk(l) ~ curr_state(s’) » curr_tk(l2) A

A (=0, VA € A) (=t +d, Vst AeCand he A) A (taps = tabstd )}
where d is the duration of the action whilst /; and /; are sequential identifiers. The time constraints & are numerical
constraints on the numerical fluents corresponding to the clocks and/or the absolute time; the constraint {5pg=t
establishes that the transition in TTA takes place at the time t specified by the token.

As shown in figure 3, the basic idea is to contraint the introduced action operator A to behave equivalently to
transition e:

curr_state(s) —curr_state(s)
3,6,1\ curr_tk(l1) —curr_tk(11)

next(l1,/2) Ae curr_state(s’)

tk(l1, a, t, d) >

5 Y curr_tk(I2)

tA:=0

tabs=t
tabs := tabs+d

Fig.3 The transition e=<s,s’,3,4> and the corresponding action Ae

Also note that the current state and the current token are updated accordingly to the state transition table and to
the tokens order, while absolute time is updated with action duration d and clocks are either updated or reset to 0.

A special case is when a transition specifies the same starting and target state, i.e. the corresponding node in the
automaton graph contains a self reference loop.

For each transition e €E of type e=<s, s, a, A, & it is introduced an action A< 2 s Whose definition differs from
the previous one only in the effects, i.e. the negation of current state and the update to the new state,
—curr_state(s) A curr_state(s) , are omitted from the action effects since they would lead to inconsistency.
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Note that the execution of an action of type A<«ssans> OF Assans> corresponds to parse a token record as
required by the precondition tk(l,a,t,d).

Parsing starts from the only one action executable in the initial state, where curr_state(init) is true , and it follows
the order encoded by the next predicates.

Idling state.

If the TTA model admits idling in a state, i.e. remaining in a state while performing no action, then a special idle
operator Idleg; is added for each state sieS of the TTA in order to model the time flow. The possibility of being

idle allows to have gaps in the logs temporal sequence. The idle operators have a quite simple structure since in
order to be executed, they do not require either tokens to exists, or time/clock constraints to be verified. On the
other hand idle operators contain an additional numerical parameter tg which represents the elapsed time

Pre(ldleg; )={ curr_state(s)) }
NumPar(ldleg)={ te }
Eff(ldlesi )={  (tabs := tabs* te ) A (= th+ te, V 1€C) }
Note that the numerical parameter f represents the idling interval and it is used to update the absolute time as

well as all the clocks. Numerical parameters are values which are chosen by the planner in order to instantiate
the action instance.

TTA Final States & Planning Goals

The TTA recognizes a timed word when it reaches one of the possible final states after parsing all the tokens.
These conditions are specified by a disjunctive goals: curr_tk(end) A (v curr_state(s) V si €F)

A well known technique [Nebel, 2000] has been used to specify disjunctive goals in a conjunctive planner, a set of
dummy actions representing the disjunctive goal is introduce as following:

- for each final state, VsieF, a dummy operator Ag; is added to the set of domain operator O such that:
Pre(Ag)={curr_state(s; ), final(s)), curr_tk(end)}, Eff(Ag)=< success }

where success is a logical fluent representing the end of the user behaviour recognition process.

The fluent success will represent the problem goal. Success it is true in a state when at least one of the possible
action Ag with s;eF has been executed, i.e. a final state has been reached (see preconditions curr_state(s; ),

final(s;) ) when parsing the last token (precondition curr_tk(end)).

Experiments

The TTA planning rules described in the previous paragraph show that the transformation space complexity is
linear in the size of the planning domain. On the other hand is not possible to provide a theoretical estimate for
plan synthesis time, since it strongly depends on the planner implementation which can employ very efficient
strategy expecially for the logical fluents. In order to obtain a general estimate of the effectiveness of the
approach we have held systematic experimental tests using PNP (Parametric Numerical Planner), the tests are
based on ub1 and ub2 domains.

PNP has been implemented in C language and performs the graph construction phase and the encoding phase,
while the solution of the MILP system is performed by using ILOG CPLEX. The Numerical Parameter Planning
model has been implemented using a technique of mixed integer linear programming (MIP) encodings [Wolfman
and Weld, 1999]. The algorithm built a planning graph [Kautz and Selman, 1998] with logical fluents and
operators ignoring the numerical aspects of the problem, then, the planning graph is encoded as a MIP extended
to handle numerical fluents and parameterized action [Vossen et al., 2001, Van de Briel et al., 2005]. A standard
MIP solver, ILOG CPLEX is then used to solve the planning problem. The test have been executed on Intel
Pentium IV 3.00GHz with 1GB of RAM running the operating system Linux.
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The tests has been divided into three classes: positive and negative cases for user behaviour recognition, and
planning problems in e-learning domain. Negative cases has been tested for different causes of recognition
failure: a) logical failure i.e. action sequences not allowed by the TTA describing the user behaviour and
b)numerical failures, action time stamps which violates the numerical time constraint of the TTA. The scalability of
the approach has been tested with different users histories, i.e. log sequences of increasing length.

Finally an e-learning planning domain has been modelled to verify the flexibility and expressivity; since the
problem does not require to parse any tokens, the fluents of type tk, curr_tk,and next have been removed from
the action descriptions, dummy actions and goals.

Tokens Ubl Ub2 Tokens Ubl Ubl

Time Nodes | Var |Time Nodes  Var Log | Num | Log | Num

5 003 32 | 174 |003 34 | 165 5 0,03 006 | 003 009
0,04 | 47 | 345 0,04 | 49 | 364 9 | 003 006 | 003 009

21 | 01 | 83 | 1083 0,09 85 | 1234 21 | 0,03 | 0,07 | 0,04 | 0,11
33 028 | 119 | 2253 | 0,2 | 121 | 2536 33 | 0,06 | 0,12 | 0,06 0,18
41 049 | 143 | 3273 | 0,34 | 145 | 3644 41 | 009 | 019 | 0,10 0,29
53 | 1,00 179 | 5163 | 0,63 | 181 | 5666 53 | 0,18 | 0,38 | 0,20 | 0,58
61 | 1,92 203 | 6663 | 1,01 | 205 | 7254 61 | 026 | 054 | 0,28 0,82
73 356 | 239 | 9273 | 1,74 | 241 | 9996 73 | 047 | 1,00 | 0,53 | 1,53
81 |503| 263 11253226 | 265 |12064 81 | 068 | 143 | 075 2,18
93 6,98 | 299 14583 3,49 | 301 | 15526 93 | 1,11 | 2,30 | 1,19 | 3,49
101 | 823 | 322 [16711 4,55 | 325 |18074 101 | 1,50 | 3,09 | 1,59 | 4,68

Table 1. Positive Recognition Test for Ub1 Table 2. Negative Recognition Test for Ub1

The results obtained are completely satisfactory for the three classes of tests. In particular positive user
behaviour recognition is quite efficient to be used in real time applications, since the top sequence size of 97 log
records are fairly more than the typical user sessions, which consist of less than ten actions, the time
performance for twenty actions is worst case not greater than 0.1 seconds. Negative tests on user behaviour
recognition were even more efficient than positive tests, in particular it must be noted that negative test of type a),
i.e. where the sequence violates a logical constraint, can be detected very efficently in the early plangraph
construction phase, and the error detection time is proportional to the length of the correct prefix. Negative tests
of type b), i.e. where the timed actions violate the numerical constraints, require the execution of both phases of
plangraph construction and LP solving; these tests show an execution time which is slightly minor than the
correspondent positive test.

The last class of tests, i.e. e-learning planning problems, is not plotted since the time results are all extremely
fast, always below 0.04 seconds for all the posed problems. It would be interesting to investigate in a future
extension a task planning approach similar to [Baioletti et al., 1997] where task goals and logical goals can be
mixed.

Conclusion

A general method for transforming a Timed Transition Automata (TTA) into an equivalent planning domain has
been introduced. The main idea of the proposed approach is to built a planning domain model to encode the state
transitions of TTA representing behaviours, where each planning action corresponds to parse a time-symbol
token, and the sequence of tokens in the time word is given as initial state. The timed word recognition problem is
then transformed into the planning problem of finding a parsing plan for the sequence of tokens. The formal TTA
to plan transformation is proved to be correct, and it is built in the framework of a numerical parameters planning
model, which extends the classical boolean planning models with the management of numerical resources and
goals and effects can depend on numerical continuous parameters of the action instance.
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One of the relevant advantage in using a planning approach to user task modeling is that behaviour recognition,
reachibility and plan optimisation problems can be modeled in a unique framework.

Systematic experiments with PNP, a general purposes parametric numerical planner implementation, show that
the approach is effective and scalable for real world application such as user behaviour recognition.

Future works will regard the development of special purpose plan search techniques targeted on the timed word
parsing problem, and extending the proposed model with task constraints [Baioletti et al., 1998].
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Abstract: This paper presents a method for assigning natural numbers to Transition P systems based on a
Gédelization process. The paper states step by step the way for obtaining Gédel numbers for each one of the
fundamental elements of Transition P systems —multisets of objects, evolution rules, priorities relation, membrane
structure- until defining the Gédel number of a given Transition P system.
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Introduction

A P system can be defined as a membrane structure in which multiset of objects and evolution rules have been
placed in regions defined by membranes. One of the most important characteristic of these computational
systems it is the following: objects evolve by the application of evolution rules in a non-deterministic and
massively parallel manner all over the system. One way to control the application of evolution rules in membranes
is to define a priority relationship among rules in membranes. This priority relation defines a partial order relation
and a hierarchy in application of evolution rules inside membranes. Associated to rules, there is one more
feature, the capability of dissolving membranes. P systems having these two features (priority relationship and
dissolving capability) have been demonstrated that are Turing complete [Paun 2002].

P systems compute transiting from one configuration to the next one by application of evolution rules. A
configuration of a P system is defined by the membrane structure of the system and the set of multiset allocated
inside membranes of the structure. Hence, a computation is defined as the set of configuration, starting from the
initial configuration, the systems transits. It is said that the system performs a successful computation when a
configuration in which no one rule can by applied in the system is reaches. This configuration is named "halting
configuration”. The result of a successful computation is the number of objects present in a determined elemental
membrane or the number of objects the system outputs to the environment.

In [Turing 1936] demonstrated that “every computable function corresponds to a Turing machine, and that every
Turing machine could be mapped into a unique natural number. As a consequence, the computable functions are
enumerable. Moreover, the numbers corresponding to computable functions are known as "Gédel numbers"'.
Hence, it could be interesting to establish a correspondence between elements of a P system and natural
numbers. This gddelization process will permit to obtain some computational benefits. First of all, it is possible to
obtain a uniform representation for every element of the P system; it could be possible to reduce the analysis of
the system to elementary natural number operations (for example, evolution rules application as divisions [Suzuki
2000]). Secondly this encoding process can produce a new way of packing information and simulating P systems

in digital devices with the appropriate algorithms.

This paper proposes a way for obtaining the Godel number for every element of a P system and some operation
for manipulating them with their associated Gédel numbers, and finally the Gédel number of the P system is
defined.



30 Algorithmic and Mathematical Foundations of the Artificial Intelligence

Multisets Godelization

A multiset is defined as a mapping from a non-empty and finite set, U over the natural number set. More formally,

M:U—>N
a—>Ma

(1)

where M a is the number of copies for the a element in the multiset M. Representing by ZZ{U) the set of every

multiset of objects over the set U, it can be defined the following operations:

Multisets operations:
Let M, Miy M; e (V)
o Multisets inclusion:
O MicMyeVvaeUMia<M; a
o Multisets addition M; + M2:
o VaelU, (Mi+M;)a= Mia+M:a
o Multiset subtraction My - My:
o lfMyc M, Vael, (Mi-M;)a= Mia-M;a
It can be easily demonstrated that (7¢(U),+) is a commutative monoid with identity element.

Gaodel number associated to a Multiset
In this section the G6del number for every multiset M e FiZ(U) is defined.

Let P = {p1, ..., pm } be the set of the first m natural prime numbers starting in 2; and let U={ay, ..

empty and finite set of objects with card(U)=m, the following one to one map is defined:

b:U—>P,

a, > p;
Moreover, given b and Py, there is a function G satisfying:
vV Me HU),In € H] Gom (M= A Gw’(n) =M
defined by:
G TH(U) >H

M —>n=p"ix. . .xpo

O -1
where p; = b(a) Va; € U as in equation (2).

Definition: v M e ZZ{U) the Gddel number associated to M is G (M).

Operations with multiset using Gédel numbers

., am} be a non-

(2)

From the definition of Gédel number associated to a multiset it can be easily demonstrated the following

proposition:

Proposition 1: Let Myy M, e H[U) and G (M1)= N1y G (Mo)= ny, their associated Godel numbers, then:

e Multisets inclusion:
o0 M; cM; < nsdivides to n,
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o Multisets addition:
0 G (Mi+ M) =nsxn

o Multisets subtraction: If My <M, then
0 G (Mi-My)=ns+=n;

From now on, in order to simplify the text, we will represent multiset of objects with small letters. Hence, ue
MU) represents one multiset of object in the set U.

Evolution rules Godelization

In this section the Gddel number for one evolution rule is defined. After that, operations over evolution rules are
translated to their associated Godel numbers. Finally, priority relationship over evolution rules is encoded in
Godel numbers and it is incorporated to the Gddel number associated to the evolution rule.

In order to define evolution rules are needed the following ingredients: a finite set of labels L for numbering
membranes in a membrane structure and a non empty and finite set of objects U to define multisets of objects.
Let us to represent the set of evolution rules with labels in L and objects in U by K(U,L).

An evolution rule r e R(U,L) is a tuple r = (u,v,) where:
o ueMU)
o v e MUx) with ¢ ={out, here} Ain;|j e L}
o 5&{01}

Moreover, an evolution rule can be also represented by a set of (n+2) multisets of objects plus one natural
number & representing the rule dissolving capability. Hence,

r=u,, Uy, U Uy, .U, ,0) (4)
where:
e U, € AM(U), the rule antecedent,
o Uy e M(U), the multiset to be sent to the environment,
o U eMU), Vi {1, ..., n}, the multiset to be sent to region i,

o S {0,1}, the dissolving capability of the rule.
Using this representation for evolution rules, it is established a gddelization for evolution rules.

Gaddel number associated to an evolution rule
First of all, in order to define the Gddel number for an evolution rule r € K(U,L) it is necessary to consider a set
of n+3 natural prime numbers P = {pa, po,p1, ..., P, Ps}» and a map g defined as follows:
g:LU{a,0,6} > P
a —> pa
0—>p, ()
0 — ps
i—p,Vie{l2,.. ., n}
Then, from equations (5) and (6) the Gédel number associated to one evolution rules is defined by:
Gon: RUL) >~
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r= (ua7u0,ulju2,.. 5) - pG m (1) G (u,) HpG (u) (6)

Rules operation using Godel numbers
Let ri,r; € R(U,L) be two evolution rules, being r1 =(us, v4,61) and r2 =(uz, vz, &) and let se ¥be a natural number

Itis defined ri+r; € K(U,L) by:

ntn = tuy,v +v,,6, Vo)) (7)
and sry € R(U,L) by:
S}/i = (Sulasvlaél) (8)

From (6) and (7) it can be easily demonstrated that:
G,:RU,L)y—> N

K+r > paG (g +y, ) G ) (U +ity, )HpG (U *uz) §|V5z —
9
paG o (14)-Gyy (3) po m (U10)-Gy (U )HpG w (07)-G,, (“2) 51V5z
and from (6) and (8)
G :RU,L)> N
(10)

s1 —> szG n (U )) (G (1)) Hp(G o (U1 ))

Rules priority using Gédel numbers
Let R; = {r, r, ..., i} be the set of evolution rules from region j of a P system; and let P; = {ps, p2, ...,pi } the set
of the first i prime natural numbers starting in 2.
Then, it is defined the map:
pri:R;, > N
(1)
=D
Let p be the priority relationships associated to &;, the set of evolution rules in region j, and let ct(p) the
transitive and non reflexive closure of p.
Let i, rst, Fsz, ..., st € RgWith (1, 1), (t Is2), ..., (rrs) € ct(p) where rule r has a higher priority over rules rs,
Fs2, ...y Tty thAtis 1> Fog, 1> rsg, ..., B>Fst@N Fe # Fst, Tk Z 52, ooy Tk Z Mt
Itis defined:
gprior: R, > N
t
- prit) [T pricr) 1
i=1
Let r € K4 (U,L) be an evolution rule in region j with label in L and objects in U. In particular, let r=(ua, uo,u1,Us, ...,
un, &) that rule.
The Godel number associated to the rule r with priority is defined by:
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r= (U, U, Uy, U, 0) = DY &rior(r) gy Gnltta) G (")HpG “) p (13)

where pa, po, P, Ps are natural prime numbers defined in the one to one mapping g equation (13), and p,is a
different one natural prime number.

Membrane Structure Godelization

The main element of a P system is the membrane structure. The membrane structure can be represented as a
directed and non ordered tree, having the skin membrane as root of the tree. Nodes are membranes and edges
represent the relationship to be ‘directly included in’.

Godel number associated to a membrane tree

Let Pm = {p1, p2, ..., pm } be the set of the m first natural number starting in 2 and let p be a membrane structure
with labels in L={1,2, ..., m}.

The Gddel number associated to a membrane is defined by the following map:
Gﬂ’l : /’l % Rn
m, > p,, VkelL

Now, it is possible to define the Godel number associated to a membrane tree T, with labels in L as follows:

Gm(T#)zlﬂ[Gm(mk), Vkel (15)
k=1

P systems Godelization

From the previous Gédel numbers associated to each one of the different components of Transition P systems, it
is possible to associate to each Transition P system a Godel number. Let [1 be a Transition P system of
degree m.

H = (V’/’lﬁwl""’wm’(Rlipl)V"(Rnﬂpml)’iO) (16)

where:

Vis a finite and not empty set of objects.

4 is a membrane structure labelled in a one to one manner from 1 to m.

o @, 1<i <m, multisets of objects over V associated to regions 1, ..., m

e R, 1<i <m, finite set of evolution rules over V associated to regions 1, ..., m
o i, 1<i <m, priority relationships defined over the set of evolution rules R..

Godel number associated to a P system

Now it can be defined the Gddel number associated to the Transition P system [T as follows: let p1,p2, ..., pams3 be
the first 2m+3 natural prime numbers starting from 2.

2.6 (i) > G ()
G, (1) = p{ !V p» @ pin(@) _pluemi it p P 1)
where:
o Card(V), is the cardinal of V.
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o Gn(A,) is the number defined in (14) and (15) for the membrane structure zz.
o Gp(m), 1<i <m, are the defined numbers in (2) and (3) for the multiset of objects @, 1< i< m.

o Gp(ri, p), 1<i <m, is the defined number in (12) and (13) for evolution rules r; associated to regions R;
with their corresponding priorities p;, 1<i <m.

Conclusions

Godel numbers are fundamental in history of computation. Turing in [Turing 1936] showed that every Turing
machine could be mapped into a unique natural number and that every computable function corresponds to
Turing machine. Hence, the computable functions are enumerable. Here we present the way for mapping
Transition P systems into natural number using a Gddelization process. The whole process is described in this
paper step by step, in order to define the appropriate Godel numbers to each one of the different fundamental
elements in which Transition P systems are decomposed. Moreover, some operations over multisets of objects
and evolution rules have been defined in terms of Gddel numbers associated to them. The different applications
of this method to the study of membrane systems are unexplored and it must be subject of study in different
aspects related to hardware/software implementations using Gédel numbers, or how to use this encoding process
in order to pack information related to P systems and how affect it in the development of algorithms for
implementing P systems in digital devices.
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FAST LINEAR ALGORITHM FOR ACTIVE RULES APPLICATION
IN TRANSITION P SYSTEMS

Francisco Javier Gil, Jorge Tejedor, Luis Fernandez

Abstract: Transition P systems are computational models based on basic features of biological membranes and
the observation of biochemical processes. In these models, membrane contains objects multisets, which evolve
according to given evolution rules. In the field of Transition P systems implementation, it has been detected the
necessity to determine whichever time are going to take active evolution rules application in membranes. In
addition, to have time estimations of rules application makes possible to take important decisions related to the
hardware / software architectures design.

In this paper we propose a new evolution rules application algorithm oriented towards the implementation of
Transition P systems. The developed algorithm is sequential and, it has a linear order complexity in the number of
evolution rules. Moreover, it obtains the smaller execution times, compared with the preceding algorithms.
Therefore the algorithm is very appropriate for the implementation of Transition P systems in sequential devices.

Keywords: Natural Computing, Membrane computing, Transition P System, Rules Application Algorithms
ACM Classification Keywords: D.1.m Miscellaneous — Natural Computing

Conference: The paper is selected from Sixth International Conference on Information Research and Applications —
i.Tech 2008, Varna, Bulgaria, June-July 2008

Introduction

Membrane computing is a branch of natural computing witch tries to abstract computing models from the
structure and the functioning of living cells. The main objective of these investigations consists of developing new
computational tools for solving complex, usually conventionally-hard problems. Being more concrete, Transition P
systems are introduced by Gheorghe Paun derived from basic features of biological membranes and the
observation of biochemical processes [Paun, 1998]. This computing model has become, during last years, an
influential framework for developing new ideas and investigations in theoretical computation.

Transition P systems are hierarchical, as the region defined by a membrane may contain other membranes. The
basic components of the Transition P systems are the membranes that contain chemical elements (multisets of
objects, usually represented by symbol strings) which are subject to chemical reactions (evolution rules) to
produce other elements (another multiset). Multisets generated by evolution rules can be moved towards
adjacent membranes (parent and children). This multiset transfer feeds back the system so that new multisets of
symbols are consumed by further chemical reactions in the membranes.

The P system changes from a configuration to another one making a computation. Each transition or evolution
step goes through two sequential steps: application of rules and communication. First, the evolution rules are
applied simultaneously to the multiset in each membrane. This process is performed by all membranes at the
same time. Then, also simultaneously, all the membranes communicate with their neighbors, transferring symbol
multisets.

Most membrane systems are computationally universal: “P systems with simple ingredients (number of
membranes, forms and sizes of rules, controls of using the rules) are Turing complete” [Paun, 2005]. This
framework is extremely general, flexible, and versatile. Several classes of P systems with an enhanced
parallelism are able to solve computationally hard problems (typically, NP complete problems) in a feasible time
(polynomial or even linear) by making use of an exponential space.
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In this paper we propose a new algorithm for evolution rules application oriented towards the implementation of
Transition P systems. The developed algorithm is sequential and, it has a linear order complexity in the number of
evolution rules. Moreover, it obtains the smaller execution times, compared with the preceding algorithms.
Therefore, due to these characteristics, the algorithm is very appropriate for the implementation of Transition P
systems in sequential devices. After this introduction, other related works appear, where the problem that is tried
to solve is covered. Next are exposed the formal definitions related to the rules application in Transition P
systems. Later the fast linear algorithm for rules application appears developed, finally including the comparison
tests and conclusions.

Related Work

In Transition P systems, each evolution step is obtained through two consecutive phases within each membrane:
in first stage the evolution rules are applied, and at the second, the communication between membranes is made.
This work is centered in the first phase, the application of active rules. It exists several sequential algorithms for
rules application in P systems at this moment [Ciobanu, 2002], [Fernandez, 2006a] and [Tejedor, 2007], but the
obtained results can be improved. In the last mentioned work is introduced an algorithm based on the elimination
of active rules: this algorithm is very, interesting because is the first algorithm whose time is only limited by the
number of rules, not by the objects multiset cardinality.

Additionally, in [Tejedor, 2006] is proposed a software architecture for attacking the bottleneck communication in
P systems denominated “partially parallel evolution with partially parallel communications model” where several
membranes are located in each processor, proxies are used to communicate with membranes located in different
processors and a policy of access control to the network communications is mandatory. This obtains a certain
parallelism yet in the system and an acceptable operation in the communications. In addition, it establishes a set
of equations that they allow to determine in the architecture the optimum number of processors needed, the
required time to execute an evolution step, the number of membranes to be located in each processor and the
conditions to determine when it is best to use the distributed solution or the sequential one. Additionally it
concludes that if the maximum application time used by the slowest membrane in applying its rules improves N
times, the number of membranes that would be executed in a processor would be multiplied by the square root of
N, the number of required processors would be divided by the same factor, and the time required to perform an
evolution step would improve approximately with the same factor.

Therefore, to design software architectures it is precise to know the necessary time to execute an evolution step.
For that reason, algorithms for evolution rules application that they can be executed in a delimited time are
required, independently of the object multiset cardinality inside the membranes. Nevertheless, this information
cannot be obtained with most of the algorithms developed until now since its execution time depends on the
cardinality of the objects multiset on which the evolution rules are applied.

They have been proposed also parallel solutions -[Fernandez, 2006b] and [Gil, 2007]-, but they do not obtain the
required performance. The first algorithm is not completely useful, since its run time is not time delimited, and
both solutions present efficiency problems due to the competitiveness between the rules, the high number of
collisions with the requests and delays due to the synchronization required between processes.

Formal Definitions Related to Rules Application in P Systems

Firstly, this section formally defines the required concepts of objects multisets, evolution rules, evolution rules
multiset, and applicability benchmarks (maximal and minimal) of a rule over an objects multiset. Secondly, on the
basis of these definitions, requirements are specified for the new algorithm for rule evolution application.
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Multisets of Objects

Definition 1: Multiset of object. Let a finite and not empty set of objects be O and the set of natural numbers N,
is defined as a multiset of object m as a mapping:
m:0—>N

oO—>n

Possible notations for a multiset of objects are:

m = {(01, m), (02, n2), ..., (Om, nm)}

m=o0""-0"". .. .on"

Definition 2: Set of multisets of objects over a set of objects. Let a finite set of objects be O. The set of all the
multisets that can be formed over set O is defined:
M(O) ={m:0 — N |mis a Multiset over O}

Definition 3: Multiplicity of object in a multiset of objects. Let an object be o € O and a multiset of objects
m € M (O). The multiplicity of an object is defined over a multiset of objects such as:
| |, OxM(O)—> N
(o,m)—>|m|o=n|(o,n)em
Definition 4. Weight or Cardinal of a multiset of objects. Let a multiset of objects be m € M (O). The weight or
cardinal of a multiset of objects is defined as:
| |: M(O)—> N

m— |m|= Z|m|o
YoeO

Definition 5: Multiset support. Let a multiset of objects be m € M (O) and P (O) the power set of O. The
support for this multiset is defined as:
Supp : M(0O) — P(O)

m — Supp(m)={0€0 /| |m|o>0}
Definition 6: Empty multiset. This is the multiset represented by Do) and which satisfies:

Do) = Im[=0< Supp(m) =0

Definition 7: Inclusion of multisets of objects. Let two multisets of objects be m;, m, € M (O). The inclusion of
multisets of objects is defined as:
mcm:<<|milo<|m2lo YVoeO

Definition 8: Sum of multisets of objects. Let two multisets of objects be m;, m, € M (O). The sum of multisets
of objects is defined as:
+: M(O)xM(O) - M(O)
(mi,m2) — {(o,|mi]o+|m2]0) YoeO}
Definition 9: Subtraction of multisets of objects. Let two multisets of objects be m;, m, € M (O), and m, — m;.
The subtraction of the multisets of objects is defined as:
—: M(0O)xM(O) - M(O)
(mi,m2) — {(o,|mi]o—|m2|0) VoeO}
Definition 10: Intersection of multisets of objects. Let two multisets of objects be m;, m, € M (O). The
intersection of multisets of objects is defined as:
N:M(0)x M(0O) — M(0)
(m1, m2) — mi(\m2 = {(o, min(|mi |o, |m2].) Vo e O}
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Definition 11: Scalar product of multiset of objects by a natural number. Let a multiset be m, € M (O) and a
natural number n € N. The scalar product is defined as:
- :M(O)xN — M(0)
(m,n)—>m-n={(o,|m|o-n) VoeO}

Evolution Rules

Definition 12: Evolution rule over a set of objects with target in T and with no dissolution capacity. Let a set of
objects be O, a € M (O) a multiset over O, T = {here, out} U {inj/ 1 <j <p} a set of targets and c € M (O
x T) a multiset over O xT. An evolution rule is defined like a tuple:

r=(a,c)
Definition 13: Set of evolution rules over a set of objects and targets in T. This set is defined as:
R(O,T)={r|ris a rule over O and T}
Definition 14: Antecedent of Evolution Rule. Let an evolution rule be r € R (O, T). The antecedent of an
evolution rule is defined over a set of objects as:
input : R(O, T) > M(O)
(a,c) > input(r)=a|r=(a,c)e R(O,T)
Definition 15: Evolution rule applicable over a multiset of objects. Let an evolution rule be r € R (O, T) and a
multiset of objects m € M (O), it is said that an evolution rule is applicable over a objects multiset if and only if:
Ar(m) < input(r) C m

Definition 16: Set of evolution rules applicable to a multiset of objects. Let a set of evolution rules be
R € P(R (O, T)) and a multiset of objects m € M (O). The set of evolution rules applicable to a multiset of
objects is defined as:
A*: P(R(O,T))x M(O) > P(R(O,T))
(R,m) = A, (m)={r e R|A,(m)=true}
Property 1. Maximal applicability benchmark of evolution rule over a multiset of objects. Let an evolution rule be

r € R (O, T) and a multiset of objects m € M (O). The maximal applicability benchmark of a rule in a multiset
is defined as:

Al ]:R(0,T)xM(0) >N

.\m—|0 Vo € Supp(m) A |input(r)| #0
|input(r) |, ’

Property 2: Minimal applicability benchmark of evolution rule over a multiset of objects and a set of evolution
rules. Let an evolution rule be r € R (O, T), a multiset of objects m € M (O) and a set of evolution rules

R € P(R (O, T)). The minimal applicability benchmark is defined as the function:
Al ]:R(O, T)xM(0)x P(R(O, T)) >N

(r,m,R)—> Ar[mJ = Ar{m - (m N Zinput(m) . Ar,»’_m—g—}

VrieR—{r}

(r,m) = A{m]|= min{

Property 3: An evolution rule r € R (O, T) is applicable to a multiset of objects m € M (O) if and only if the
maximal applicability benchmark is greater or equal to 1.

Afm) e AMm]>1
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Property 4: The maximal applicability benchmark of a rule r € R (O, T) over an object multiset m € M (O) is
greater than or equal to the maximal applicability benchmark of the rule in a subset of the object multiset.

Admil= Alm2) Vmi, m2e M(O) |m2cml

Property 5: If the maximal applicability benchmark of a rule r € R (O, T) over a multiset of objects m € M (O)
is 0, then the maximal applicability benchmark of the rule r over the sum of input (r) and m is equal to the
maximal applicability benchmark of the input (r) and equal to 1.

Alml=0= A,!_input(r) + m_| = A,!_input(r)—‘ =1

Multisets of Evolution Rules

Definition 17: Multiset of evolution rules. Let a finite and not empty set of evolution rules be R (O, T) and the set
of natural numbers N, a multiset of evolution rules is defined as the mapping:

Mkreo,1): R(O,T) > N
r—n

All definitions related to multisets of objects can be extended to multisets of rules.

Definition 18: Linearization of evolution multiset of rules. Let a multiset of evolution rules be

mg =1 - 1, - ... - 1,9 € Mo, 1 linearization of my is defined as:

q
D r-k eR(0,T)

i=1

Requirements of Application of Evolution Rules over Multiset of objects

Application of evolution rules in each membrane of P Systems involves subtracting objects from the objects
multiset by using rules antecedents. Rules used are chosen in a non-deterministic manner. The process ends
when no rule is applicable. In short, rules application to a multiset of object in a membrane is a process of
information transformation with input, output and conditions for making the transformation.

Given an object set O = {0y, 0, ..., 0.} Where m > 0, the input to the transformation process is composed of a
multiset @ € M (O)and R € R (O, T), where:

— M, ny ., . nltm
a)—ol 02 e * 0

m

R = {rl, Tyy ooy rq}being qg>0

In fact, the transformation only needs rules antecedents because this is the part that acts on w. Let these
antecedents be:

input(rl)zol”{ RO Lol Vi={1,2,...q}

m

The output of the transformation process will be a objects multiset of w " € M (O) together with the multiset of
evolution rules applied wr € Mg(o, 1.

! n'l . n‘Z . . n'm
w'=0""0"..-0
— ko Lk . kq
Oy =K' 1T,

Conditions for making the transformation are defined according to the following requirements:
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Requirement 1: The transformation process is described through the following system of equations:
no=n -k +n -k, +. +n -k, +n,

n,=ny -k +n; -k, Jn..+11§-lcq+11'2

— ! 2 q '
n,=n, -k +n, -k,+.+n, -k +n,

m

That is:

an:"-kj+n;=nl. Vi={1,2,...,m}

q
J=1

or
Zq:input(ri)- ki +0'=w
i=1

The number of equations in the system is the cardinal of the set O. The number of unknowns in the system is the
sum of the cardinals of the set O and the number of rules of R. Thus, the solutions are in this form:

(n;’n'za- n k],kz,...,kq)eN’”“i

Meeting the following restrictions:
0< nl <n, Vi= {1, 2, m}

Moreover, taking into account the maximal and minimal applicability benchmarks of each rule, the solution must
satisfy the following system of inequalities:

A lo]<k <A, o] vi={12..q}

Requirement 2: No rule of the set R can be applied over the multiset of objects w’, that is:
A, (@)= false VreR

Having established the above requirements, the system of equations may be incompatible (no rule can be
applied) determinate compatible (there is a single multiset of rules as the solution to the problem) or
indeterminate compatible (there are many solutions). In the last case, the rule application algorithm must provide
a solution that is randomly selected from all possible solutions in order to guarantee non-determinism inherent to
P systems.

Fast Linear Algorithm for Active Rules Application in Transition P Systems

This section describes the fast linear algorithm for active rules application to a multiset of objects whose
execution time depends on the number of rules. The initial input is a set of active evolution rules for the
corresponding membrane -the rules are applicable and useful- and the initial membrane multiset of objects. The
final results are the complete multiset of applied evolution rules and the obtained multiset of objects after rules
application.

The algorithm is based on the one by one elimination of rules: when a rule has been applied to its maximal
applicability benchmark, this rule lets be active, and therefore it is eliminated. The algorithm finishes when all
rules have been eliminated. The algorithm is made up of two phases:

1. At the first phase all rules belonging to the set of active rules -except one- are applied a random number
of times between 0 and its maximal applicability benchmark. In this way, each active rule has a
possibility of being applied.
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2. Inthe second phase, all the rules -beginning by the one excluded of the previous phase- are applied to
its maximal applicability benchmark. Consequently, there it is not left any rule applicable, and the
algorithm finishes generating like result the multiset of rules applied and the final multiset of objects.

In order to facilitate the explanation of the algorithm, the set of initially active rules is represented like an ordered
sequence R and an auxiliary structure called Active. The position of any rule r; in the sequence is i. Active[i]
indicates if the rule r; continues active. The rule excluded in first stage is the one that is in the last position of the
sequence (it can be any rule of the set of active rules). The pseudocode of the algorithm is as follows:

(D) o'<«—w
( 2 W <— Dwr)
(3) FORi=1T0|R| -1DO // Phase 1

( 4) BEGIN

( 5 Max < AR[i]{a)r‘

( 6) IF (Max#0) THEN
(7 BEGIN

( 8 K <« random(0, Max)
(9 o o+ {R[i] 5|
(10) o' < a'—input(R[i])- K
(11) Active[i]=(K < Max)
(12) END

(13) ELSE Activel[i]= false
(14) END

(15)

(16)  Active[|R[]] =true
(17) FOR i = |R| DOWNTO 1 DO // Phase 2

(18) IF (Active[i]) THEN

(19) BEGIN

(20) Max <« AR[[‘](&)F‘

1) @ <— 0+ R[] Mex |

(22) @' <@ —input(R[i])- Max
(23) END

As it has been previously indicated, the algorithm is made up of two phases. In first stage is offered the possibility
to all the rules -except one- to be applied between 0 and their maximum applicability benchmark. In addition is
determined if a rule lets be active. Rules can let be active in this stage due to two possible reasons: a) the rule
has been applied to its maximum applicability, or b) other preceding rules have consumed the necessary objects
so that the rule can be applied.

The second phase begins supposing like active the last rule (observe that this is not necessarily certain). Next,
beginning by the one excluded of the first phase, all the supposedly active rules are applied to its maximum
applicability. After this step all the rules let be active, and the application algorithm finished their execution. As it
can be seen, the algorithm executes a finite and well-known number of operations, which only depends on the
initial number of active rules.

In the next sections we are going to demonstrate the correctness of the exposed algorithm, as well as the
efficiency analysis.



42 Algorithmic and Mathematical Foundations of the Artificial Intelligence

Algorithm Correctness

The presented algorithm is correct because:

Lemma 1: The algorithm is finite.

Proof: The first two lines are basic operations. The first loop -from line (3) to (14)- is exactly executed | R | - 1
times, and its body only contains simple operations. The second loop -from line (16) to (23)- is exactly executed
| R | times, and also its body only contains simple operations.

Lemma 2: No evolution rule is applicable to w’.

Proof: The sequence R initially contains all rules applicable to w’. Owing to property 3 we know that a rule with a
maximal applicability benchmark equal to zero is not applicable. After the execution of the second phase of the
algorithm, the maximal applicability of all the rules is zero. Therefore, at the end of the algorithm execution, it is
not left any rule applicable to w’.

Lemma 3: Any result generated is a possible solution.

Proof: The multiset of rules applied wy is obtained by the multiple applications of the active rules in both phases.
In addition, since in the second phase each active rule is applied to its maximal applicability benchmark, after the
execution of the algorithm no rule is applicable over w’ (requirement 2), and the result generated is a possible
solution.

Lemma 4: Any solution possible is generated by the algorithm

Proof: Phase 1 of the algorithm -from line (3) to (14)- guarantees that any possible solution can be generated. It
is enough whereupon the appropriate number is generated in line 8, when the number of applications of a rule is
determined. In the second phase it would be only needed to apply the last rule the appropriate number of times.

Lemma 5: The algorithm is not determinist

Proof: This occurs when a rule is not the last one in the set, it is applied a randomly determined number of times
(sentence 8) between zero and its maximal applicability value.

Efficiency Analysis

Examining the algorithm it is possible to observe that in the two phases, the heaviest operations are those for
calculating the maximal applicability benchmark (sentences 5 and 20), the scalar product of the input of a rule by
a whole number and the difference of two multisets (sentences 10 and 22). These operations are made in both
phases in the worse case. All these operations are linearly dependant on the cardinal of the multiset support .

#operations _per _iteration =3-Supp(®)

Moreover, the worst case of the fast linear algorithm occurs when sentences 6 and 11 are evaluated always
affirmatively, or what is the same, when no rule becomes inactive after the execution of first stage. In this case,
there is no improvement in the behavior of the algorithm and the number of iterations executed is:

#iterations=(|R |-1)+|R|[=2+|R|-1
Therefore, the number of operations executed at worst case by the algorithm is:
#operations =(2-|R|-1)-3-Supp(w)

So the execution time of the algorithm at worst is linear dependant of the number of rules.
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Comparison Tests

The experimental tests have compared the execution time of the Fast Linear algorithm (FLA) with the one that
was fastest until now, that is Active Rules Elimination (ARE) algorithm [Tejedor, 2007]. The experimental trial
game used to test both algorithms has taken into account 3 parameters:

1. Number of objects of the multiset. In comparative the value of this parameter is 16
2. Number of rules (g). The value of ¢ has taken all the values from the set {1, 2, 4, 8, 16, 32, 64, 128}

3. Relationship between the cardinal of the multiset and the cardinal of the sum of inputs of the active rules
set (r). The value of » has taken all the values from the set {1, 10, 102, 103, 104, 105, 108, 107}

7000 1600
t .. t 4 i " — |
5000 ot pa— p 1400 ‘\‘ﬂ_{‘_mf‘-“:—"”‘ =
—10 r k J q
000 —— 100 1200
S - ——128 (ARE)
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Figure 1.- Evolution of the execution times difference Figure 2.- Execution time of ARE and FLA

Figure 1 shows a graphic with the evolution of the execution times difference obtained in the tests between the
REA and the FLA. Each curve of the graphic represents the difference of execution time of the ARE algorithm
with regards to the execution time of FLA algorithm for each of the values of the relationship of the cardinals (7).
In this graphic you can see that FLA algorithm is always better than ARE algorithm independently of the number
of rules and the relationship between cardinals.

In Figure 2 it can be observed that the execution time grows modestly -with both algorithms- with the value of r.
The parameter that influences more in the results is the number of rules (g). The obtained results are logical
considering that the complexity of the ARE algorithm is order of square of g, and the complexity of the FLA is ¢
linear.

Conclusions

This paper introduces a new algorithm for active rules application to a multiset of objects based on rules
elimination in transition P systems. This algorithm attains a certain degree of parallelism, as a rule can be applied
a great number of times in a single step. The number of operations executed by the algorithm is time delimited,
because it only depends on the number of rules of the membrane. The number of rules of the membrane is well
known static information studying the P system, thus allowing determining beforehand the algorithm execution
time. This information is essential to calculate the number of membranes that have to be located in each
processor in distributed implementation architectures of P systems to achieve optimal times with minimal
resources.

We think that the presented algorithm can represent an important contribution in particular for the problem of the
application of rules in membranes, because it presents high productivity and it allows estimate the necessary time
to execute an evolution step. Additionally, this last one allows making important decisions related to the
implementation of P systems, like the related ones to the software architecture.
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EVALUATION OF PARETO/D/1/K QUEUE BY SIMULATION

Seferin Mirtchev, Rossitza Goleva

Abstract: The finding that Pareto distributions are adequate to model Internet packet interarrival times has
motivated the proposal of methods fo evaluate steady-state performance measures of Pareto/D/1/k queues.
Some limited analytical derivation for queue models has been proposed in the literature, but their solutions are
often of a great mathematical challenge. To overcome such limitations, simulation tools that can deal with general
queueing system must be developed. Despite certain limitations, simulation algorithms provide a mechanism to
obtain insight and good numerical approximation to parameters of queues. In this work, we give an overview of
some of these methods and compare them with our simulation approach, which are suited to solve queues with
Generalized-Pareto interarrival time distributions. The paper discusses the properties and use of the Pareto
distribution. We propose a real time trace simulation model for estimating the steady-state probability showing the
tail-raising effect, loss probability, delay of the Pareto/D/1/k queue and make a comparison with M/D/1/k. The
background on Internet traffic will help to do the evaluation correctly. This model can be used to study the long-
tailed queueing systems. We close the paper with some general comments and offer thoughts about future work.

Keywords: Pareto distribution, delay system, queueing analyses, simulation model, peak traffic modelling;
ACM Classification Keywords: G.3 Probability and statistics: queueing theory, 1.6.5 Model development

Conference: The paper is selected from Sixth International Conference on Information Research and Applications —
i.Tech 2008, Varna, Bulgaria, June-July 2008

Introduction

Managed IP networks have become a dominant factor in bringing information to users on a worldwide basis. Until
recently, IP networks supported only a best effort service. This limitation has not been a problem for traditional
Internet applications like web and email, but it does not satisfy the needs of many new applications like audio and
video streaming, which demand high data throughput capacity (bandwidth) and have low-latency requirements.
Thus, it is becoming increasingly important to provide Quality of Service (QoS) in managed IP networks.

As pointed out by several authors who have been collecting traffic data from the Internet, there is no a queueing
theory method for queue analyses when one is given a set of packet interarrival times. Obviously, one could fit
the resulting data to a distribution and then use a queueing model if it exists. There are some papers concerning
batch arrivals like [Khadjiivanov, 1993]. Traffic growth and its influence to the congestion management is
demonstrated in [Tsankov, 2007]. Internet traffic can be described as having one or more of the following related
characteristics [Cao, 2004, Salvador, 2004]: Self-similar (or fractal) traffic traces; Long-range dependence;
Burstiness on multiple scales; Long- or heavy-tailed packet interarrival times or service requirements.

There has been a substantial amount of literature on analyzing and characterizing the traffic appearing on the
Internet. The Internet traffic data are well known to possess extreme variability and bursty structure in a wide
range of time scales. This characteristic is not found on the Poisson process. The properties can be characterized
by self-similar process. The large variation pertaining to the self-similar nature of data traffic causes congestion
problems in the data network. The arrival process with Pareto distributed interarrival time is a popular model of
self-similar processes.

The queue performance of Pareto/M/1/k was studied by simulations in [Koh, 2003]. They are investigated the
queue behaviour with Pareto interarrival distribution. By numerical analysis and simulations, they have been
analyzed the asymptotic and the exact loss probabilities of GI/M/1/k to show the big discrepancy between the
asymptotic and the actual loss probability and propose a model for the loss probability of Pareto/M/1/k as a
function of the buffer size and the geometric parameter.
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The Pareto distribution is a model for nonnegative data with a power law probability tail. A natural upper bound
truncates the probability tail in many practical applications. An estimators are derived for the truncated Pareto
distribution in [Inmaculada, 2006]. They investigate distribution properties and illustrate its applicability in practice.

The simulation of systems using heavy-tailed distributions presents difficulties and needs efficient methods to
study. In [Argibay, 2003] there is a trial to go into insight nature of simulation difficulties of M/G/n queues with G
heavy-tailed distribution. They have proposed and developed a method to speed up simulations and used M/G/1
systems as workbenches since they have some analytical results to check the results.

Stochastic simulation has become a well established paradigm used in performance evaluation of various
complex dynamic systems. In [Eickhoff, 2006] a method for estimating time evolution of several quantiles within
some time interval is described. It is based on independent replications and its capability is demonstrated by
simulating processes with different kinds of stationary, non-stationary or transient behaviour.

The concept of self-similarity (or fractal behaviour) is the best understood by looking at [Fernandes, 2003]. The
use of synthetic self-similar traffic in computer networks simulation is of vital importance for the capturing and
reproducing of actual Internet data traffic behaviour. Fernandes uses a technique for self-similar traffic generation
that is achieved by aggregating On/Off sources where the active (On) and idle (Off) periods exhibit heavy tailed
distributions. This work analyzes the balance between accuracy and computational efficiency in generating self-
similar traffic and presents important results that can be useful to parameterize existing heavy tailed distributions
such as Pareto, Weibull and Lognormal in a simulation analysis.

The Pareto distribution is a special heavy tailed distribution called a power-tailed distribution. It is found to serve
as adequate model for many situations. Gross and al. [Gross, 2003] investigated many difficulties in simulating
queues with Pareto service. They considered truncated Pareto service.

A method for studying Pareto queues is presented in [Fischer, 1999]. The paper discusses the properties and use
of the Pareto distribution. The method is used to study the Pareto/M/1 queue and look at the M/Pareto/1 queue.
The first could be used to model arrivals of packets at a packet switched network, and the second, the time to
transmit files through such a network.

The Pareto distribution has various forms. A one and two-parameter form is considered in [Fischer, 2005]. The
two Pareto forms are studied in detail. It is shown that the usage of the two-parameter Pareto results in lower
congestion than the comparable one-parameter Pareto.

Some limited analytical derivation for queueing models whit Pareto distribution is proposed in the literature, but
their solutions are often of a great mathematical challenge. To overcome such limitations, simulation tools that
can deal with general queueing systems have to be developed. Despite certain limitations, simulation algorithms
provide a mechanism to obtain insight and good numerical approximation to parameters of networks of queues.

This paper presents a stochastic simulation method for studying Pareto queues. The paper discusses the proper-
ties and use of the Pareto distribution. We make the comparison between Pareto/D/1/K and M/D/1/K and propose
a real time trace simulation model for estimating the steady-state probability showing the tail-raising effect, the
loss probability and delay. The background on Internet traffic will help to do the evaluation correctly. This model
can be used to study the long-tailed queueing systems.

Generalised Pareto distribution

The most common choice for telecommunication network design is based on the exponential assumption. Usual
choice is the Poisson arrival of the calls or sessions and exponential holding times. However, networks and
applications of today generate a traffic that is bursty over a wide range of time scales. A number of empirical
studies have shown that the network traffic is self-similar or fractal in nature.

The Pareto distribution, named after the Italian economist Vilfredo Pareto, is a power law probability distribution
that coincides with social, scientific, geophysical, actuarial, and many other types of observable phenomena.
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The family of Generalized Pareto Distributions (GPD) has three parameters: the location parameter z, the scale
parameter oand the shape parameter &,

The cumulative distribution function of the GPD is:

_ _1
Flx)=l—(1+SE =) Je (1)
o
We choose these substitutions
& o
==; A= ; =0 . (2)
770 o 0_2 _ é: /u
Therefore, we receive another form of the generalized-Pareto distribution:
| 1+4
F(t)=1—(1+77(,t)( %) (3)
The mean value of the generalized-Pareto distribution is:
m, =14 )

The mean value is the average interarrival time for our study. The parameter A is the call arrival intensity.
The variance of the Generalized Pareto Distribution is:

= A g<p <a ©)
A(A-n,)
It follows that the probability density function of the GPD is:
[ 244
f(@ =@, + AU +1,1) (>72) (6)

It is convenient to define the mean value and variance of the arrival stream. We can easy calculate the parameter
1, (the ratio of the shape and scale parameter):

2
& ”{’m} 4

Random number generation

Many programming languages do not yet recognize the Pareto distribution. In the field of telecommunications, the
Pareto distribution is widely used to estimate the interarrival and service times.
One can easily generate a random sample from Pareto distribution by using inverse distribution function. Given a

random variable U with uniform distribution on the unit interval (0;1), the random variable x is Pareto-distributed.
U

_U_’ﬁ—l
n,

Uniformly distributed pseudo-random numbers in the space (0,1] are usually referred to as random numbers,
whereas random numbers following any other distribution are referred to as random variates or stochastic
variates.

X

(8)

Pareto/D/1/k Simulation Model Description

Recall that in standard queueing notation, A/B/C, “A” represents the arrival distribution, “B” the service
distribution, and “C” the number of servers. “M” means “memoryless”, which in this context implies Poisson
distribution for arrival rates and exponential distribution for service times. Our simulation model is used to study
the Pareto/D/1/k queue. It could be used to model arrivals of packets at a packet switched network.
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Let us consider a single server queue Pareto/D/1/k with a Pareto input stream, which is defined by arrival
intensity A, variance of the interarival time d,, constant service time 7 and limited waiting room k. This queueing
system with peak input stream and constant service time is a non-Markovian model (Figure 1). It is assumed that
customers are served in FCFS order.

Simulations are the main tools for studying the performance of telecommunication networks and we will analyse
Pareto/D/1/k queue using simulation.

Input stream I |
Queue Server |
Ardi | | Ao
>k 3|2 1~—>@—}—>
A=At | :
|
e e e e ]

Figure 1. Pareto input stream model with constant service time and finite waiting positions.

The arrival process in Pareto/D/1/k queue is considered to be a renewal process. G/D/1/k queues, where G
means a heavy-tailed distribution of interarrival time, are used to model queue systems where a range of values
of the interarrival time, whose probability is very low, have a drastic impact on the overall performance of the
system. The Pareto distribution is one of these heavy-tailed distributions and it is proposed to describe peak
streams in the packet switched networks. The accurate analytical treatment of Pareto/D/1/k systems is very
difficult and in many cases it cannot be applied. Simulation is a possible method to study. Simulations with heavy-
tailed random variables present some additional difficulties. A care must be taken during analyses of the results
of these simulations. It is necessary to have accurate and efficient simulation methods. The efficacy is important
because we need to generate big quantities of data for our simulation study and be accurate enough. The data
accuracy can be estimated by means of comparisons with known results from simpler systems with analytical
solution. One of these simpler queue systems that is studied analytically is the M/D/1/k queue. This queue is used
as a workbench for more efficient simulation methods, able to deal with the heavy-tail difficulties.

We develop a real time trace simulation algorithm for evaluating the state probabilities of the queueing system,
the call congestion probability and the mean time in the queue. We use batch mean method for output results
analysis and choose a confidence probability 95%. We define 20 batches and generate 20000 calls in every
batch. We introduce an initial bias to eliminate the influence of the transient behaviour and time intervals between
batches to received independent estimates of the call congestion probability and the mean queueing time. We
describe the accuracy of the estimates by means of a confidence interval, which with a given probability (95%)
specifies how the estimate is placed relatively to the unknown theoretical value, using the Student’s t-distribution
with 19 degrees of freedom. This organization of our algorithm leads to good accuracy from a practical point of
view. The relative errors of the presented results are less than 10%.

Random errors are caused by the stochastic variations of the simulation. They appear because every simulation
is similar to a statistical experiment. The next source of error is the bias of the estimator itself, being often called
the systematic error. This kind of error usually appears if assumptions about the analyzed data are true only
approximately or asymptotically. If both the variance and the bias tend to zero for large number of observations
the estimator is called consistent.
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Pareto/D/1/k System Performance Measures

In this section, we present some of the parameters used in our analysis and the results of the simulation runs. We
will illustrate these parameters by running a different scenario.

OFFERED TRAFFIC
The offered traffic A is calculated by means of the average arrival rate and the constant service time

A=At . 9)
BLOCKING PROBABILITY

The call congestion probability B is defined and evaluated by the simulation program as the ratio of lost and
arrival calls. It can be calculated by offered and carried traffic

B=(4-4,))/4 . (10)

MEAN QUEUEING TIME

The real time simulation gives as possibility to calculate the queueing time for every arrival call and it is easy to
obtain the mean queueing time.

Simulation Results

In this section, we give numerical results obtained by a Pascal program on a personal computer. The described
models are tested on a computer over a wide range of arguments.

Figure 2 illustrates the stationary probability distribution in a single server queue Pareto/D/1/k (P/D/1/k on the
Figures below) with a Pareto input stream, 0.85 erl offered traffic, 30 waiting positions and different variance of
the interarrival time. It is seen that when the variance increases the probability that the queue is full increases
significantly.

Figure 3 presents the call congestion probability in a single delay system with 30 waiting positions, different
offered traffic and different variance of the interarrival time. When the offered traffic is comparatively small
(0.8 erl) the influence of the variance of the call congestion probability is great.

Figure 4 shows the queueing time as function of the offered traffic when the number of queueing positions is 30,
the service time is 1 second and different variance of the interarrival time.

It is shown that the influence of the variance of the input stream over the performance measures is significant.
The heavy-tailed condition decisively contributes to raise the congestion and waiting time.

The computer simulation of Pareto/D/1/k queues presents important difficulties due to the slow decaying tail of
the Pareto distribution. This makes extremely high values, with great influence on the statistical figures of the
system. The probabilities are so low that in case we want to simulate the physical underlying processes,
generating demanded times and time arrivals, the cost in time will probably be prohibitive if we want accurate
results. This forces to use all our knowledge of the statistics of the system inner processes, so the simulation can
noticeably speed up.

Conclusion

We have presented a simulation method for evaluating the Pareto/D/1/k queueing systems. We have
demonstrated its use by presenting numerical results. These results have shown that the Pareto distribution
change significantly the queue behaviour. In the case of Pareto/D/1/k, congestion occurred even when the load is
sufficiently small. But for that queue, the long-tailed nature of the Pareto helps to clear out congestion when a
large interarrival time occurred. Our model can be applied for all Pareto/D/1/k systems independently of the value
of the parameters.
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Figure 2. Stationary probability distribution of the Pareto/D/1/k when the offered traffic is A = 0.85 e,
the number of the waiting rooms k = 30 and different peakedness of the input stream

1E+0 3
R
R L B S T g
2 E
:—g 1E-3§ -----------------------------------
o E
2 ]
[oF)
g B4 geerrcccmenne ot
2 3 '
z ] ' | —a—P/D/1/k, di=2
8 f :
=BG et i|T®PDIk =10
o )
1E-7 é _________________________ 5 +M/D/1/k
Es+—® 4+ 4
0.7 0.8 0.9 1 1.1 1.2
Offered traffic A, erl

Figure 3. Call congestion probability in a single delay system with a Pareto input stream
and constant service time
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Figure 4. Mean system time in seconds in a single delay system with a Pareto input stream
and constant service time

In this paper, a generalised Pareto distribution is introduced and explained. A basic simulation model for a
queueing system Pareto/D/1/k is examined in detail. The developed simulation model provides a unified
framework to model peak input traffic. Numerical results and subsequent experience have shown that this model
is accurate and useful in analyses of teletraffic systems.

The importance of a single server queue in a case of a Pareto input stream and constant service time comes from
its ability to describe behaviour that is to be found in more complex real queueing systems. It is one of the cases
in a general teletraffic system that is important in telecommunication systems design.

In conclusion, we believe that the presented simulation model will be useful in practice.

Our model permits us to look at the queueing behaviour. We saw that as the load increases, the long-tailed
nature of the queue brings to big losses and delay. Comparisons with Poisson arrivals showed that the simple
Markovian models seriously underestimate the performance of such systems. In a sense, our results help solidify
those statements being made by other authors.

The simulation method we have presented could certainly be used to study congestion in the Next Generation
Networks. Our method generates a complete probabilistic analysis of the queues we study. The method is quick
and its accuracy can be easy evaluated. We have used the method with the Pareto only, but are investigating its
use with other distributions.

We feel that our simulation method has excellent promise to analyze the type of congestion problems and delays
seen on the Internet. Thus, we are continuing our research using the simulation method for a larger class of
queueing systems.
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PRIMARY AND SECONDARY EMPIRICAL VALUES IN NETWORK REDIMENSIONING

Emiliya Saranova

Abstract: A model of an overall telecommunication network with virtual circuits switching, in stationary state, with
Bernoulli-Poisson-Pascal (BPP) input flow, repeated calls, limited number of homogeneous terminals and 8 types
of losses is considered. One of the main problems of network redimensioning is estimation of the traffic offered in
the network because it reflects on finding of necessary number of equivalent switching lines on the basis of the
consideration of detailed users behavior and target Quality of Service (QoS).

The aim of this paper is to find a new solution of Network Redimensioning Task (NRDT) [4], taking into account
the inconvenience of necessary measurements, not considered in the previous research [5].

The results are applicable for redimensioning of every (virtual) circuit switching telecommunication system, both
for wireline and wireless systems (GSM, PSTN, ISDN and BISDN). For packet - switching networks proposed
approach may be used as a comparison basis and when they work in circuit switching mode (e.g. VolIP).

Keywords: Overall Network Traffic, Offered Traffic, Virtual Circuits Switching.

ACM Classification Keywords: C.2.1 Network Architecture and Design; C.2.3 Network Operations;
C.4 Performance of Systems.

Introduction

The task of Teletraffic engineering, often considered in real telecommunication system, is to find dependencies
between three basic quantities: traffic demand, quality of services (QoS) and technical parameters of the
servicing system [6]. An estimation of some teletraffic parameters ( offered traffic intensity, incoming rate of the
first call attempts, etc.) in the network is one of the main problems of network redimensioning [2]. Network
redimensioning [3] is necessary for medium term traffic management in an advance determined level. Based on
the ITU definitions 4.1, 4.2, 2.8 and 2.11 in [1], of QoS parameters, we use the following two parameters,
dependable from the network macro-state (Yab - traffic of all network terminals): probability Pbs (blocked
switching) due to lack of resources, and probability Pbr of finding B-terminals busy. We denote the target value of
blocked switching by trg.Pbs.

In this paper we consider detailed conceptual and its corresponded analytical traffic model [4] of
telecommunication system with channel switching, in stationary state, with generalized BPP input flow, repeated
calls, limited number of homogeneous terminals and losses due to abandoned and interrupted dialing, blocked
and interrupted switching, not available intent terminal, blocked and abandoned ringing and abandoned
conversation.

A system of equations based on the conceptual model and some dependencies between parameters of the
researched telecommunication system, is derived. An analytical solution of a network redimensioning task
(NRDT) and the necessary conditions for it are researched.

The results are useful for finding of suitable method for estimation of the necessary number of equivalent internal
switching lines (Ns) in dimensioning and redimensioning tasks.

Conceptual model and analytical models

The conceptual model (shown on Fig. 1) [4] of the telecommunication system includes the paths of the calls,
generated from (and occupying) the A-terminals in the proposed network traffic model and its environment.

The names of the devices are constructed according to their position in the model.
2.1. The comprising virtual devices
The following important comprising virtual devices are shown on Fig.1:
a = comprises all the A-terminals (calling) in the system (shown with continuous line box).
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b = comprises all the B-terminals (called) in the system (box with dashed line).
ab = comprises all the terminals (calling and called) in the system (not shown on Fig.1);

S = virtual device corresponding to the switching system. It is shown with dashed line box into the a - device.
Ns stand for the capacity (number of equivalent internal switching lines) of the switching system.

dem.Fa
( Fo (Nab+M Yab)
orledJ-o—o-cd I 1 cs J+ feoms -~ er J-o—{cc
inc.Fa 33 T 1
a\adHid\ [bs|lis |[ns] [br] |[ar] lac] |
===
I.cl.“_ o] | T O*r ] m— SFb - T 0]
§ [rad][rid] [rbs][ris |[rns] [rbr] [rar] [rac][rcc]
e 1 1 1 1 1 1 3 ]
STAGE: dialling; switching; ringing; communication.
BRANCH EXIT: BRANCH: (Generator: JFb]
I = repeated; e = enter ™ Terminator: e
t = terminated a = abandoned; Modifier; i o @
= not considered. b = plocked; JServer; ! b
i = interrupted; (JEnter Switch; i
N = not available; _ © Switch; L":*| *****
C = carried. 9ro] Graphic Connector.

Virtual Device Name = <BRANCH EXIT><BRANCH><STAGE>

Fig. 1. Normalized conceptual model of the telecommunication system and its environment
and the paths of the calls, occupying A-terminals ( a - device), switching system (s - device)

and B-terminals ( b - device); base virtual device types, with their names and graphic notation.

2.2. Stages and branches in the conceptual model:
Considered service stages: dialing, switching, ringing and communication.

Every service stage has branches: enter, abandoned, blocked, interrupted, not available, carried
(correspondingly to the modeled possible cases of ends of the calls' service in the branch considered).

Every branch has two exits: repeated, terminated (which show what happens with the calls after they leave the
telecommunication system). Users may make a new bid (repeated call), or to stop attempts (terminated call).

2.3. Parameters and its notations in the conceptual model:

F = the calling rate (frequency) of the bids’ flow [calls/sec.], P = probability for directing the calls of the external
flow to the device considered, T = mean service time, in the device [sec.], Y = intensity of the device traffic [Erl],
N = number of service places (lines, servers) in the virtual device (capacity of the device). In the normalized
models [4], used in this paper, every base virtual device, except the switch, has no more than one entrance
and/or one exit. Switches have one entrance and two exits. For characterizing the calling rate of the flow, we are
using the following notation: inc.F for incoming flow, dem.F, ofr.F and rep.F for demand, offered and repeated
flows respectively [4]. The same characterization is used for traffic intensity ().

Fo is the demand calling rate of first call attempts of one idle terminal; inc.Fa = Fa is calling rate of incoming flow;
dem.Fa is the calling rate of all demand calls, M is modifier of incoming flow.

For creating a simple analytical model, a system of fourteen assumptions is made [4].

Analytical model

Some general equations

For the proposed conceptual model we have derived the following system of equations [4]:

Yab = Fal[S, - S,(1—-Pbs) Pbr— S, Pbs] 3.1)
Fa=dem.Fa+rep.Fa 3.2
dem.Fa = Fo (Nab + M Yab) (3.3)
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rep.Fa=Fa[R + R, Pbr (1-Pbs)+ R, Pbs] (3.4)
Pby = % in caseof 1<Yab< Nab,

0 incaseof 0 <Yab<l. (3:5)
Is=S,,-S,, Pbr (3.6)
ofr.Fs=Fa (1- Pad)(1- Pid) (3.7)
ofr.Ys=ofr.Fs Ts (3.8)

(ofrYs)™
!
Erl _b(Ns,ofrYs) = % (3.9)
2
j=0 J-
crr.Ys =(1— Pbs) ofr.Ys (3.10)
The following notations are used:
S, =Ted + Pad Tad + (1 — Pad)[ Pid Tid + (1 — Pid)[Tcd + PisTis +
(1— Pis)[PnsTns + (1 — Pns)[Tcs + 2Th]]]] 3.11)
S, =(1—=Pad)(1 - Pid)(1 - Pis)(1 - Pns)[2Th — Tbr] (3.12)
S, = (- Pad)(1—- Pid)[PisTis — Tbs + (1 — Pis)[Pns Tns + (1 — Pns)[Tcs + 2 Th]]] (3.13)
S,. = PisTis + (1 - Pis)[PnsTns+ (1 — Pns)(Tb + Tcs)] (3.14)
S,. =(—Pis)(1—Pns)(Tb—Tbr) (3.15)
R, =Pad Prad +(1— Pad)(Pid Prid + (1— Pid)[ Pis Pris +
(1- Pis)(Pns Prns +(1— Pns))0]) (3.16)
R, =(1- Pad)(1—- Pid)(1 - Pis)(1— Pns)(Prbr — Q) (3.17)
R,=(-Pad)(1- Pid){Pr bs —[Pis Pris + (1 - Pis)[ Pns Prns + (1 - Pns)Q]1]} (3.18)
QO = Par Prar + (1 — Par)[ Pac Prac + (1 — Pac) Prcc] (3.19)

Right Teletraffic Tasks Parameters

Full parameters' set

In the conceptual model presented, we have 31 base and 4 (a, b, ab and s) comprising virtual devices. Since
every device has 5 parameters (P, F, T, Y, N), the total sum of parameters in our model is 175.

Base parameters' set

There are many obvious dependencies in a system tuple [4], corresponding to the Full Parameters' Set of the
Conceptual Model. For example, the sum of probabilities of outgoing transitions in every virtual switch devices
has value one; in stationary state Little's formula (Y = F T) is in force for every virtual device; we assume most of
devices with infinite capacity. As a result, there are sets of base parameters (sub-tuples), with the following
property: If we know the values of the base parameters, we may calculate the values of all other parameters of
the same system tuple. Several different base parameters' sets may exist. After careful analysis [4] we have
chosen a base parameters' set with 41 parameters.

Parameters' classification based on characterized entities

The 41 parameters of the chosen base parameters' set may be classified, according characterized entities, in the
five following groups, corresponding to:
1. Human Behaviour Parameters are 21: Fo, Nab, Prad, Tid, Prid, Pris, Tis, Pns, Tns, Prns, Tbs, Prbs,
Tbr, Prbr, Par, Tar, Prar, Tcr, Prac, Tcc, Prcc;

2. Technical Characteristics Parameters are 4: Pid, Pis, Tcs, Ns;
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3. Mix Factors' Parameters are 6: Ted, Pad, Tad, Tcd, Pac, Tac;
4. Modeller Chosen Values Parameter (1): M,

5. Derived Parameters from the previous four groups are 9: Yab, Fa, dem.Fa, rep.Fa, Pbs, Pbr, ofr.Fs, Ts,
ofr.Ys.

Parameters' classification based on their values' determination and its notations
We consider
1. Administratively determined values with

- Target parameters’ values: denoted by prefix frg., e.g. trg.Pbs is a target values of blocking probability
due to lack of sufficiency switching lines;

2. Parameters empirical evaluated are called
Primary:

- If empirical parameters’ values are received after direct measurements, denoted by prefix emp., e.g.
emp.crr.Ys is empirical values of carried traffic intensity.

Secondary:

- Parameters with empirical values, received from primary after calculation: For example, emp.Fo, emp. Yab,
emp.crr.Ys;

- Designed parameters and their values: denoted by dsn., e.g. dsn.ofr.Ys, dsn Ts;

- Thresholds values of parameters are received as restriction in the dependencies, denoted by thr, i.e.
thr.Fo.

Static and Dynamic Parameters' Classification
In this paper, we propose a short term classification of the chosen base parameters' set with 31 static and 10
dynamic parameters.

For the static parameters we assume that their values don't depend on the state of the system and
correspondingly on the intensity of the input flow. They may depend on other factors, e.g. the time of the day;
seasons, human temperament, Telecom Administration, Gross Domestic Product and so on, but for the observed
and modelled time interval we consider them as constants.

The 10 dynamic parameters, with mutually dependent values are: Fo Yab, Fa, dem.Fa, rep.Fa, Pbs, Pbr, ofd.Fs,
Ts, ofd.Ys.

Finding Terminal Teletraffic Parameters

Task Formulation:

We consider the overall telecommunication system conceptual model, presented in Fig. 1 and described in
Section 2. Parameters with known values are all the P (probability for call direction) and T (holding time)
parameters of the base virtual devices, plus values of the intensity of incoming calls flow (Fa) and traffic carried
(crr.Ys).

Known parameters’ values:

Parameters with empirical values:

Primary: emp.crr.Ys= crr.Ys, emp.inc.Fa=Fa, emp.Tb=Tbh (5.1)
Secondary: S, S,,S,, R, R,, R,, S,., S,.,Pad, Pid, Pbs (5.2)

Aim: Based on previous experience, to determine the incoming input flow, generated from one idle terminal and
probability of finding B — terminal busy in the real system;

Unknown parameters’ values:  emp.Fo, emp.Pbr (5.3)

We assume the values of parameters emp.Fo,S,, S,, S;, R, R,, R;, S,., S,., Pad, Pid, Pbs as mutually

1z> ~2z>

independent and having the same values before and after changing the number of switching lines.
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5.2. Analytical Solution:
Theorem 1: Empirical values of emp.Pbr fulfills the dependence:

crr.Ys
S,. Fa(l1- Pad)(1- Pid)(1- Pbs)

emp.Pbr= ?z -

2z

(5.4)

Proof: From equations (3.7), (3.8), (3.10), if ofi.Ys<S, Fa(1—Pad)(1- Pid) follows
crr.Ys=Fa(1— Pad)(1— Pid)(1— Pbs)Ts (5.5)

We receive from equations (3.9) (3.6) and (5.5), regarding emp.Pbr the expression (5.4).

Theorem 2: The follow expression regarding emp.Fo exist

Fa(1—Pbs){(1-R,— R, Pbs)S,, — R, Q}

emp.Fo = , Where
S,. (Nab+ M )(1— Pbs)+ M (Nab—-1)Q2 56)
Q =S, (1-Pbs)— crr.Ys .
Fa(l1—Pad)(1- Pid)

Proof: If S, #0 then from equations (3.2) and (3.4) follows

dem.Fa = Fa{l—R, — R,Pbs — R,(1— Pbs)emp.Pbr} (5.7)
We receive from equations (3.3) and (3.5)

dem.Fa = emp.Fo {Nab + M + M (Nab—-1) emp.Pbr} (5.8)

Based on (5.7), (5.8) and the proved dependence in Theorem 1 (5.4), we determine (5.6).

Conclusion: The evaluation of, calls flow generated from one idle terminal (emp.Fo ), is based on carried traffic
intensity crr.Ys and calling rate of the input flow Fa . These parameters are easily measurable. Others
parameters as S, S,, S,, R, R,, R, are measurable with difficulty, in principle, but they are considered as
independent of the input flow and steady approximately, i.e. as constants.

Therefore, based on previous experience and the above specifications, parameters’ evaluation with one
measurement of some primary parameter values in a short time interval is possible. It is make a network
redimensioning task solution easier.

Network Redimensioning Task

Based on previous experience, determining the volume of telecommunication resources that is sufficient to serve
a given input flow, with prescribed characteristics of QoS, is one of the main problems that often have to be
solved by network operators. It includes the following sub-tasks:

1. Redimensioning a network means to be found of number of equivalent internal switching lines necessary
to satisfy a level of QoS that has been administratively pre-determined.

2. Finding the values of the designed parameters, describing the designed system state, based on known
and target parameters’ values. For example, a system parameter, describing offered traffic intensity of the
switching system (dsn.ofr.Ys), designed probability to find B terminal “busy” (dsn.Pbr), etc...

Analytical Solution of a NRDT on Basis of Easy Measurable Empirical Values

On the basis of equation (5.6) from this paper and equations (7.2.4) and (7.2.10) from [5], the Network
redimensioning task solution, using easy measurable parameters, we obtain the following two equations:
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emp.Fo Nab (1-Pad)(1-Pid)(S,, —S,. dsn.Pbr)
1-R, — R, trg.Pbs —emp.Fo M (S, — S, trg.Pbs)
emp.Fo Nab(1— Pad)(1- Pid)(S,, — S, dsn.Pbr)

, if 0<Fo < thr.Fo

dsn.ofr.Ys=

if Fo>=thr.Fo.

and the equation trgPbs =Erl _b(Ns,dsn.ofr.Ys) . (5.9)

The expression Erl_b (Ns, dsn.ofr.Ys) is the famous Erlang B - formulae.

Itis proved in Theorem 7.4 in [5] that only one solution of Ns exists, fulfilling the equation (5.9) and corresponding
to the determined administratively in advance value of the blocking probability trg.Pbs (0; 1].

1- R, —emp.FoMS, + (emp.FoMS, — R,)(1—trg.Pbs) dsn.Pbr + (emp.FoMS, — R,) trg.Pbs

Numerical Results

Computer program on the basis of empirical values, received from the new parameters dependencies (5.6), (5.8)
and (5.9) is worked out.

Verification of the new parameters dependencies is made and the maximal absolute difference between the real
and calculated values is less than 1.561 x 10" in the whole admissible interval.

Conclusions

New dependencies between empirical values of carried traffic intensity emp.crr.Ys and calling rate emp.Fa ,
from one hand, and the demand rate of calls of one idle terminal emp.Fo , from other hand, are derived.

Based on the new dependencies, network redimensioning task is solved using easy measurable values of
empirical parameters.

The new parameters dependencies are numerical verified in the whole admissible interval.

The received results make the network dimensioning/redimensioning, based on QoS requirements easier. The
described approach is applicable for every (virtual) circuit switching telecommunication system (like GSM and
PSTN) and may help considerably for ISDN, BISDN and most of core and access networks dimensioning. For
packet switching systems, proposed approach may be used when they work in circuit switching mode.
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Abstract: An original heuristic algorithm of sequential two-block decomposition of partial Boolean functions is
researched. The key combinatorial task is considered: finding of suitable partition on the set of arguments, i. e.
such one, on which the function is separable. The search for suitable partition is essentially accelerated by
preliminary detection of its traces. Within the framework of the experimental system the efficiency of the algorithm
is evaluated, the boundaries of its practical application are determined.

Keywords: Partial Boolean Functions, Heuristic Method of Decomposition
ACM Classification Keywords: B.6. Combinational logic, switching theory, automatic synthesis, optimization.

Conference: The paper is selected from XIVt International Conference "Knowledge-Dialogue-Solution" KDS 2008, Varna,
Bulgaria, June-July 2008

Introduction

It is generally accepted to understand decomposition of a Boolean function as presenting it by a composition of
functions of smaller number of variables. This task is diversiform - enough to note, that any nontrivial logic circuit,
implementing some Boolean function of many variables, can be considered as a composition of functions
realizable by separate units. We shall consider a private but important case of the task becoming classical, as not
one hundred publications is devoted to it [1], namely sequential two-block decomposition.

In this case the problem is stated as follows. On the set of arguments x = (x4, X2, ..., X») @ Boolean function f(x) is
preset. It is necessary to replace f(x) by an equivalent composition g(h(u, w), w, v) of Boolean functions
g(h,w,v) and h(u,w) of smaller number of variables. By that the conditions x=uuwwuv and
unw=unv=wnv=_J should be fulfilled, generating a weak partition ulv on the set of arguments x. This
replacement is named as decomposition of the function f(x) at the partition u/v (f(x) is decomposable at u/v) and
can simplify a logic circuit implementing function f(x) (for example, at logical synthesis in the basis of units LUT
(look up tables)). It is meaningful under the condition (|u] > 1) & (|v| > 0), otherwise decomposition is trivial — the
circuit does not become simpler. If |w| = &, the composition is named disjunct, otherwise — non-disjunct. The task
becomes essentially complicated, if the Boolean function f (x) appears to be partial, being defined not on all
elements of the Boolean space M = {0, 1}". The decomposition of a Boolean function is a difficult combinatorial
task, which complexity fast grows with increase of the number of variables n. An original heuristic decomposition
technique is considered below, which efficiency is provided practically with acceptable compromise between
speed of finding of a solution and its reliability. The program implementation of that method is based on usage of
the set of special macro operations above long (27-component) Boolean vectors f, with which it is possible to
represent arbitrary Boolean functions f(x) of n variables.

In paper [2] was proved

The assertion 1. At equiprobable sampling of the function f (x) from the set of all Boolean functions of n variables
the probability of decomposability of this function is bounded above by the value

C2(n=2) 72"~ where y = 88/256.

This value fast tends to zero with growth of n (for example, at n = 6, 12, 18 it receives accordingly values 0,012,
10234, 10-151%3), whence follows, that decomposability of arbitrary Boolean functions of many variables is rather
improbable. Therefore, a practical sense the task of decomposition has only for such function, which, as a priory
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is known, is presented by some composition, which is required to be found. The task in this setting is considered
below.

Preparation of input data

An approach is widely spread, according to which concrete examples of input data for programs of solution of the
diversiform tasks of logical design are selected from special libraries shaped in view of some practical reasons. In
the given paper another way is offered based on generation of random examples with set values of some
parameters.

In the considered task of decomposition such parameters are: n — the number of arguments of the function f(x) =
=flx1, Xo, ..., Xn), p = |u] - (the power of set u), q = |v| and r - the degree of uncertainty of the function f{x) (more
exactly this value will be defined below).

During preparation of an example there are selected by random from the set x p variables forming the set u, and
q variables forming the set v. Remaining variables of the set x will form the set w. Then random Boolean
functions h(u, w) and g(x, w, v) are generated. These operations are simple enough and are fulfilled with usage
of generators of random evenly distributed Boolean vectors.

More composite appears the composition of functions h(u, w) and g(x, w, v), resulting in obtaining the function
f(x). At presentation of the offered below method of solving this task it is convenient to use the language of macro
operations above long 2"-component Boolean vectors f. Along with standard component-wise operations above
vectors of identical dimension (av b, a® b, efc) it contains high-performance operations above adjacent
elements of Boolean space, fuffilled in parallel in all 2"' couples of adjacent elements [3]. While we shall take
advantage from following of such operations:

f-k —assignment of value 0 to argument x, (obtaining of the function f(xx = 0)),

and also generalizing it operation f- u, at which execution the value 0 is assigned to all arguments, marked with
1 in n-component vector u.

We shall use also the operation h x u of mapping the function h(u) onto the interval of space M, corresponding to
the conjunction of inversions of the variables not marked in u. All elements of remaining intervals with the same
outer variables gain by that the value 0.

In terms of these operations the program of calculation of vector f, representing the required function f (x), looks
so:
a=hx(uw-v,

b:=gox(w,v)—u,
c=gix(w,v)—u,
f= abvac,

where the vectors go and g1 are represented with two halves of vector g, specifying coefficients of decomposition
of the function g(x, w, v) by variable x.

Let's illustrate this program on an example (fig. 1), where n = 6, and the sets u = (x1, X2), w = (x3, Xx4) and v = (xs,
Xs) are preset by appropriate Boolean vectors u = 110000, w = 001100 and v = 000011.

X1
X2

VYVVY

YVYVYY

Fig.1
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We admit, that the generated Boolean functions h(u, w) and g(x, w, v) are represented accordingly by
24-component vector h and 25-component vector g with the generally accepted order of following of components:

h=11010010 01101100,
9 =00110100 11001001 10100101 10101011.

Then the calculations are reduced to obtaining the shown below sequence of Boolean vectors. At calculation of
vectors a’=h x (u, w), b’=gox (w, v) and ¢’= g1 x (w, v) the appropriate interval of space M is found at first (it
is marked by the bold font). Then the vector of the considered function (h, go or g+) is brought into it, with saving
the order of components following.

10001000
11111111
00110100
00110100
10100101
10100101

00000000
10100101
10100101

00001000
00001111
11001001
11001001
10101011
10101011

11000000

00001011
11001011

00000000
00000000
00000000
00110100
00000000
10100101

00110100

00000000
00110100

10000000
11110000
00000000
11001001
00000000
10101011

00001001

10100000
10101001

00001000
00001111
00000000
00110100
00000000
10100101
00110000

00000101
00110101

10000000
11110000
00000000
11001001
00000000
10101011

00001001

10100000
10101001

10001000
11111111
00000000
00110100
00000000
10100101

00000000
10100101
10100101

00000000
00000000
00000000
11001001
00000000
10101011

11001001
00000000
11001001

*

%\cacu T 9 O

- o
O

After obtaining the function f{x) an uncertainty is brought into it by replacement of some of its values (0 or 1) with
the symbol of uncertainty “—". The result of this conversion is represented by one ternary vector f~ or the couple
of Boolean vectors f%and f*, in which unities mark values 0 and 1 of function f(x). For example (n = 4),

f~= 011-0001 -101-110,
f0= 10001110 00100001,
f'= 01100001 01010110.

The degree of uncertainty of the function is set by the parameter r, receiving values from set {0, 1, 2, ..., 31} and
defining probability r/32 that the arbitrary selected component of vector f~ will receive value “—".

Depositing of uncertainty in the function f(x) is carried out on the basis of results obtained in [4], which essence
can be caught from the following example. In order to receive a random Boolean vector with probability 19/32 of
appearance of unity in an arbitrary selected component, it is enough to present number 19 by its binary code
10011, then to put in correspondence to values 0 and 1 Boolean operators A and v, and, sorting out components
of the code from the right to the left, to fulfill the following sequence of operations above completely random (with
probability 0,5 of appearances of 1 in any component) independent Boolean vectors ¢1, ¢, €3, €4, Cs :

(0 v erve) AC3ACYVCs

where 0 is a vector, which all components are equal to zero.
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Method of search for a suitable partition by traces

In the basis of Boolean functions decomposition techniques the solution of the following tasks lays.

The task 1. For a given function f(x) and partition u/v to clarify, whether f(x) is decomposable at u/v, i. e. whether
there exists a composition g(h(u, w), w, v), equivalent to function f(x), and, maybe, to find functions g and h.

If such a composition exists, we shall term partition u/v suitable.

The task 2. For a given function f(x) to find a suitable partition.

The second task is more difficult. It is obvious, that the exhaustive search of all partitions with the purpose of
checking them on fitness practically is unrealizable at major n, as their number is approximated by the value 3~.
Much more efficient is the method of search of suitable partition by traces, offered in [2]. It is based on the
following definitions and assertions.

Consider two partitions u/v and u*/v*, bound with relations U’ u and v’ v. Let's speak, that the partition u*/v*
submits to partition ulv, or is its trace.

The assertion 2. If the Boolean function f(x) is decomposable at partition wulv, it is decomposable also at its
trace u*/v*.

Corollary. If the function f(x) is not decomposable at partition u*/v*, it is not decomposable also at u/v.

Suppose, that |u| = k and |v] = m. A partition with k = 2 and m = 1 we shall term as a friad. It is the simplest of
partitions, on which the nontrivial decomposition can take place.

The assertion 3. The Boolean function f(x) is not decomposable, if it is not decomposable at any of triads.

Let's start therefore the search for suitable partition u/v from the search for its traces on the set of triads, i.e. from
finding of a suitable triad.

Assume, that the search consists in random sampling from a series of q triads completing by finding a suitable
one. It is shown in [2], that practically (at n > 10) any suitable triad submits to the required partition u/v, in other
words, accessory solutions miss. At this supposition it is fair

The assertion 4. The expectation M(q) of the value q is equal to C.2(n-2) / CZ m.

Thus, the search of a suitable triad is performed rather fast. For example, the formula representing the value M(q)
can be approximated by more simple formula 32 = 27 (at k= m = n/3) and 2% = 8 (at k = m = n/2).

Having found a suitable triad, it is possible to extend sequentially sets u and v, testing different variables on
possibility of their inclusion into one of these sets (the inclusion is possible, if the extended partition remains
suitable).

Programming in macro operations

Fragments of partition u/lv. Any weak partition wu/v divides a 2"-component ternary vector f~ into 2779
parts representing coefficients of disjunctive decomposition of the function f(x) by variables of set w. Each of
these parts can be presented by an appropriate fragment — so we shall term a ternary matrix the size 2° x 29,
which rows correspond to different sets of values of variables from u, and columns — to sets of values of variables
from v.

A partition u/v appears suitable, if each its fragment is suitable. And a fragment is suitable, if the partial Boolean
function f(x) can be predetermined in such a way, that the fragment will contain no more than two values of
Boolean rows. In other words, the graph of orthogonality of rows of each fragment should be bichromatic [5]. The
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check of this condition becomes simpler for a special case of partition — a triad (a, b)/c. In this case the size of the
graph equals 4 x 2.

Checking a triad on fitness. The graph of orthogonality of rows of a triad fragment contains four nodes,
therefore, it is bichromatic, if there will be no cycle of length three in it. Consider two rows of a triad fragment
corresponding to values (a, b) = (0, 0) and (a, b) = (1, 1).

If such a cycle exists, then at least one of selected nodes will belong to it. Therefore, it is enough to test each of
these two nodes on belonging to some cycle of length three. If such belonging will not be revealed, the graph is
bichromatic and the triad is suitable. Necessary and sufficient condition of belonging of a node, i.e. the row
corresponding to it, to a cycle of length three could be formulated so: among rows orthogonal to the given one,
there are mutually orthogonal rows.

The offered way is implemented by the following algorithm, which is remarkable by that it checks on fitness
simultaneously all 272 fragments corresponding to a given triad, and by that checks fitness of the triad as a
whole. The considered partial Boolean function f(x) is set by a couple of Boolean vectors f0and f'.

In this algorithm alongside with introduced earlier operation f— k the operation f+ ks used, defined similarly: it
means assignment of value 1 to argument xx. Both operations are easily implemented in Boolean space on
couples of elements, adjacent by a variable x. The algorithm contains also the operation

Skf = (F- K)*(F+K)

of symmetrizations of a vector-function f by variable xx and Boolean operation * € {v, A, ®}. In further
presentation the generalized operation S¢*f is used, the equivalent to operation Si*f, which is fulfilled for all
variables of a subset t=(fs, b, ..., tn) < X.

Let's illustrate introduced operations by the following examples, in which u = (x2, Xs):

f = 10010010 01111000 01100001 11100011,
f-2= 10010010 10010010 01100001 01100001,
f+2= 01111000 01111000 11100011 11100011,
f—u= 11000011 11000011 11110000 11110000,
S, f=11111010 11111010 11100011 11100011,
S,®f =11101010 11101010 10000010 10000010,
S ®f =0011111100111111 11000011 11000011.

The check of a triad is performed at first on initial rows of fragments constituting together the initial coefficient f ~
of decomposition of function f(x) by variables a and b. The rows, orthogonal to the initial row, are marked with
value 1 in a computed vector g and are checked further on compatibility (non-orthogonality). With this purpose
the couple of vectors h9 and h' is evaluated. The same as initial vectors f% and f ', they are Boolean vectors with
2" components.

h0:=(f0—a) - Obtaining of initial coefficient f~
h=(f )—
S (h%f '~ hf0) Selection of rows, orthogonal to the initial one
h 0 =S2"(Sp” (fOg) Checking them on compatibility
h':=3."(Sp" (f'g)

If it appears, that hoh 1= 0, the triad admits unsuitable. Otherwise the last rows of the fragment are checked,
which constitute the final coefficient f* (by that the symbol "-" in first two strings of the algorithm is changed for
"+"). If it appears, that the triad all the same is unsuitable, other triads are tested, until a suitable one will not be
found.
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Search of the partition by a trace. If the considered triad (a, b)/c has appeared suitable, it is possible to
assume, that it is a trace of the required partition. In this case the latter can be found, moving by the track, i. e.
using the value of vector g obtained at the previous stage, and sequentially extending the sets u and v with initial
values u = (a, b) and v = (c).

Let's begin from the set v. Sorting out sequentially all elements s from the set x\ (u U v), we shall discover
among them such ones, at which inclusion in set v the partition u/v remains suitable. With this purpose three
operations are fulfilled for each element s :

e=Sg
h0:=8,"(f%)
h1:=8,"(f'e)

Andif h®h1=0, the element s is included into v, which is implemented by the operations
v=vufs} g:=e.

Then the maximum extension of the set u is looked for. If it is known, that the required partition is disjoint, it is
possible to put u = x \ v. Otherwise, it is necessary to test all variables from the current value of the set
x\(uwv)and, ifitis possible, to include them in set u.

Check of the current element s we shall perform by an heuristic algorithm which operations are limited. It
considers the initial coefficient f~ of decomposition of the function f by the current value of set u, discloses
orthogonal to it coefficients, checks them for compatibility and, in case of compatibility, includes element s into set
u without further checking.

e=uu s}
ho:=f0-e
ht:=f-e

g:=S,"(hof"\v h'f0)

h0:=8,"(fg)

h1:=8,7(f'g)
If hOh'=0, element s isincluded into u, thatis implemented by the operation u: = e.
So the set u and, therefore, the required partition u/v as a whole are found.

Experimental system

For the estimation of efficiency of the designed heuristic program of decomposition of Boolean functions and
delimitation of its practical application an experimental system of generation of random examples and their
solutions were designed.

The generation of examples is controlled by the following data-ins:
n — the number of arguments of the generated function f(x),
p and g — the numbers of variables in sets u and v of partition u/v on the set of variables x,
r - the degree of uncertainty of the function f(x),

g — the number of an example, i. e. the serial number of the unit of a quasi-random sequence used at
generation of the current example.

The type of partition is determined also: D (disjunctive) or ND (non-disjunctive).
The results of solution of the regarded examples are fixed by values of the following output parameters:
Nt — the number of surveyed triads when searching suitable ones,
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Tc, Tt, Tv, Tu and Tw — time (in seconds), expended accordingly on preparation of an example, on finding
of a suitable triad, on the extension of set v, on the extension of set u and on solution of an example as a whole
(excluding Tc).

Besides the quality of the solution is evaluated and it is decided, whether the calculated partition u/v and
functions h(u, w) and g(x, w, v) coincide with given ones.

For simplification of the experimental research of the program a special mode is introduced into the system, at
which a series of examples is generated and solved with coincident values of all parameters except one, for
which a difference between adjacent values and their number are defined.

Experimental estimations of the program efficiency and the boundary of its practical application

A series of carried out experiments displays, that the circumscribed heuristic program operates safely enough,
discovering exact solutions, if 8 < n < 28 and r < 30. The errors can arise outside this range and, maybe, on the
boundaries. The results of solution of some concrete examples and conclusions following from them are shown
below.

Estimation of the upper bound by the number of variables n. Let's cite the results of an experiment, in which the
number of variables n varies from 22 up to 28, and the values of remaining parameters are fixed.

Typen p grg| Nt Tc Tt Tv Tu Tw Result

221111201 1 034 016 156 0.00 2.08 OK
231211201 1 069 033 333 0.00 445 OK
241212201 5 147 190 720 0.00 10.79 OK
251312201 2 312 1.99 1519 0.00 20.70 OK
261313201 2 6.18 4.04 34.07 0.00 45.20 OK
271413201 2 1252 843 7424 0.00 99.01 OK
28141420 1 2 24.97 31.221938.61 0.00 2096.32 OK

vhwivielelwlw)

The results of the experiment are positive (OK — a retrieved partition coincides with the initial one) and display,
that at given parameters the program discovers solution rather fast (in limits of a minute), except for the case n =
= 28, when the length of vector f becomes too big for the used RAM, that results in sharp increase of time Tv.
They show also, that at n < 28 the time of solving grows twice at each increase of the number of variables n by
unity. Let's remark, that Tu = 0, as an example of the task with disjoint partition is considered.

Estimation of the time of searching for a suitable triad. The results of the previous experiment display that at
major p and q this time (Tt) is relatively small. The position varies at small values of parameters p and g. In that
case, the number Nt of triads which are looked through in searches of a suitable one strongly increases and, as
the corollary, grows the time of solution of the task as a whole, which is almost completely spent for this search.

Typen pgrg| N Tc Tt Tv Tu Tw Result
ND 142101 491 000 004 000 000 0.04 OK

ND152 101 603 000 0.09 0.00 000 009 OK
ND162 101 1250 0.01 036 001 000 037 OK
ND 172 101 1618 000 093 0.00 002 095 OK
ND 182 1 01 2055 0.02 237 001 005 243 OK
ND192 101 2978 004 982 0.05 011 998 OK

ND 272 2 0 1 2649 10.28 6812.28 48.64 95.09 6956.09 OK

Let's remark, that the value Nt is characterized by a major dispersion. For example, for a series of 12 random
examples at fixed values of parameters (n, p, q, r) = (16, 2, 1, 0) the following results are obtained:
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Nt
Tt

1250 596 2799 498 2315 1598 4834 3797 2362 1637 3990 700
036 0.18 080 0.14 066 046 139 1.08 067 047 1.15 0.21

With the purpose of specification of these data an experiment above ten random examples with parameters
(Type, n, p, q) = (D, 24, 12, 12) was carried out. At r = 28 all ten examples were solved correctly, at r = 29 exact
solutions were obtained only for seven examples, and at r = 30 all solutions have appeared false.

Estimation of the upper bound by the degree of uncertainty r. With growth of the degree of uncertainty of a
Boolean function the probability of obtaining erratic solution at its decomposition grows also. The experiment over
a series of random Boolean functions obtained as a result of composition at a strong partition with equal
(whenever possible) values of parameters p and q was carried out. The maximum degree of uncertainty rmax of
the function of n variables was defined, at which there was an exact solution. The results are shown in the
following table:

n = 678 910 111213 14 1516 17 18 19 20 21 22 23 24 25 26 27

max = 0 1 6 8141919 21 22 23 25 25 26 26 28 27 29 29 29 29 30 30
Estimation of the lower bound by the number of variables n. At small number of variables many from suitable
triads are not true traces of the partition, as it follows from the following experimental data received at a strong

partition with equal (whenever possible) values of parameters p and ¢ and following values of other parameters:
n=5,6,..16 and r=15.

Number of variables 5 6 7 8 9 10 11 12 13 14 15 16

Total number of triads 30 60 105 168 252 360 495 660 858 1092 1365 1680
Number of suitable triads 28 44 80 78 54 90 77 90 126 147 196 224
Number of partition traces 6 9 18 24 40 50 75 90 126 147 196 224

The following table displays, how frequently it leads to a false solution. In conducted experiments series of 20

random examples with fixed values of parameters Type, n, p, g, r were solved and for each series the number of
false solutions was counted up.

Typen p q r Falsh Typen p q r| Falsh
D 4220 62 ND 4220 62
D 5320 76 ND 5220 82
D 6330 64 ND 6220 55
D 7430 50 ND 7320 21
D 8440 35 ND 8330 6
D 9540 6 ND 9330 0
D10540 0 ND104 30 0

About finding functions h(u, w) and g(x, w, v). The main objective of decomposition of a Boolean function is
finding a suitable partition u/v, which permits to reduce the number of entry poles in blocks of the composition
g(h(u, w), w, v). Some interest represents finding functions h(u, w) and g(x, w, v). It is obvious, that, having found
these functions, we uniquely determinate also the partition u/v. However, from finding the partition it does not
follow, that we have found also these functions.

That is confirmed by the following experimental data, received by solution of the task of decomposition on
hundred random examples with parameters (Type, n, p, q) = (D, 10, 5, 5) and r taking values from 0 up to 26
including. The number of guessed right partitions is designated as Nr, the number of guessed functions — as Nf.
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r 01 ..8 91011121314 1516 17 18 19 20 21 22 23 24 25 26

Nr 10098 ...98 98 98 97 95 92 86 75 63 47 28 161310 6 6 3 1 0
Nf 10098 ...98 97 97 96 94 88 82 64 523315 7 4 2 1 1 0 0 O

Conclusion

An original heuristic algorithm of sequential two-block decomposition of partial Boolean functions of n variables on
weak partitions on the set of arguments is implemented by a program and experimentally researched. It is shown,
that the implementing program operates safely enough, discovering exact solutions if 8 <n < 28 and if the
function is defined not less than on 29/32 parts of Boolean space. The results of more detailed research of the
program on boundaries of this range and outside it are cited.
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Abstract: The article presents an algorithm for translation the system, described by MSC document into Petri Net
modulo strong bisimulation. Obtained net can be later used for determining various systems' properties. Example
of correction error in original system with using if described algorithm presented.
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Introduction

The growing topicality of modern software systems and the rapidity imposed by pressing time-to-market demands
for new approaches to the development process of high-performance and low-cost software. Namely, design
productivity should be improved by means of new methodologies implementation due to the increase of the
complexity of the systems. Formal methods begin to play a crucial role during design process. The use of formal
methods during the initial stages of the development process can help to improve the quality of the later software,
even if formal methods are not used in subsequent phases of development.

Protocol design is one of the most critical problems in distributed communication systems. Effective design
methodology for protocol design requires formal models which are able to capture the inherent aspects of a
system specification and verification tools that allow the designer to verify that a system satisfies its specification,
to check the correctness of the system specification, and quickly explore alternative solutions.

Backgrounds

MSC is a modeling technique that uses a graphical interface, which was standardized by ITU (International
Telecommunication Union) [1], [2]. It is usually applied to applications of the telecommunication domain, since
they have properties of distributed reactive real-time systems. MSC diagrams are widely used in the early design
stages of the systems development to capture system requirements. So, MSC is extremely suitable to capture the
scenarios that a designer might want the system to exhibit (or avoid). MSC describes message flow between the
instances, which present asynchronously communicating objects of the system or system entities like blocks,
services or processes of the system. One MSC diagram describes a certain portion of system behavior or a
scenario of communication between the instances. The set of the scenarios (MSC-diagrams) are captured as
requirements which constitute a complete behavioral description of the system. Let us describe briefly the most
basic MSC-constructs.

Instances and Messages. Instance is a basic primitive of MSC, which in graphics is presented as vertical line
with its name. Message transmissions, which are acts of communication between instances, are presented by
horizontal arrows with possible curve or tilt under angle for reflecting “overtaking” or “intersection” of messages.
The beginning of the vector marks a sending of the message and its ending marks receiving of the message.
Evens of sending and receiving of the messages are ordered along the instances so that sending of the message
always happens earlier than its receiving. There is one more rule in standard MSC'2000 [1] for ordering events
along the instances: everything located above happens earlier than that located below (except coregion part,
where events are not ordered).
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Creation and termination of instances may be specified within MSCs. An instance may be created by another
instance. No message events before the creation can be attached to the created instance. The instance stop is
the counterpart to the instance creation, except that an instance can only stop itself whereas an instance is
created by another instance.

Conditions. Condition is used as for restricting or defining a set of MSC traces through indicating states of the
system so for defining the composition of one MSC diagram from the several MSCs. Namely, the standard
MSC*2000 [1] defines conditions of two types: setting condition and guarding condition.

Conditions of the first type are those which describe the current global system state (global condition), or some
non-global state (nonglobal condition). In the latter case the condition may be local, i.e. attached to just one
instance. Instances presenting dynamic objects can be began and finished, so far globality of a state considers
dynamically changing set of instances.

Conditions of the second type restrict behavior of the MSC to execution of events in a certain part of MSC
depending on the value of the given guarding condition.

Besides of composition role, conditions according to the standard [1] are the means of events synchronization.
For example, if two instances share one and the same condition, then for each message between these instance
its sending and receiving events shall happen both before or both after setting of the condition. If two conditions
are ordered directly sharing the common instance, or indirectly through conditions on other instances, then this
order must be respected on all instances that share these two conditions.

General Ordering. General ordering is used to impose additional orderings upon events that are not defined by
the normal ordering given by the MSC semantics. For example, it may be used to specify that an event on one
instance must happen before an otherwise unrelated event on another instance.

There cannot be both upwards and downwards steps on the same ordering. This means that it may consist of
consecutive vertical and horizontal segments. The textual grammar defines the partial order relations by the
keywords before and after. They indicate directly in what order the involved events must come in the legal traces.

Inlines. Inline expressions used to create various composition of events inside MSC diagram. They allow creating
of alternative, parallel, loop compositions and exceptional and optional regions. Last two are special cases of
alternative composition.

Environment and Gates. The gates represent the interface between the MSC and its environment. Any
message or order relation attached to the MSC frame constitutes a gate. Due to possibility of MSC nesting, gates
can be defined for MSC diagrams, MSC diagram references (reference expressions) and for inlines. For gate
connections the associated gate definition must correspond with the actual gate. Message gates are used for
message events and order gates are used for causal ordering.

Order gates represent uncompleted order relations where an event inside the MSC will be ordered relative to an
event in the environment. Order gates are always explicitly named. Order gates are considered to have direction -
from the event ordered first to the event coming after it. Also order gates are used on references to MSC
diagrams (MSCs) in other MSCs. The actual order gates of the MSC reference are connected to other order
gates or to events.

Message gates define the connection points of messages with the environment. The message gates are used
when references to the MSC are put in a wider context in another MSC. A message gate always has a name. The
name can be defined explicitly by a name associated with the gate on the frame. The actual message gates on
the MSC reference are then connected to other message gates or instances. Similar to gate definitions, actual
gates may have explicit or implicit names.

MSC Semantics. MSC is a language with formally defined semantics, which is based on the process algebra.
Applying this formal semantics to MSC a process term can be derived for each MSC and each MSC specification.
MSC language semantics based on process algebra was defined first for textual representation of MSC diagrams
in the form of expressions of process algebra that was called denotation semantics. Operational semantics is
defined via transitional rules added to algebraic expressions.
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Petri Net. Ordinary Petri net is used as a formal model to define the semantics of MSC system and support
analysis [3], [4].

Definition 1. A net is a triple N=(P,T,F), such that P and T are disjoint sets of places and transitions
respectively, and F < (PxT) U (T x P) is binary incidence relation between places and transitions (flow
relation).

On the basis of incidence relation F (flow relation) characteristic function F: (PxT)U(TxP)—> N is
introduced, where N is the set of natural numbers.

The sets *x={y|yFx} and x* = {y | xFy} denote the pre- and post set of arbitrary element x € PUT of net.

The following three conditions are required for the net N =(P,T,F):
C1) PnT =0,
C2) (F#0)A[(Vxe PUT)Iye PUT): xFyv yFx],

C3) (vpy, pr e P 1= po A p' = p? = py = Pz)-
Definition 2. A marking of the net N =(P,T,F) is the function . : P — N . The equation ,u(p)= k € N means
that place p € P has k tokens.

Definition 3. Petri net (PN) is a triple (N, u,,W), comprising a certain net N, certain initial marking 1, , and
W is weight function (or multiplicity of an arc).

A transition ¢  T'is enabled at a marking x of PN (N,u, ) iff Vpe't - u(p)= F(p,t). Such a transition can be

fired, leading to the marking ' according the following rule: Vpe P: u'(p)=u(p)—F(p.t)+ F(t,p). A

sequence of transitions o =1,,t,....,z, is an occurrence sequence of a PN iff there exist marking u,, u; ..., &

such that ﬂoﬁﬂlt}'...ﬂy. It is said that 4 is reachable from y, by the occurrence of & . The marking obtained
by enabled sequences are said to be reachable.

A PN is said to be safe if any reachable marking has at most one token at each place.

A PN is said to be ordinary if all of its arc weights are 1's.

Definition 4. Marked Petri net is a pair (N,X), where N — Petrinetand X:7 — A4 — markup function over

the alphabet A. If X is a partial function, unmarked transition are called “ A -transitions” and marked by the
“empty symbol” 1.

Algorithm of translation of MSC Document to Petri Net

MSC subset used by algorithm. Presented algorithm processes the MSC 2000 constructions set with the
following limitations:

1. Time constraints are ignored.

2. Timers are processed only as separate events.

3. MSC references are allowed only in HMSC.

4. MSC reference expressions are not processed.

5. Loop boundaries are ignored as treated as <1,inf> (or <0,inf> by user's choice).

6. Sequential MSC diagram connection is treated as strong sequence (i.e. all events in the first diagram shall
be finished before the second one will start).

Algorithm assumes that source MSC document is syntactically and statically correct. Relation between MSC
diagrams shall be given explicitly by HMSC.
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Algorithm description

Stage1 (Building of Trace Graph). During the first stage of the algorithm the Trace Graph will be build. This
graph represents the traces, which a structurally possible in original MSC document (save loop iterations, which
will be added during the next stage). Trace Graph creation consists of the following steps:

1.

©® NGk W

9.

10.
1.
12.
13.
14.
15.
16.
17.
18.
19.

20.

HMSC start construction translates to «start» node.

HMSC end construction translates to «end» node.

HMSC points of alternative branching translates to «alt-in» nodes.

HMSC points of branch joining translates to «alt-out» nodes.

HMSC par frame translates to «par-in» and «par-out» pair of nodes.

HMSC lines translates to edges between corresponding nodes.

MSC references in HMSC translates according the following rules (8 — 19).

For each MSC diagram created the nodes pair «msc-in» and «msc-out». This pair forms new
synchronization zone. All edges, which corresponds to HMSC lines, drawn to this MSC reference,
connect to the «msc-in» node. All edges, which corresponds to HMSC lines, drawn from this MSC
reference, connect to the «msc-out» node.

Nodes, which corresponds to instance create events of MSC diagram, connect with «msc-in» node.
Nodes, which corresponds to instance end events of MSC diagram, connect with «msc-out» node.

Inline of «exc» and «opt» types translates as corresponding «alt» inlines.

Inline of «alt» type translates to «alt-in» and «alt-out» pair of nodes. Each of alternatives in this inline
forms new synchronization zone.

Inline of «part» type translates to «par-in» and «par-out» pair of nodes. Each of alternatives in this inline
forms new synchronization zone.

Inline of «loop» type translates to «loop-in» and «loop-out» pair of nodes. Inline body forms new
synchronization zone.

All edges, which represent MSC lines, drawn to inline, connect to the corresponding «-in» nodes. All
edges, which represent HMSC lines, drawn from inline, connect to the corresponding «-out» nodes.
Coregions are treated as par inline for all it's events.

All other valid MSC events translates to graph nodes; invalid events are skipped.

Edges which represent the order, explicitly shows in MSC diagram, added to graph.

Gates between MSC diagrams and between inlines resolved and new edges, which corresponds to
gated messages and gated order relation, are added to graph.

In each synchronization zone edges, which do not correspond to domination relation, are removed.
(Nested synchronization zone is treated as one node for outer zone.)

Stage2 (Building of Petri Net). On the second stage Trace Graph is used for resulting Petri Net building. Petri
Net creation consists of the following steps:

1.
2.

3.

Node «start» translated to @[] construction. Transition is marked by A.
Node «end» translated to —’D construction. Transition is marked by A.

Node «alt-in» translated to —>ox construction. Number of out edges corresponds to number of
alternatives.
Node «alt-out» translated to =#O— construction. Number of in edges corresponds to number of
alternatives.

Node «par-in» translated to —= construction. Number of out edges corresponds to number of
alternatives. Transition is marked marks by A.

Node «par-out» translated to 3['_’ construction. Number of in edges corresponds to number of
alternatives. Transition is marked by A.
«msc-in» and «msc-out» nodes are translated to transitions and marked by A.
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8. «loop-in» and «loop-out» pair translated to _NKD‘}O_> construction. Transition is marked by
A. (If user choose <0,inf> loop boundaries, additional pass-through transition with A mark added.)

9. Rest of graph nodes are translated to transitions marked by names of source MSC document elements.

10. Edges of the Trace Graph are translated to edges in Petri Net, which connects the corresponding nodes.
If such edge connects transition with transition, addition place inserted in this edge.

Example

Let's show the algorithm work and usage on simple example. One of the simplest producer-consumer models as
shown on the next MSC document with one MSC and one HMSC diagram (figures 1 and 2).

loop J
make data Toon

putimy | o bty
g g mscl
process data

¥

Fig. 1. Fig. 2.
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prodloop

(1) loop_in
prodloop

¥
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' (4) put out

¥

(1) loop_in
consloop

(4) create data (4) create data

(4) msc_out
inline

(4) msc_out
inline

(3) put in (3) put in

(1) loop_out
prodloop

(1) loop_out
prodloop

(1) loop_out
consloop
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This diagram has two instances — producent (prod) and consument (cons). Producent infinitely produces some
date (action «make data» in loop) and sends it to consument by message put(m) through gate g. Consument also
has a loop, which allows it to infinitely process data («process data» action). After performing steps 1 — 19 we
obtain the graph, shown on figure 3 and, after removing the non-dominated edges (step 20), on figure 4.

Then, after performing the Step 2 of algorithm, we obtain PN, shown on figure 5.

Now, let's try to analyze our system. First of all check liveness; to do this, calculate incidence matrix of obtained
PN and find it's T-invariants. Incidence matrics is:

-10000000000000
010-10000000010
00-1010000000-10
0100000-1000001
00-10000010000-1
000001-10000000
00010-100000000
0000-1010000000
0000000001-1000
000000010-10000
00000000-101000
1-1000000000000
00100000000-100
00000-100001000

And truncated solution set of the equation Ax=0is (0, 0, 0, 1, 1,1, 1, 1,1, 1, 1, 0, 1, 1), which shows, that
transitions in our PN are alive except t_0 (begin MSC document), t_1 (begin MSC diagram), t_2 (begin MSC
diagram) and t_11 (end MSC document) — just as expected. So, all events in the source can be executed
infinitely. Then, check for PN's boundness. To perform this check, reduce PN as shown in [5] and create it's

covering tree (figures 6,7).
(1.0.0.0.0.0)

L O
¥

(0.1.0.1.0.0)

k3
b 4

(0.1.0.0.1.1)

S 2

‘ (0,1.0.1,0.w) ‘ ‘ (0.0.1.0.1.0) ‘

/ 4 \i
‘ (0.0.0.0.0.0) ‘ ‘ (0.1.0.0.1.0) ‘ ‘ (0.0.1.1.0.0) ‘
5 4 \i
‘ (0.1.0.1.0.0) ‘ ‘ (0.1.0.1.0.0) ‘ ‘ (0.0.1.0.1.w) ‘
Fig. 7.

TR As we can see on covering tree, place p_5 of reduced PN is

wl:‘:l unbounded. It corresponds to place p_13 of original PN and
make data Ioup) . .

putcm Bt means, that infinite number of messages put(m) can be stacked

’ } e in original MSC (it can happens if consumer process data slower

— I than producer creates it). To fix this, let's change original MSC by

—— adding synchronization between consumer and producer

Fig. 8.

(figure 8).

Now let's see on reduced PN and covering tree for corrected document (other steps have been omitted to save the

article space).

Now we can see (figure 10) that our PN is bounded, so synchronization was enough to fix the found problem.
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Conclusion

For conclusion we note, that the most significant feature of the given algorithm is its increased usability. The input
set of MSC elements has been extended. Most of the existing design approaches require decomposing from the
beginning the overall functionality into components. Extended input set of MSC elements in the given version of
the translation algorithm makes it possible to apply different composing/decomposing techniques for subsequent
PNs analysis.

The algorithm of translation MSC diagrams into Petri net, presented in the paper, considers only the subset of
MSC language, therefore full implementation of reference MSC expressions and processing time constraints are
our further research direction.
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MINIMIZATION OF REACTIVE PROBABILISTIC AUTOMATA
Olga Siedlecka

Abstract: The problem of finite automata minimization is important for software and hardware designing. Different
types of automata are used for modeling systems or machines with finite number of states. The limitation of
number of states gives savings in resources and time. In this article we show specific type of probabilistic
automata: the reactive probabilistic finite automata with accepting states (in brief the reactive probabilistic
automata), and definitions of languages accepted by it. We present definition of bisimulation relation for
automata's states and define relation of indistinguishableness of automata states, on base of which we could
effectuate automata minimization. Next we present detailed algorithm reactive probabilistic automata’s
minimization with determination of its complexity and analyse example solved with help of this algorithm.

Keywords: minimization algorithm, reactive probabilistic automata, equivalence of states of automata,
bisimulation relation.
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of Computation, Automata; F.4 Mathematical logic and formal languages, F.4.3 Formal Languages

Conference: The paper is selected from XIVth International Conference "Knowledge-Dialogue-Solution” KDS 2008, Varna,
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Introduction

The problem of finite automata minimization appeared in the end of fifties of last century and its main point is to
find automata with the minimum number of states accepting the same language as input automata. During last
fifty years many algorithms for minimization of finite deterministic automata came into existence, most of which
(except Brzozowsky algorithm which is based on derivatives [Brzozowski, 1962]), is based on equivalence of
states. One of the most popular minimization algorithms is Hopcroft and Ullman's algorithm with running time
0(121n?) (where |Z| is the number of symbols in the alphabet, n is the number of states) [Hopcroft, 2000]. Another
algorithm with the same time complexity, but better memory complexity (O(|Z|n)) is Aho-Sethi-Uliman's algorithm
[Aho, 2006]. The most efficient deterministic finite automata minimization algorithm is Hopcroft's algorithm
[Hopcroft, 1971] with time complexity O(|Z|nlogn).

In the same period of time scientists were searching for another models of computation. They developed
probabilistic automata [Rabin, 1963], which are extensions of Markov chains with read symbols [Sokolova, 2004],
models of finite automata over infinite words [Thomas, 1990], timed automata [Alur, 1994], hybrid automata
[Henzinger, 1998] etc. We can find their ontological review in article: [Kryvyi, 2007]. It became important to find
minimization algorithms for new types of automata. So far minimization of reactive probabilistic automata hasn't
been described.

Probabilistic automata

It exists many types of probabilistic automata which differs with properties, applications or probability distributions
(continuous or discrete). Their review we can find in article [Sokolova, 2004]. Hereunder we itemize few of
probabilistic automata's types with discrete probability distribution: the reactive automata, the generative
automata, the NO automata, the Vardi automata, the alternating model of Hansson, the Segala automata, the
bundle probabilistic automata, the Pnueli-Zuck automata and others.

The algorithm showed in article was formulated for the reactive probabilistic automata.
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A reactive probabilistic automata is a triple PA=(Q, Z, 8), where Q is the finite set of states, X is the finite set of
input symbols (an alphabet), & is the transition probability function given by 8:Qx2—D(Q) (where D(Q) is the set
of all discrete probability distribution on the set Q) [Sokolova, 2004] .

An initial reactive probabilistic automata with accepting states is a five PA=(Q, %, 8, qo, F), in which we have
additionally two elements: qo- a member of Q, is the start state, F— Q is the set of final (accepting) states.

After reading given symbol automata is in state of superposition of
states: pogotp1qst...+pnQn, Where potpit...+pn=1. Henceforth we will
use shorter name of probabilistic automata within the meaning of initial
reactive probabilistic automata with accepting states. An example of
this type of automata we show on figure 1.

The probability of going from state g to state g after reading symbol
we denote as d(q1,0)(q2)=p. An extended transition probability function,
denoted by the same notation & is given by:

6(q1’WU): Z 6(q1’W)(Q)'5 (q: U) [Cao, 2006].

qeQ

The language accepted by the probabilistic automata is defined as
function Lp A"Z_)[*O’ 1], such that: Fig.1. The initial reactive probabilistic automata

vwelX,Lly,w)= 25(‘70’W)(W) [Cao, 2006]. with accepting states

geF

We say that language L is recognized with bounded error by an
automata PA with interval (ps,ps), if p1<p2 and ps=sup{Ps|w &L}, ps=inf{P.|w €L} [Golovkins, 2002].
We say that language L is recognized with probability p, if the language is recognized with interval (1-p,p)
[Golovkins, 2002].
We say that language L is recognized with probability 1-¢, if for every >0 there exist an automata which
recognizes the language with interval (&1, 1-&,), where &1, &2<e[Golovkins, 2002].

Bisimulation and indistinguishableness

Let R be an equivalence relation on the set S, and let P,P,&D(S)
be discrete probability distributions. Then
P1=xPy<> VC S/R:P4[C]=P,[C], where C is an equivalence class
[Sokolova, 2004].

Let R be an equivalence relation on the set S, let A be a set, and
P1,P2eD(S) be discrete probability distributions. Then:

Pi=maP> < VCeS/R, VaeA: Pia,C]=Psa,C] [Sokolova, 2004].
Let PA=(S, %, 8) and PA=(T, %, 8) be two reactive probabilistic
automatas. A bisimulation relation R&SxT exists if for all (s,t) eR
and for all ce2:

- if (s,0)=P; then there exists a distribution P, with t T
such that d(t,0)=P2 and Pi= sP» [Sokolova, 2004].
States (s,t) eR we call bisimilar, what is denoted by s=t.
Let PA=(S, X, 8, qo, Fs) and PA=(T, %, 3, qo, Fr) be two initial
reactive probabilistic automata with accepting states. We can define indistinguishableness relation NSxT, if for
all (s,{) eN and for all o2

- (s)eN° if and only if ((s eFsnteFr) (S & Fs At F1)),

Fig.2. The bisimulation relation on PA
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- (s,t)eNk if and only if (s,t) eN¥" and
- if O(s,0)=P; then exists the probability distribution
P, with t T such that d(t, 6)=P; and Py=x sP>.
For n=|Q|, we have NcNm2cNm3<... N\, States s,t we call
indistinguishable, what is denoted by s=f, if there exists
indistinguishableness relation N, such that (s,t) eN.

Minimization of reactive probabilistic automata

A probabilistic automata PA=(Q, %, 3, qo, F) recognizing language
L with probability p we call minimal, if there doesn't exist automata
with smaller number of states recognizing language L with not
smaller probability. Fig.3. The indistinguishableness relation on PA
A minimization of probabilistic automata parts on two steps:
- elimination of unreachable states (probability to reach
those states is 0),

- joining of indistinguishable states (using indistinguishableness relation).

First we show on below code elimination of unreachable states:

Alg.1. Algorithm of elimination of unreachable states:

INPUT: PA=(Q,2,d,00,F)- reactive probabilistic automata.

OUTPUT: PA’=(Q7,2,6”,Q0,F’) - reactive probabilistic automata without unreachable
states, recognizing the same language as PA.

1. FOR ALL {qeQ} DO

2. markedStates[q]<«O0;

3. END FOR

4. S.push(qgo); markedStates[q]«1; pr«oO;
5. WHILE {S+@&} DO

6. p<S.first();

7. S.popQ);

8. FOR ALL {oeX} DO

9. FOR ALL {geQ} DO

10. pr<o(p,o)(a);

11. IF {pr#0 A markedStates[qo]=0} THEN
12. S.push(q):

13. markedStates[q]«1;

14. END IF

15. END FOR

16. END FOR

17.  END WHILE
18. FOR ALL {qeQ} DO

19. IF {markedStates[q]=1} THEN
20. Q” .push(q);
21. END IF

22. END FOR
23,  F eFQ;
24.  FOR ALL {qeQ} DO

25. IF {markedStates[q]=1} THEN

26. FOR ALL {peQ} DO

27. IF {markedStates[p]=1} THEN
28. FOR ALL {oeX} DO

29. 57(d,0) (P) «5(a,0)(P);
30. END FOR

31. END IF

32. END FOR

33. END IF

34. END FOR
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In this algorithm S is auxiliary stack, on which we put states, which we can reach with non-zero probability going
out from the start state qo. The transition probability function &(p,c)(q) gives probability pr of reaching state g,
going out from state p, reading symbol o The running time of the algorithm time is bounded by:

T(n,|Z)) < a(7+9n+2|S|n+2n2+6|S|n2)+c(4+8n+2|=|n +3n2 +5[=|n?)

where a is time of an assignment and ¢ is time of comparison, clearly O(|2|n?) is the time complexity of this
algorithm.

In the algorithm of joining indistinguishable states we use already defined indistinguishableness relation. In one
word, states to be indistinguishable, have to be in the same equivalence class, and must have the same
probability distribution for symbols and equivalence classes, which can be reach from this states. Inspired by
Hopcroft-Ullman's algorithm [Hopcroft, 2000], first we assume that all pairs of states are indistinguishable, above
that, that first element of pair is member of final states' set and second isn't. Next analysing all pair of states and
all symbols we find distinguishable states, until the moment that any change is made. Algorithm analyses
probability distributions of reaching state from state.

Alg.2. Algorithm of joining indistinguishable states:

INPUT: PA=(Q,2,d5,00,F) - reactive probabilistic automata.

OUTPUT: PA’=(Q’,2,8”,q0”,F’) - minimal reactive probabilistic automata recognizing
language Lpa-

1. FOR {i«0; i<]Q]; i«i+1} DO

2. FOR {Jj«O0; j<i; j«j+1} DO
3. IF {(gieF A gjeF) v (digF A qjeF)} THEN
4. Dyi,qi<1;

5. ELSE

6. in,qj<—0;

7. END IF

8. END FOR

9. END FOR

10.  FOR {i«1; i<|Q]; i«i+1} DO
11. FOR {j«O0; j<i; j<«<j+1} DO
12. IF {Dgi,q=0} THEN

13. FOR ALL {ce3} DO

14. E1<0, E2<0, N1<0, N2«O0;
15. FOR ALL {peQ} DO

16. IF {Dqi,,=0} THEN
17. E1<E1+5(qi, o) (P);
18. ELSE

19. N1N1+5(qi, o) (P);
20. END IF

21. IF {Dy.,=0} THEN
22. E2«E2+5(qj,0) (P);
23. ELSE

24. N2«<N2+5(q;, o) (P);
25. END IF

26. END FOR

27. IF {E1#E2 v N1#N2} THEN
28. Dgi.qj<1; break;

29. END IF

30. END FOR

31. END IF

32. END FOR

33. END FOR

34. Q’«Q, F’«F, do” «o:
35. FOR {i<1; i<]Q|; i«i+1} DO

36. FOR {Jj«O0; J<i; j«j+1} DO

37. IF {Dqi,qj=0} THEN

38. Q7 «Q"\{di.qj}, Q7«Q”Adaij};
39. IF{q; sF} THEN

40. F’(—F’\{qi,qj}, F’(—F’u{qij};
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41. END IF

42. IF {j=0} THEN
43. Jo<j

44 . END IF

45. END IF

46. END FOR

47. END FOR
48.  FOR ALL {qixgzxc € Q”xQ”xZ} DO

49. IF {012Q A q1=pip2 - p1p2€Q} THEN

50. 6" (1, 0) (A2) « 5(P1,0)(d2);

51. ELSIF {q22Q A go=p1p2 - pip2eQ } THEN
52. 67 (01,0) (G2) « (01, 0) (P1)+5(d2, ) (P2) ;
53. ELSE

54. 6" (A1, 0)(G2) + (d1,0)(d2);

55. END IF

56. END FOR

Analyzing algorithm in details: on input we have reactive probabilistic automata; on output we get minimal
automata that accept the same language as input automata. In lines 1 to 9 we tentatively fill structure D, which is
lower triangular matrix of all combination of automata's states. In place where one of the states is final and
second isn't, we set value 1, because states are distinguishable. In other case we set 0, providing that all other
pairs of states are indistinguishable. In lines 10 to 33 is the main part of algorithm, which decides if states are
equal or not, comparing probability distributions. First (line 12) we verify if pair of states is indistinguishable
Dy =0 (otherwise it makes no sense in analyzing them). For every symbol from alphabet 2 we reset value of
auxiliary variables E1, E2, N1, N2, in which we will sum probabilities of reaching distinguishable states N or
indistinguishable states E. States will be generally recognized as indistinguishable if values of E1, E2 and N1, N2
will be respectively equal. If for two analyzed states, for any symbol of alphabet, we get different values of those
variable, loop is interrupted (line 28), because states are distinguishable and we go to next iteration. In the last
part of algorithm (from line 34) we create output automata, so we replace indistinguishable states by single
states, and calculate values for transition probability function (from line 48). Depending, if we analyze reaching
state or going out from new state, values of probability will be summed or copied. The running time of the
algorithm is bounded by:

T(n,|2]) <a(5+ 4.5n - 3.5|2|n + 7.5n2 + 2| 2|n?+ 3n3 + 1.5 2|n%)+
C(2+7n-2.512n+7n2+ |2 n?+ 7nd+ 1.5|2]|n3),
so complexity will be O(|2]n3).

Lets analyze steps of both algorithms on
example from figure 1. First we reset table
markedStates[q;], which size is 7 (automata
has 7 states). We push on stack start state.
Next we mark with 1 field for this state in
table markedStates[q,]. We pop from the
stack start state and push those, which we
can reach from start state reading symbol 0,
with nonzero probability (those will be g1, g2)
and for symbol 1, respectively qs, g4, in every
case marking them with 71 in table
markedStates[qy. In next iteration we search  Fig 4. a) Elimination of unreachable states b) Joining of indistinguishable states
for states we can reach from states put on

the stack. Finally, the only state, which

wasn't marked is ge. In next steps we exclude it from the set of states of automata.

The algorithm of joining indistinguishable states in first part fill structure Dy with 1 in those places where one of
states is final, and second isn't - for all combinations of other states with state gs. Next we check successively all
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combinations of states and sum probabilities of going out from this states in variables E1, E2, N1, N2, for
example for states ¢+, qo, values for this variables are E1=0, E2=1, N1=0, N2=0, so this pair of states is
distinguishable and Dgiq=1. Finally structure D¢ has value 1 only for pairs: g, g2 and qs, qs, which will be
replaced by new single states g2, g3+ Probabilities for reaching those states will be summed, and for going out
from them will be copied.

Conclusion

In article we define indistinguishableness relation for reactive probabilistic automata, what give us opportunity to
build minimization algorithm, with complexity O(|Z|n%). Algorithms will terminate, because number of states or
symbols in alphabet is always limitation for iterations (and we work on finite sets). The probability for accepting
words doesn’t change because it is respectively summed or copied.

The definition of indistinguishableness relation and minimization algorithm is the base for further work on
adequate algorithm for quantum automata.
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Introduction

Production systems (or rule-based systems) are used to develop knowledge-based systems [1]. The set of rules
describes the problem-solving method of the system application. Production systems are preferable to algorithmic
languages as rules usually require terminology of the application domain and are assigned by its ontology [2]
which allows to get a problem-solving method understood by the user.

In confluent production systems, the output does not depend on the order of rules of the logical inference. It
means that all the rules are independent of each other, i.e. the confluent production language does not need
extra language constructions for writing parallel programs and thus for constructing parallel systems to solve
application tasks in knowledge-based systems. This differs them from other classes of production systems and
parallel programming systems based on logical languages [3-5].

A language processor — a production language compiler allocates computations according to a process. When
generating an object code, a language processor analyzes characteristics of the source program, a set of
constraints imposed by the computing environment, characteristics of input data defined by the user and selects
the most applicable scheme of the parallel logical inference.

The aim of this article is to describe schemes of the parallel logical inference implemented by the language
processor of the confluent production system and conditions affecting the scheme choice.

Production System Language Characteristics

The research on ontologies and design knowledge-based systems on their basis makes it possible to formulate
requirements for the language of the confluent production system.

1. The language must allow to represent a problem-solving method as a set of solving methods for subtasks
described by the modules. Each module must have its interface, i.e. data description, that can be used by another
module or that are required for its operation/performance. There must be an explicit condition of a module call,
i.e. among the rules there must be rules the right part of which is a module call.

2. The language must allow to use operations on numeric data and sets. The language must allow to use limited
logical and mathematical quantifiers that are analogs of loops in the rules.

' This paper was made according to the program Ne 14 of fundamental scientific research of the Presidium of the
Russian Academy of Sciences, the project 06-1-114-052
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3. The language must admit rules that are dependent on parameters (rule scheme). The scheme assigns a set of
rules, i.e. it can be considered as an analog of a subprogram in the algorithmic language.

The language admits rules of two kinds:

(1) (prefix) P(X) — S1(X1)&...&Sk(X«), where P(X) is a formula, S1(X1), ..., Sk(X) are simple formulas, X, X1, ..., X«
are vectors of termsj;

(2) (prefix) P(X) — NameMod(Sy, ..., Sk) is a rule for module call, where P(X) is a formula, NameMod(Sy, ..., Sk)
is @ module name, X is vector of terms, and Sy, ..., Sk are arguments of the module.

The formula before the symbol «—» is a production antecedent, the formula after the symbol «—» is its
consequent. The antecedent is a logical expression made up of relations, functional terms, atomic formulas,
generalized formulas according the following rules.

Each rule must meet the main antedecent for variables: V({S1(X1), ..., Sa(Xn)}) W V(P(X)) < V(prefix), where V(O)
is a set of variables included into O (O can be any construction).

Prefix is a sequence of descriptions of variables (v1:t1)(v2:to)...(vim:tm) Where (vi:ti) is a description of a variable, vi is
a variable, t; is a term for all i=1,....,m. Term t; does not contain free variables. For i=2,..., m only variables v,
V2,...,Vi-1 €an be free variables of term ti. The sequence of descriptions can be empty. All variables vi, va,..., vm are
dually different.

The following construction can be called a scheme:
(3) NameSch([.CONST]w4, [.CONST]wy, ..., [.CONST]wy): rule where

NameSch is a scheme name, w1, Wy, ..., Wy are variables, rule is of the kind (1). Variables w1, wo, ..., w, are
formal parameters of the scheme. The scheme body is a rule and must contain formal parameters. «.CONST]»
means that «.CONST» can be absent.

The following construction can be called a scheme concretization:

(4) NameSch(zwy, zwy, ..., zZw,) where NameSch is a scheme name, zwy, zZws, ..., Zw, are terms that are actual
parameters of the scheme.

The scheme is an analog of a procedure in programming languages, the scheme concretization is an analog of a
procedure calll.

A domain symbol (a term of the domain ontology) — name n; variable v; sets I, R, S; empty set &; set {t1,t,..., i}
where ty,bo,....t are terms; intervals I[t1,t2], R[t1,tz] where t1 and t, are terms; expression t; & t, where t1 and t; are
terms, sign «=» € {+, -, %, /} , ty ® ty where t; and t; are terms-sets, sign «=» € {LU, M, \} is a sign of operation on
sets; u(t) is a power of set where tis a term-set, (Z» (v : t1) t) is a quantifier term where Z, € {+,*, U, N}, v is a
variable (index of a quantifier term), t1 is a term-set that assigns a range of v, t; is a term (the body of a quantifier
term) that contains operation index v; f(t1,...,t) is a functional term where f is a functional symbol (a term of the
domain ontology), t1,...,i are terms (arguments of functional term) are terms;

p(ts,....k) or —p(ts,...t) where p(ts,...,k) is an atomic formula, p is a predicate symbol (a term of the domain
ontology), t1,...,t are terms (arguments of atomic formula); t @ t, where t1 and t; are terms, sign «@» is a sign of
mathematical relation or relation on sets are simple formulas.

Logical expression f; @ f. where «@» € {&, V}; quantifier formula (Z, (v : t) f) where Z, € {&, V}, v is a variable

(index of a quantifier formula), t is a term-set that assigns a range of v, f | a formula (the body of a quantifier
formula) that contains index v are formulas.

Information Graph Definition

A language processor is a compiler that translates a text in the production language into the object code in the
algorithmic high-level language. The object code implements the logical inference assigned by the production
rules and contains calls of modules of the run period support environment. Before the code generation the
language processor makes the program information graph and analyzes its characteristics.
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An aligned cyclic graph the vertices of which are rules and arcs of which indicate information relations between
rules, i.e. arcs connect those rules that exchange data, is called the information graph. The arc between two
vertices exists if the following antedecent is met: IF(w;) » THEN(m) = & where IF(m) = {01, ..., 04} — a set of
terms of a domain included in the antedecent of the rule ;, THEN(m;) = {01”, ..., 0"} — a set of terms of a domain
- arguments of the module called in the consequent of the rule m;, or a set of terms of a domain included in the
consequent of the rule 7, i j. The rule =; will be called dependent on . The information graph is created for
each module. So, the information graph of a program is an array of information graphs of its modules.

Let us consider the structures used for representing the information graph of each module and different properties
of @ module that can be defined on basis of its graph. The element (i,j) of the incidence matrix IncMatrix with
dimensions w(Mm) x p(Mm) where p(Mm) means the number of module rules is equal to 1 if the j-th rule is a direct
child of the i-th rule, and is equal to 0 otherwise. LoopMatrix stores the information about the graph vertices that
are included in a loop: elements correspondent to the rules not included in a loop are equal to 0, and included —
1. The element of an array iLoopAr with the number i is equal to -1, if the rule i is not included in any of the loops,
is equal to 0 — the rule is included in one of loops but is not a loop entry; if the rule is a loop entry, the element is
equal to the number of direct children of this rule. The number of direct children of the rule i is a value of each
element with the number i of an array iParentsAr.

Using the Information Graph at the Parallelization of Logical Inference

This paper suggests using the “client-server” architecture when a separate process is a dispatcher (main
process), other processes are handling processes (dependent processes) for constructing a parallel production
system. The main process inputs and outputs data, synchronizes them and exchanges data with dependent
processes; it prioritizes rules and provides each process with a subprogram to process a rule. Each dependent
process executes a subprogram that implements the logical inference for the rule, i.e. it searches for all
substitutions at which the condition of the rule applicability is true and for each substitution it performs actions
defined by the consequent of the rule and passes the received data to other processes. Below there are schemes
of the workflow of the main process and dependent process.

Before the main process starts to work, iCurParentsAr — a copy of iParentsAr — is created, at the same time if the
information graph contains loops, we must change values of elements of the array iCurParentsAr in the following
way: if iLoopAr[i] > 1, then iCurParentsAr[i] = iLoopAr]i], i.e. substitute rules-loop entries for the number of parents
that do not belong to loops. Elements of the array iCurParentsAr change their values during the calculations. The
array element i gets equal to -1 if the rule i is being processes, -2 — if the rule i has been processed.

Scheme 1a (main process):

Calculations Begin: u(Ps) = u(P); Pw = &. Block 1.

LOOP: While exist iCurParentsAr[i] = 0 or P, # &, do: Block 2; Block 3. Loop End.
Block 4. Calculations End.

Block 1 (Start all rules which appropriate to root vertices):

For every free process j from P; do:
For every element i from array iCurParentsAr: If iCurParentsAr[i] = 0,
then Send(Q,, i, j); iCurParentsAr[i] = -1; Pr = P\ {j}; Pw = Pw U {j}.
Block 1 End.

Here Send(Qj, i, j) is a procedure that sends data set Qiinto process j and informs process j of the necessity to
calculate rule i; u(P) is the number of slave processes for calculations; u(Ps) is the number of free processes.
Data set Q; contains all the values of the objects included in the condition of rule i.

Block 2 (Receive and synchronize results):
1. Recv(Z, i, j); Pw=Pu \ {j}; Pr= Pr U {j}.
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2. iCurParentsAr[i] = -2.
3. For all vertices k such as
iCurParentsAr[k] > 0, do:
3.1. If IncMatrix[i,k] = 1,
then iCurParentsAr[k] = iCurParentsAr[k] — 1;

3.2. If iLooptAr[i] > 0 & iCurParentsAr[k] = -2 & iLoopAr[k] > 0 & THEN(i) N IF(k) = &

then iChangedLoopAr(k] = 1.
4. Data = Data U Z;
Block 2 End.

Here Recv(Z, i, ) is a procedure that receives from process j data set Z that are results of computing rule i. Data
set Z contains values of the objects included in the consequent of rule i. Data is a data set that contains all the

values of all the objects included in the rules.

Block 3 (Assign rules ready for computing to free
processes):

For every free process j do:
For every element i from array iCurParentsAr:
If iCurParentsAr[i] = 0
then Send(Q,, i, j); iCurParentsAr[i] = -1.

If Pw = & & not exist elements k from array
iCurParentsAr such as iCurParentsAr[k] = 0 then:

Block 4 (Make rules which appropriate to loop
vertices ready for repeated calculations):

If exist elements i from array iChangedLoopAr such
as iChangedLoopAr]i] = 1then:

For all rules do:
If k - (distant) child of rule i
then iChangedLoopAr[k] = 1.

For every element t from array iCurParentsAr;
If iCurParentsAr[t] = -2 & iLoopAr[t] > 0 then:
For all vertices s:
If LoopMatrix[t,s]=1 & iCurParentsAr[s]>0
then iCurParentsAr(s] = 0;

Goto Block 3.

Block 3 End.

For every element t from array
iChangedLoopAr:

If iChangedLoopAr[t] = 1
then iCurParentsAr[t] = iParentsAr[t];
If iLoopAr[t]>1 then iCurParentsAr|t]=0.
Goto Block 3.
else:
Block 4 End.

Here iChangedLoopAr is an integer array where the element with number i is equal to 1 if loop rule i has been
computed and then appear new values for the objects included in its antecedent; otherwise the element with
number i is equal to 0. This structure is filled in the course of computing the rules and is used to construct a
children list, the children must be computed again.

Scheme 1b (slave process):
Calculations Begin: wRecv(Z, i); wCalc(i, Z, Q); wSend(Q, i); Calculations End

Here wRecv(Z, i) is a procedure that receives from the main process data set Z that contains values of the
objects included in the antedecent of rule i; wSend(Q, i) is a procedure that sends into the main process data set
Q that are the results of computing rule i; wCalc(i, Z, Q) is a procedure that computes rule i with the help of the
logical inference.
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Tuple Passing at Incomplete Rule Computation

The previous scheme rigidly specifies that the dependent rule cannot be computed until the rules it is dependent
on have been computed. This scheme does not have such a restriction — the next rule waits for at least one tuple
— the result of the application of the rule it depends on but not the termination of all the rules-parents. If each next
tuple appears at the beginning of the rule application, there can be a situation when all the rules are processed
parallel regardless of how they are connected informationally. However, due to the restrictions connected with the
number of processes of cluster computer free for computation, the number of rules that work parallel cannot
exceed the number of free processes.

Let us complete the above schemes with a series of new operations that will allow loading free processes with
those rules the only parents of which are being computed.

Let iParentsldAr be an integer array the dimensions of which coincide with the number of module rules, the
element with number i being equal to the number of the parent if vertex i has the only parent. SendPFrom(psiom,
Q;, i, j) is a procedure that sends data set Q in process j and informs process | of the necessity to calculate rule i,
process j must receive from process prom a set of next tuples for the objects included in the antecedent of rule i.
Data set Q contains all the values of the objects included in the antecedent of rule i. SendPTo(pw, p) is a
procedure that sends in process pi that applies rule i the message about the necessity to send to process pio
tuples for those objects included in the antecedent of rule processed by pro.

Block X1 (Assign additional rules to calculations using tuples passing):
For every free process j from P do:
For every element i from array iCurParentsAr:
If iCurParentsAr[i] = -1 then
For every element k from array iParentsIdAr:
If iParentsldAr[k] = i then
iParentsldAr[j] = -1;
SendPFrom(psom, Q, K, j);
iCurParentsArk] = -1; Ps = Ps\ {j}; Pu = Pw U {j}.
SendPTo(pio, pi);
Block X1 End.

Scheme 2a (main process):
Calculations Begin:
w(Py) = u(P); Pu= 2.
Block 1.
Block X1.
LOOP: While exist iCurParentsAr{i] = 0 or Py = &,
do:
Block 2.
Block 3.
Block X1.
LOOP End.
Block 4.
Calculations End.

Scheme 2b (slave process):

Calculations Begin:

flag=0; po_=0;

wRecv_(pfom, Z, 1);

If prrom > 0 then flag = 1;

Block 1.

If flag = 1 then:
wRecvPFrom(prom, Z);
IfZ#thenZ=2 0 Z;
else flag = 0;

wCalc(i, Z, Q);

If wWRecvPTo(pro) = 1then pro_ = Pro;

If po_ > 0 then wSend_(pw_, Q);

Block 1 End.

If flag = 1 then Goto Block 1.

wSend(Q, i);

Calculations End.
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Block X1 loads all the free processes with the rules that can receive tuples from their computed parents and
informs the processes that compute parents of the necessity to pass tuples to other processes.

The scheme of the workflow of the dependent process is a modified scheme 1b. To describe it we use the
following procedures.

wRecv_(prom, Z, i) is a procedure that is an extended version of procedure wRecv. wRecv_ receives from the
main process data set Z that contains the values of the objects included in the antecedent of rule i and receives
the number of process prom from where next tuples can come. If prom = 0, tuples from other processes will not be
sent. Z= {01, ey OZ} = {{k11, ey k1k1}, ey {kz1, ey kzkz}}.

wRecvPFrom(prom, Z)) is @ procedure that receives from slave process prom data set Z that contains the value of
the objects included in the antecedent of rule i. Z;= {0y, ..., O} = {{k"y, ..., K'at}, ..., {K#, ..., K&z}}.

wRecvPTo(py) is a function that receives from the main process the number of slave process py to which it is
necessary to send tuples. The function returns 0 if the number of the process from the main process has not been
received, and it returns 1 if it has.

wSend_(pw, Q) is a procedure that sends to slave process pi, data set Q that is the current result of the computed
rule i. Data set Q contains all the values of the objects included in the consequent of rule i. Q = {Oy, ..., Og} =
{K", ..., K}, .oy K, e KOG

Applying this scheme we can launch in parallel the process that will process the rule dependent on data not when
the rule-parent has been performed, but when attributions for the objects found in the course of calculations start
to come. Thus, if the dependence on data allows, one can launch all the rules in parallel as the correspondent
attributions appear. This implies that the period of applying all the rules can be shorter than the period of applying
the rules using the first scheme.

Conclusion

The above schemes use such characteristics of the information graph as the number of its vertices, the number
of its branches that can be processed in parallel, etc. To choose a scheme of parallelization of the logical
inference one has to know not only the characteristics of the graph but also architecture and system constraints
imposed by the computing environment. There may be the following constraints:

1. The number of free system processes. If the number of the processes is more or equal to the number of the
rules of the program, this case is convenient for calculations as one can specify in advance the particular rule for
each process. If there are less processes than rules, then the rules are assigned to the processes dynamically.

2. The period of the rule application. In the course of computing a rule there may be a situation when this rule is
processed many times longer than any other rule of the logical program. In this case there may be an idle time of
the system that awaits the end of calculations of this rule. One of the solutions is to send intermediate results of
the rule calculation to other process that process dependent rules.

3. The structure of the program information graph that is assigned by a set of information graphs of modules that
are part of the program. The graph characteristics define the number of graph sections that can be executed in
parallel. One has to analyze the graph to assign a rule for a free dependent process. The more branches are
there in the graph, the stronger is the possibility of parallelizing calculations of rules. As one does not know the
exact time of computing a rule, the maximum number of processes Pqyt that can be performed in parallel with
each other is defined in the following. For each vertex of the graph they build a set of vertices into which there are
no ways from the given vertex and which are not parents (and far parent as well) of this given vertex. After
computing the maximum from the number of the elements of all the sets, one will have the sought Pog:.

The closer is Popt to the number of the rules in module p(My), the more efficient will be the parallelization of the
task and quicker will be the calculations, i.e. E = Pgy/ w(lm) — tends to 1 (E defines the average fraction of the
rule calculation by a separate process). From the definition Po it follows that Pogt will be bigger if the graph has
more direct children for one parent, i.e. there is wide branchiness of the graph.
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For each graph P is invariable if the rules are executed completely: first — parents, then — children. However,
one can start to pass intermediate results to the dependent rules without awaiting the completion of one rule. In
this case if in the rule-parent there is at least one tuple of new values for the object included in the antecedent of
the rule-child, the process that maintains the rule-parent sends the tuple to the process assigned to process the
dependent rule. Doing this with all the rules and assigning a rule for a process, the system of the logical inference
can assign all the rules for execution in parallel with each other. It implies that Poy is always equal to the number
of rules p(Mm) (and p(P) must be equal to w(IMm)) in module m, E = 1.

Hardware constraints in the form of relatively small number of free processes, memory allocation according to
processes and temporary delays in the course of data passing between processes on the one hand and
multilevel module calls on the other hand constrain module execution in parallel. Therefore sequential module
execution can be considered optimal. In the course of the rule computation there can be a number of module
calls, then the main process does not launch new rules for computing any more, completes the rest and then
passes control to each called module one by one.
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SEQUENCING JOBS WITH UNCERTAIN PROCESSING TIMES
AND MINIMIZING THE WEIGHTED TOTAL FLOW TIME

Yuri Sotskov, Natalja Egorova

Abstract: We consider an uncertain version of the scheduling problem to sequence set of jobs J on a single
machine with minimizing the weighted total flow time, provided that processing time of a job can take on any real
value from the given closed interval. It is assumed that job processing time is unknown random variable before
the actual occurrence of this time, where probability distribution of such a variable between the given lower and
upper bounds is unknown before scheduling. We develop the dominance relations on a set of jobs J. The
necessary and sufficient conditions for a job domination may be tested in polynomial time of the number n = |J|
of jobs. If there is no a domination within some subset of set J, heuristic procedure to minimize the weighted total
flow time is used for sequencing the jobs from such a subset. The computational experiments for randomly
generated single-machine scheduling problems with n <700 show that the developed dominance relations are
quite helpful in minimizing the weighted total flow time of n jobs with uncertain processing times.
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Conference: The paper is selected from XIVth International Conference "Knowledge-Dialogue-Solution” KDS 2008, Varna,
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Introduction

There are scheduling problems in real life, where job processing times may be evaluated with high reliability
before scheduling, and the vast majority of academic research assumes that job processing times are either
deterministic (see book [Tanaev, Sotskov, Strusevich, 1994] and the first part of book [Pinedo, 1995]) or random
variables with known probability distributions (the second part of [Pinedo, 1995]). However, it is not realistic to
assume all the job processing times have known probability distribution for many other practical scheduling
problems. For the most scheduling environments, job processing times are unknown variables and the only
information that can be certainly obtained before scheduling is about lower and upper bounds for a job processing
time. As such, a schedule obtained by assuming a certain probability distribution may not be close to the optimal
schedule in practical realization of the process. Due to this reason, methods of construction of optimal and
approximate schedules are practically important for scheduling problems with uncertain (interval) processing
times [Kouvelis, Yu, 1997; Sotskov, Sotskova, 2004].

In this paper, we address a scheduling problem when it is impossible to obtain reliable probability distributions for
the job processing times. Namely, it is assumed that the processing time of a job can take any real value from the
given interval of uncertainty, regardless of the values taken by the processing times of other jobs. More precisely,
we consider the non-preemptive single-machine sequencing problem with interval processing times to minimize
the weighted sum of the job completion times.

The paper is organized as follows. In the second section, problem setting is given. The third section contains a
literature review. The forth section reminds a known-result for a single-machine scheduling problem with the fixed
processing times and the weighted total flow time criterion. The fifth section contains the necessary and sufficient
condition over which a job dominates another one (i.e., for each set of possible processing times there exists an
optimal permutation with the same order of these two jobs). An illustrative example is given in the sixth section.
Computational results for randomly generated instances with interval processing times are given in the seventh
section. The last section presents a brief conclusion.
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Problem Setting

There are n 2 2 jobs J ={J,,J,,...,J,} 1o be processed on a single machine. For each job J; € J, positive
weight w; > 0 is given. Processing time p, of ajob J, € J may take any real value between given lower bound
a; >0 and upper bound b;, b, > a;, which are only known before scheduling. Real number C; is equal to the

completion time of the job J, € J and criterion > w.C; = iwiq denotes minimization of sum of the weighted
i=1

completion times of n jobs. Let S = {r,,7,,...,7,} denote a set of all permutations =, = (J,.I,Jiz,...,Jin) of n

jobs from the set J ={J,,J,,...,J,,} . By adopting the three-field notation | £ |y introduced in [Graham et al.,
1976], we denote the scheduling problem of searching an optimal permutation within set S that minimizes the

value ilw,.C,. as l|a;<p,<b, |ZwC, . Aset T={p : a;,<p,<b,,J, €J} of vectors p=(p,,p,,.... p,)
of the processing times is a rectangular box in the space of non-negative n-dimensional real vectors. If a vector p
of the processing times is known before scheduling (i.e.,a; = b,,J, € J ), then problem 1|a, < p, <b, | > w,C,
becomes conventional problem 1| > w,C; with the fixed job processing times. As it is proven in [Smith, 1956],
the latter problem can be solved in O(nlog, n) time. We call sequencing problem 1|a; < p, <b,|> w.C; an
uncertain (sequencing) problem in contrast to problem 1| > w,C, , called a deterministic one.

1 i

Literature Review and Definition

In case of the uncertain problem 1|a; < p, <b, | > w,C; , there may not exists a unique schedule that remains
optimal for all possible realizations of the job processing times. Therefore, in [Daniels, Kouvelis, 1995], so-called
robust schedule minimizing the worst-case absolute or relative deviation from optimality (called worst-case regret)
was proposed to hedge against processing time uncertainty. In [Daniels, Kouvelis, 1995; Yang, Yu, 2002],
uncertain problem 1] a; < p, <b, | 3. C; with minimizing total flow time (i.e., it was assumed that w, =1 for each
job J, € J) has been considered. In [Averbakh, 2000; Averbakh, 2001; Daniels, Kouvelis, 1995; Yang, Yu, 2002;
Lebedev, Averbakh, 2006] along with continuous intervals of possible processing times defined by the above set

T, the processing time uncertainty was described through a finite discrete set T~°,|T" |=h, of possible

processing time vectors (called scenarios). Each scenario p € T~ represents fixed processing times for job set J,
which can be realized with some positive (but unknown before scheduling) probability. For a specific scenario
peT", deterministic problem 1|| > C, arises which can be solved using optimal job permutation defined due to
the following SPT rule: Sort the jobs J according to non-decreasing order of their processing times.

While deterministic problem 1]| >.C; is computationally simple, finding a permutation which minimizes the worst-

case regret to the uncertain counterpart with discrete set of possible scenarios 7°,| T |= &, is computationally

hard problem. E.g., in [Daniels, Kouvelis, 1995], it was proven that to find a permutation
7=y, J;,) €S minimizing the worst-case absolute regret is binary NP-hard problem (see [Garey,

iy 2+
Johnson, 1979] for definition) even for two possible scenarios: 2 =2. In [Yang, Yu, 2002], it was proven that to
find a permutation 7z, =(J;.J J;,,)€S minimizing the worst-case relative regret is binary NP-hard

iy reees
problem for two possible scenarios as well. In [Yang, Yu, 2002], it was proven that to find a permutation
7 =(JyJ J;, ) €S minimizing the worst-case absolute (relative) regret is unary NP-hard problem [Garey,

i2 PYRET)

Johnson, 1979] for unbounded number / of possible scenarios.

Worst-case regret is also defined for the processing time uncertainty described through a rectangular box 7' of
possible vectors p. In [Lebedev, Averbakh, 2006], it was proven that minimizing the worst-case absolute regret for
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problem 1|a; < p, <b,|>.C, is binary NP-hard problem if intervals of the processing times have the same
center for all jobs J. In [Averbakh, 2001], it was shown by an example that there is no direct relationship between
the complexity of the uncertain problem with the given finite discrete set of possible scenarios 7°,| 7" |= A, and
the complexity of the uncertain problem with the given set T of n continuous intervals of possible scenarios.

Summarizing this overview, we can observe that for the most classical polynomially solvable deterministic
scheduling problems, their uncertain counterparts with the worst-case regret criterion become binary or unary NP-
hard problems. In fact, even for existence of only two scenarios of possible processing times (2=2), to minimize
the absolute or relative regret implies a time-consuming search over set S of n! permutations of # jobs. In order to
overcome this computational complexity in some special cases, we propose to use searching the minimal set of
dominant schedules (permutations) introduced in [Lai, Sotskov, 1999] for solving the uncertain job-shop problem
Jla; < p; <b,|C,,. Wwith the makespan objective function: C,,, = max{C,:J, e J}.

max

Definition 1: Set of permutations (schedules) S(T) < S is a minimal dominant set for the uncertain problem
ala;<p, <b; |y, if for any vector p € T set S(T) contains at least one permutation (schedule), which is
optimal for the deterministic problem « ||y with vector p of the job processing times provided that any proper
subset of set S(T) loses such a property.

A minimal dominant set S(7) was investigated in [Allahverdi, Sotskov, 2003; Allahverdi, Aldowaisan, Sotskov,
2003; Lai, Sotskov, 1999; Leshchenko, Sotskov, 2007] for the makespan criterion C,.,., and in [Allahverdi,

Aldowaisan, Sotskov, 2003; Sotskov, Allahverdi, Lai, 2004] for the total flow time criterion Y. C; . In particular,

work of [Sotskov, Allahverdi, Lai, 2004] was addressed to the total flow time in a two-machine flow-shop with the
interval processing times: F2|a, < p, <b,|C,... - A geometrical algorithm has been developed for solving the

flow-shop problem Fm|n=2,a, < p, <b,|>C, with m machines and two jobs. For uncertain flow-shop
problems with two or three machines, sufficient conditions have been identified when the transposition of two jobs
minimizes the total flow time. Work of [Allahverdi, Aldowaisan, Sotskov, 2003] was addressed to the case of
separate setup times with the criterion C,,, or >.C; . Namely, the processing times were fixed while each setup
time was relaxed to be a distribution-free random variable within given lower and upper bounds. Dominance
relations have been identified for an uncertain flow-shop problem with two machines. In [Allahverdi, Sotskov,
2003], for a two-machine flow-shop problem F2|a; < p, <b,|C,,, , sufficient conditions have been identified
when the transposition of two jobs minimizes the makespan C,,.. In [Leshchenko, Sotskov, 2007], the
necessary and sufficient conditions were used for the case when a single schedule dominates all the others, and

the necessary and sufficient conditions were used for the case when it is possible to fix the optimal order of two
jobs for the makespan criterion C,,. with interval job processing times.

The formula for calculating stability radius of an optimal schedule (i.e., the largest value of independent variations
of the job processing times for the schedule to remain optimal) has been provided in [Sotskov, Sotskova, Werner,
1997] for a job-shop problem Jm|a; < p, <b, | C,,,, With m machines. Stability radius of an optimal schedule

was investigated for problem Jm|a; < p, <b, |C,,

1998], and for problem Jm|a, < p, <b,|> C, in [Brasel, Sotskov, Werner, 1996]. In contrast to references
[Brasel, Sotskov, Werner, 1996; Lai, Sotskov, 1999; Sotskov, Sotskova, Werner, 1997; Sotskov, Wagelmans,
Werner, 1998], where exponential algorithms based on exhausting enumeration of the semi-active schedules
(see p. 284 in [Tanaev, Sotskov, Strusevich, 1998]) were derived for constructing minimal dominant set S(7) for
uncertain job-shop problems, in this paper, we show how to find set S(7) for the problem 1|q; < p, <b, | > C;

in [Lai, Sotskov, 1999; Sotskov, Wagelmans, Werner,

in polynomial time. Next, we present an auxiliary result for the deterministic problem 1| > w,C; .
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Deterministic Sequencing Problem

In [Smith, 1956], it was proven that problem 1||> w.C; can be solved in O(nlog, n) time due to the following
sufficient condition for optimality of permutation 7, = (J, ,J, ,...,J; ) €S

- (1)

It is easy to prove that inequalities (1) are also necessary conditions for optimality of permutation
7, =(J;»Jy ;) €S forthe problem 1] X w,C; .

Theorem 1: Permutation =, =(J,,J,,,....J; )€S is optimal for the problem 1| X w,C; if and only if
inequalities (1) hold.

Proof: Sufficiency of condition (1) for optimality of permutation 7z, was proven in [Smith, 1956].

Next, we prove necessity of condition (1) for optimality of permutation 7, by contradiction method.

Let permutation 7z, =(J, Ji s Jisdi s Ji sesd; ) €S be optimal for the problem 1|2 w,C; .

However, for the latter permutahon at Ieast one mequahty from condition (1) is violated, e.g., we assume that the
following opposite inequality holds:

17,

Wi Wi +1
’ o (2)
b P

r r+l

where r € {1,2,....n—1} . Let us consider permutation 7/ = (oo i s 5T 50 dy send; ) ES, which

defers from permutation 7, by transposition of jobs J, and J;, . We obtain the following equalities provided

that notation @(z,) =@(J,,J,, ..., J; ) = Z w, C, s used:

n q , r—1 q
¢(ﬂ-l’)= zlwiqkzlpik ’ (D(ﬂ'i): leiq kzlpik ’+1(2p’k +plr+1)+w Zplk + Z W Zplk '
q= = q= =

q=r+2

Let us calculate the difference of the objective function values defined for permutation 7z, and permutation 7; :

, n q r—1 q r+l
®(ﬂi)_d)(”i)zglwiq1§1pik _|:Zwiqkzlpik +W (szk +p1 +1J+W szk + Z W szk}

k=r+2

V 1 q r+l
iy 2Py TV Zp,k +W,+12p,k > W, Zp,k—
q= 1 k=1 k=r+2
r—1 r+l
Zw Zplk ,,+1[;1p,k p,,+lj+w Zp,k +k§+2w Zplk

r+l r+l

i
=W, Elpik Wiy 1 zplk Wi (E‘lpik TPy ) - Wi, Elpik =

r r+l r+l r—l1
= Wir (kzlpik - Elpik ) + Wir+1 (kzlpik - kzzlplk p1r+1 j ( p1r+l ) ir+l pir = Wir+l pir - Wir pir+l :

Thus, the following equality holds: ®(z,) —®(z])=w, p, —w, p, . If we multiply both left-hand side and
right-hand side of the latter inequality by factor p, p, , we obtain inequalites w, p, <w, p, and

W, Pi =W, p; >0 whichimplies: ® (7)) < D(x;). The latter inequality contradicts to the above assumption
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that permutation 7, is optimal for the problem 1| > w.C; . The contradiction obtained implies the necessity of
condition (1) for optimality of permutation 7, for the problem 1|| > w.C, . Theorem 1 is proven. ]

Uncertain Sequencing Problem

Search of the minimal dominant set S(T) for an uncertain problem 1|q; < p, <b,|> w;,C; may be based on
constructing a dominance relation on the set of jobs J. To this end, we define a dominance relation as follows.

Definition 2: Job J, dominates job J, with respectto T (i.e., J, — J,), if there exists a minimal dominant set
S(T) for the problem 1|a, < p, <b, | > w,C; that each permutation from set S(T) has either the form (..., J,,, J,,
...)ortheform(...,J

us o J,, ) (e, ina permutation 7z, € S(T'), job J, precedesjob J,).

From Definition 2 it follows that minimal dominant set S(T) for the deterministic problem 1| > w,C; is a singleton:
{m} =S(T). As a result the following dominance relations hold: .J, —J; —..—> J, - For a general case
of the problem 1| a, < p, <b, | > w,C, , the following claim may be proven using Theorem 1.

Theorem 2: For the problem 1|a; < p, <b,| > w,C;, job J, dominates job J, with respect to T if and only if
the following inequality holds:

w, w,
Zu> v 3
b, (3)

a

Due to Theorem 2, if job J, dominates job J, and job J, dominates job J;, then job J, dominates job J; as
well. Thus, dominance relation J, — J, is transitive. Theorem 2 allows us to find a minimal dominant set S(7)
for the uncertain problem 1|, < p, <b,| > w,C; and to present set S(7) in compact form. Indeed via checking
condition (3) for each pair of jobs J, and J, from the set J, we construct digraph G =(J, 4) of dominance
relation on the set J: Arc (J,,,J,) belongs to set A4 if and only if dominance relation J, — J, holds. Obviously,
it takes O(n®) time to construct digraph G =(J, A). If due to Theorem 2, linearly ordered set of jobs J,
Jy = I, = J;, Will be constructed, then set S(7) for the problem 1|a; < p, <b, [ Zw,C; will be a

singleton: {7, } =S(7). And permutation 7, € S will be optimal for any possible scenario p €T . Itis easy to

convince that in the case of {7, } = S(T), inequality | 4[> @ must hold for the digraph G =(J, 4).

lllustrative Example

Let input data for the instance of the problem 1|, < p, <b,| > w,C; be given in columns 1—4 of Table 1.

Table 1. Input data for the problem 1|a; < p, <b, | > w.C;

I a b, w; w;/a; w, /b,
1 1 3 18 18 6
2 5 6 30 6 5

3 4 10 20 5 2
4 3 12 4 3
5 4 8 2 2

6 5 10 10 2 1

7 2 2 3 15 1.5
8 7 10 14 2 1.4
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Via testing condition (3) of Theorem 2 for each pair of jobs J, € J and J, € J we obtain the following relations:

Moo= 2 555 M. M 554 MWa. W55y W W55, W5,
b, a, b, a, b, a, b as b, as
ER PN WAL AP R, D I S RS, D s 1
bs dg 5 a; 5 ag

Thus, condition (3) holds for the following ordered pair of jobs: J, and J,; J, and J5; J, and J,; J; and
Js; J, and Jg; Js and Jg; Js and J5; Js and Jg. Due to Theorem 2, the following dominance relations
hold: job J, dominates job J,; job J, dominates jobs J; and J,; job J, dominates job Js; job J,
dominates job J ; job J5 dominates jobs J,, J,,and Js. Itis easy to verify that there are no other dominance
relations except those that are transitive to the above ones. Therefore, minimal dominant set S(7") for this
instance of the problem 1|a, < p, <b, | > w.C; consists of 2!-3! = 12 permutations.

Fig. 1. Digraph G = (J, A) without transitive arcs

Digraph G =(J, A) defining set S(T')={~x,,x,,...,7,} is represented in Fig. 1 (for simplicity, the transitive
arcs are omitted). Thus, while searching optimal permutation for this instance of the uncertain problem
lla, < p, <b |>wC,,itis sufficient to test only 12 permutations (instead of 8! = 256 feasible ones).

Computational Results

In this section, we describe the testing of randomly generated problems 1|, < p, <b,| > w,C; and answer (by
experiments on PC) the question of how many pairs of jobs from set J satisfy condition (3) and how large errors

of the optimal values of the criterion > w,C, are for the schedules constructed using digraph G =(J, 4).

The computational algorithm was coded in C++. If relation J, — J, was fulfilled provided that « <v, our

algorithm did not tested the validity of the opposite relation: J, — J, . Therefore, an optimal permutation was

n(n—-1)
2

For the experiments, we used an AMD 3000 MHz processor with 1024 MB main memory. We tested random
instances of the uncertain problem 1|qa; < p, <b, | > w,C; with the following numbers of jobs: n € {10, 25, 50,

obtained without fail, if equality | 4 |=

was fulfilled for the constructed digraph G =(J, A).

100, 150, ..., 700}. The given integer lower and upper bounds of the possible integer processing times were
uniformly distributed in the range [1, 100]. We tested the following errors L% of the uncertain job processing
times: L € {0.1, 0.5, 1.0, 5.0, 10.0, 15.0, 20.0}. For each job J; € J, the given lower bound of a job processing
time was randomly generated in the range [1,100] and the upper bound was computed as follows:
b, =a;(1+ L%/100%) . For each job J, € J, the weight w, > 0 was randomly generated in the range [1, 50].

Table 2 represents the computational results for 80 series of the randomly generated instances. Each series
included 10 instances with the same combination of the above »n and L. The left-hand side of Table 2 (columns 1
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— 6) represents the computational results for instances with the numbers of jobs from set {10, 25, 50, 100, 150,...,
300}. The right-hand side of Table 2 (columns 7 — 12) represents the computational results for instances with the
number of jobs from set {350, 400,..., 700}. The number of series is given in column 1 (for series numbered from
1 to 40), and in column 7 (for series numbered from 41 to 80). The number of jobs in one instance is given in the
corresponding column 2 or 8. The error L of the uncertain job processing times (in percentage) is given in the

corresponding columns 3 or 9. The average error of the objective function value @° = iw,.c,.o calculated for the
i=1
heuristic schedules constructed due to Theorem 2 and digraph G =(J, 4), with respect to optimal objective

function value @* = 3 w,C , is given in the corresponding columns 4 or 10 (namely, values (@° —@"): @"
i=1

are given in columns 4 and 10). The average relative number of arcs | 4| (in percentage) constructed due to

validity of condition (3), with respect to the number of arcs in the complete circuit-free digraph, is given in the

n(n—1)

corresponding columns 5 or 11 (namely, values (] 41| )100% are given in columns 5 and 11). The

average CPU-time (in seconds) used by the processor AMD 3000 MHz for solving one instance (approximately or
exactly) is given in the corresponding columns 6 or 12.

From the experiments, it follows that dominance relation stated in Theorem 2 allow us to solve exactly all the
instances from the series with numbers 1 — 10 and 14 (see column 5). The lowest relative number of arcs, i.e.
78.81069%, was constructed for the series with number 75. The lowest average quality of the schedules, i.e.

(@° —@"): @ =0.759582, was obtained for the series with the largest number 80. The largest CPU-time,

37.1's, was obtained for the series with number 48. The average quality of the schedules obtained depends of the
error L of the job processing times and remains almost the same for the instances with different number of jobs
provided that they have the same error L% of the uncertain processing times. Increasing simultaneously both
numbers n and L decreases the number of instances solved exactly due to Theorem 2.

Table 2. Computational results for randomly generated instances 1|a; < p, <b, | > w.C;

n ErrorL Objective Number CPU- n Error Objective  Number  CPU-
% error  ofarcs,% times L% eror  ofarcs,% times
1 2 3 4 5 6 7 8 9 10 11 12
1 10 01  0.000000 100.00000 0 41 350 1.0 0.004562 99.181989 1.9
2 25 01 0.000000 100.00000 0 42 400 1.0 0.004622 99.160902 3.3
3 50 0.1 0.000000 100.00000 0 43 450 1.0 0.004386 99.175452 53
4 100 0.1  0.000000 100.00000 0 44 500 1.0 0.004430 99.179559 8.2
5 150 0.1  0.000000 100.00000 01 45 550 1.0 0.004539 99.179467 11.9
6 200 0.1 0.000000 100.00000 02 46 600 1.0 0.004494 99.202282 17.1
7 250 01 0.000000 100.00000 0.5 47 650 1.0 0.004504 99.197867 24.8
8 300 0.1 0.000000 100.00000 1.1 48 700 1.0 0.004738 99.174290  37.1
9 10 05 0.000000 100.00000 0 49 350 50 0.051612 94.942939 1.7
10 25 05 0.000000 100.00000 0 50 400 5.0 0.052478 94.784712 3.0
11 50 05 0.000058 99.991837 0 51 450 50 0.052236 94.871171 4.8
12 100 0.5  0.000000 99.997980 0 52 500 5.0 0.052704 94.917756 7.3
13 150 05  0.000000 99.996421 0 53 550 5.0 0.051536 95.060772 10.9
14 200 05 0.000000 100.00000 0.3 54 600 5.0  0.054459 94.834780 15.2
15 250 05 0.000006 99.998394 0.7 55 650 5.0 0.053217 94.908475 21.2

—_
(o]

300 05 0.000033 99.996210 1.7 56 700 50  0.050923 94.883303 29.3
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17 10 1.0  0.000374 98.888889
18 25 1.0 0.004613 99.333333

57 350 10.0 0.196527 89.868522 1.5
58 400 10.0 0.189964 89.885965 2.5
19 50 1.0 0.003874 99.412245 59 450 10.0 0.199014 89.876169 4.2
20 100 1.0  0.003450 99.236364 60 500 10.0 0.198004 89.393587 6.3
21 150 1.0  0.005091 99.314541 041 61 550 10.0 0.182142 89.829641 94
22 200 1.0 0.004504 99.190452 0.2 62 600 10.0 0.192427 89.771786 13.3
23 250 1.0 0.004385 99.178474 05 63 650 10.0 0.191777 89.593694  18.9
24 300 1.0 0.004397 99.196433 01 64 700 10.0 0.197116 89.578500 26.9
25 10 50 0.010130 92.666667 0 65 350 150 0416224 84.606631 1.3
26 25 50 0.044132 95.033333 0 66 400 150 0421506 84.389724 22
27 50 50 0.033901 95.346939 0 67 450 150 0419705 84.949567 3.6
28 100 50 0.049146 95.032323 0 68 500 150 0450631 84.497074 55
29 150 50 0.050174 94.741834 0 69 550 15.0 0432102 84.505647 8.1
30 200 50 0.050802 95.029648 02 70 600 150 0.447372 84.360045 11.4
31 250 50 0.054236 94993092 05 71 650 150 0418753 84.208131 156
32 300 50 0.049330 94978595 09 72 700 150 0454469 84.130922 216
33 10 100 0.129524 89.111111 0 73 350 20.0 0.747840 79.328530 1.2
34 25 100 0.124472  89.400000 0 74 400 20.0 0.779839 79.001754 1.8
35 50 100 0.179310 90.889796 0 75 450 20.0 0.775389 78.810690 3.0
36 100 100 0.201273 89.715152 0 76 500 20.0 0.749320 79.445210 4.7
37 150 10.0 0.199625 89.681432 0.1 77 550 20.0 0.767790 79.044080 6.8
38 200 100 0.185334 89533668 0.1 78 600 200 0.755315 79.437340 9.8
39 250 10.0 0.197567 89.108112 04 79 650 20.0 0.779930 79.073272 134
40 300 10.0 0190829 89.575920 0.8 80 700 20.0 0.759582 79.465195 184

Conclusion

The main issue of this paper is to show how to construct a minimal dominant set S(T) in polynomial time via
constructing digraph G =(J, 4) as a compact presentation of set S(T) of dominant permutations. We estimated
a strength of using minimal dominant set S(T) by extensive computational experiments for randomly generated
problems 1|a; < p, <b; | > w,C; with number n of jobs from the range [10, 700].

Bibliography

[Allahverdi, Sotskov, 2003] A. Allahverdi, Yu.N. Sotskov. Two-machine flowshop minimum-length scheduling with random
and bounded processing times, International Transactions in Operational Research 10 (2003) 65-76.

[Allahverdi, Aldowaisan, Sotskov, 2003] A. Allahverdi, T. Aldowaisan, Yu.N. Sotskov. Two-machine flowshop scheduling
problem to minimize makespan or total completion time with random and bounded setup times, International
Transactions of Mathematical Sciences 39 (2003) 2475-2486.

[Averbakh, 2000] I. Averbakh. Minmax regret solutions for minmax optimization problems with uncertainty, Operations
Research Letters 27 (2000) 57-65.

[Averbakh, 2001] I. Averbakh. On the complexity of a class of combinatorial optimization problems with uncertainty,
Mathematical Programming, Series A 90 (2001) 263-272.

[Brasel, Sotskov, Werner, 1996] H.-M. Brasel, Yu. N. Sotskov, F. Werner. Stability of a schedule minimizing mean flow time,
Mathematical and Computer Modelling 24 (10) (1997) 39-53.

[Daniels, Kouvelis, 1995] R.L. Daniels, P. Kouvelis. Robust scheduling to hedge against processing time uncertainty in
single-stage production, Management Science 41 (2) (1995) 363-376.



96 Algorithmic and Mathematical Foundations of the Artificial Intelligence

[Graham et al., 1976] R.L. Graham, E.L. Lawler, J.K. Lenstra, A.H.G. Rinnooy Kan. Optimization and approximation in
deterministic sequencing and scheduling: A survey, Annals of Discrete Mathematics 5 (1976) 287-326.

[Garey, Johnson, 1979] M.R. Garey, D.S. Johnson. Computers and Intractability. A Guide to the Theory of NP-
Completeness. San Francisko: Freeman, USA, 1979.

[Kouvelis, Yu, 1997] P. Kouvelis, G. Yu. Robust Discrete Optimization and Its Applications. Boston: Kluwer Academic
Publishers, USA, 1997.

[Lebedev, Averbakh, 2006] V. Lebedev, I. Averbakh. Complexity of minimizing the total flow time with interval data and
minmax regret criterion, Discrete Applied Mathematics 154 (2006) 2167-2177.

[Leshchenko, Sotskov, 2007] N. Leshchenko, Yu. N. Sotskov. Realization of an optimal schedule for the two-machine flow-
shop with interval job processing times, International Journal “Information, Theory & Applications” 14 (2007) 182-189.

[Lai, Sotskov, 1999] T.-C. Lai, Yu. N. Sotskov. Sequencing with uncertain numerical data for makespan minimization, Journal
of the Operational Research Society 50 (1999) 230-243.

[Pinedo, 1995] M. Pinedo. Scheduling: Theory, Algorithms, and Systems. Prentice-Hall: Enlewood Cliffs, USA, 1995.

[Smith, 1956] W.E. Smith, Various optimizers for single-stage production, Naval Research and Logistics Quarterly 3 (1)
(1956) 59-66.

[Sotskov, Allahverdi, Lai, 2004] Yu.N. Sotskov, A. Allahverdi, T.-C. Lai. Flowshop scheduling problem to minimize total
completion time with random and bounded processing times, Journal of the Operational Research Society 55 (2004)
277-286.

[Sotskov, Sotskova, 2004] Yu. N. Sotskov, N. Sotskova. Scheduling Theory: Systems with Uncertain Numerical Parameters,
Minsk: United Institute of Informatics Problems, Belarus, 2004 (in Russian).

[Sotskov, Sotskova, Werner, 1997] Yu. N. Sotskov, N. Sotskova, F. Werner. Stability of an optimal schedule in a job shop,
Omega - Journal of Operational Research 25 (4) (1997) 245-280.

[Sotskov, Wagelmans, Werner, 1998] Yu.N. Sotskov, A.P.M. Wagelmans, F. Werner. On the calculation of the stability radius
of an optimal or an approximate schedule, Annals of Operations Research 83 (1998) 213-252.

[Tanaev, Sotskov, Strusevich, 1994] V.S. Tanaev, Yu.N. Sotskov, V.A. Strusevich. Scheduling Theory: Multi-Stage Systems,
Dordrecht: Kluwer Academic Publishers, Netherlands, 1994.

[Yang, Yu, 2002] J. Yang, G. Yu. On the robust single machine scheduling problem, Journal of Combinatorial Optimization 6
(2002) 17-33.

Authors' Information

Yuri N. Sotskov — Professor, DSc, PhD, United Institute of Informatics Problems of the National Academy of
Sciences of Belarus, Surganova str., 6, 220012, Minsk, Belarus; e-mail: sotskov@newman.bas-net.by

Natalja G. Egorova - Junior researcher, United Institute of Informatics Problems of the National Academy of
Sciences of Belarus, Surganova str., 6, 220012, Minsk, Belarus; e-mail: eqorova@newman.bas-net.by




International Book Series "Information Science and Computing" 97

MULTIDIMENSIONAL HETEROGENEOUS VARIABLE PREDICTION
BASED ON EXPERTS’ STATEMENTS®
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Abstract: In the works [1, 2] we proposed an approach of forming a consensus of experts’ statements for the
case of forecasting of qualitative and quantitative variable. In this paper, we present a method of aggregating sets
of individual statements into a collective one for the general case of forecasting of multidimensional
heterogeneous variable.
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Introduction

Let I" be a population of elements or objects under investigation. By assumption, L experts give predictions of
values of unknown m-dimensional heterogeneous feature Y for objects @ € I', being already aware of their

description X(a). We assume that X(a)=(X,(a),....X (a),...., X, (a)), Y(a)=(Y(a),....Y (a),

....Y, (a)), where the sets X and Y may simultaneously contain qualitative and quantitative features X Py

j=Ln;or Y, j=1m; respectively. Let Df be the domain of the feature X, j =1,n, DJ.Y be the
domain of the feature Y, j= I,_m . The feature spaces are given by the product sets: D* = H;Df and

D’ = H:’zl Df . By assumption, exactly combination of values Y, (a),...,Y,(a),...,Y, (a) is important, so
we have to estimate the whole set ¥ simultaneously.

. . X - n X . .
We shall say that a set £ is a rectangular set in D* if E=HA/=1E]‘ VE, 2Dy E =[a,,B]ifX,is
a quantitative feature, £ is a finite subset of feature values if X', is a nominal feature. In the same way
rectangular sets in D" are defined.

A A

D¥ DY

v
v

Fig. 1.

* The work was supported by the RFBR under Grant N07-01-00331a.
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In this paper, we consider statements S’, i =1, M ; represented as sentences of type ‘if X(a) e E', then
Y(a) e G'’, where E' is arectangular setin D*, G' is a rectangular setin D" (see Fig. 1). By assumption,

each statement S’ has its own weight w' (0 <w' <1 for individual statements). Such a value is like a
measure of “confidence”.

Let us remark that the statement “if X(a) < E , then Y(a) e D" is equal to the statement “I know nothing
about Y(a) if X(a)e E".

Without loss of generality we may assume that experts themselves have equal “weights”.

Setting of a Problem

We begin with some definitions.

Denote by E"™ .= E" ® E" =Hj~:1 (E} ®E?), where E! © E; is the Cartesian join of feature values
E’ and E: for feature X, and is defined as follows. When X ; is a nominal feature, £ @ E is the union:
E'@®E? =E!'UE}? . When X is a quantitative feature, E} @ E? is aminimal closed interval such that
E}UE? C E} @ E} (seeFig. 2).

|::> E"®E"

E"

Fig. 2.

In the work [3] we proposed a method to measure the distances between sets (e.g., E' and E*) in
heterogeneous feature space. Consider some modification of this method. By definition, put

PELE) =Y ko (ELED) o p(ELE) =[S K (p,(E}LED) , where 0<k <,
k=1

j=17

1 2
[EAE) | |Jl')X.|i| if X, is a nominal feature,
j
1 1 2 2
2:|aj+ﬂj_aj+ﬂj|
|2

Values p,(E;,E;) are gven by p.(E|,E})=

12 1 2
Lo, rPr0|EAEY

J

if X, is a quantitative feature, where rj1 tcan

be proved that the triangle inequality is fulfilled if and only if 0 <8 <1/2.

The proposed measure o satisfies the requirements of distance there may be. Note that we can use another
measure of differences (for example, see [4]).

In this paper we assume that distance between rectangular sets in D" is known.
Consider some “natural” algorithm of forming a consensus of experts’ statements (denote itby A4).
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Let for some point x € D* we have two statements S' and S* with the weights w' and w*. Suppose G'
and G* are the images prescribed by these statements to the point x .

If p(G',G*)< &, where ¢ is a threshold, then it may be assumed that the set G' ® G* is “naturally”
prescribed to the point x . Note that if these statements are given by different experts, then we more confidence
in resulted statement, so the weight of this statement is higher than w' and w* (it may be even more than 1).

Otherwise, if p(G',G*)> ¢, then it may be assumed that only one statement with higher weight is remained
and our confidence in it (and the weight of it) is decreased.

If for some point x € D we have more than two statements, the algorithm A coordinates them in the same
way.

Since there are M statements, we have up to 2" setsin D™ with different prescribed images. These sets
are in the form of £, or £, \(E, UE;,...), where E, are rectangular setsin D™ .

Consider algorithms B of forming a consensus of experts’ statements under restrictions on amount of resulted
statements. The value F'(B) =ij (0(G ,(x),G4(x))* dx estimates a quality of the algorithm B . Here

G ,(x), G4(x) are the images prescribed to the point x € D* by algorithms 4 and B, respectively. In the

general case, the best algorithm B” = argmin, F(B) is unknown. Further on, the heuristic algorithm of
forming a consensus of experts’ statements is considered.

Preliminary Analysis

We first treat each expert's statements separately for rough analysis. Let us consider some special cases.

Case 1 (‘coincidence”): maxmax(p,(E",E"®E"™),p (E*,E"®E"))<5 and p(G",G*)<g,
¥ « :

where &, &, are thresholds decided by the user, i,,i, € {1,..., M} . In this case we unite statements S* and

S into resulting one: if X(a)e E" ® E" ,then Y(a)e G" ®G"".

Case 2 (“inclusion”): min(m;c_lx(pj (E",E" ® E™)), rn_/ax(p J(E" E"® E?)) <6 and

p(G",G") < ¢g,, where i,i, e{l,...,M}. In this case we unite statements S" and S" too: ‘if

X(a)e E"@®E" then Y(a)e G" @ G"".

Case 3 (‘contradiction’): maxmax(p,(E",E" ® E*),p ,(E*,E" ®E"))<& and p(G",G*)>s,,
J

where ¢, is a threshold decided by the user, i,,i, € {1,..., M} . In this case we exclude both statements S”

and S from the list of statements.

Coordination of Similar Statements

Consider the list of /-th expert's statements after preliminary analysis Q, (/) = {S"(/),...,S™ (I)} . Denote by
L

Q :U1=1QI(Z)’ M, :|Ql|'

Determine now distance between rectangular sets in D™ . Determine values k; from this reason: if far sets G’

and G* corresponds to far sets Ej and Ejz , then the feature X ; is more “valuable” than another features,
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hence, value k]. is higher. We can wuse, for example, these values: kj= nj , Where

Ml Ml u v u 4 .
7 :Zu:IZv:Ip(G G )p, (B}, E}), j=1n.
Denote by 72 .= d(E"™ ,E" JE").

1

The value d(E,F) is defined as follows: d(E,F) = max mind_j—(é') , Where E' is any rectangular set
'c Jdiam

(see Fig. 3), diam(E) = max p(x,y).
X,ye

(E"),
E"
(")
E"
(E");
Fig. 3.
By definition, put I ={{1, M3} 1= {{iysni }| 7™ <6 and

p(G* .G")<&, Vu,v=1,q}, where &, & are thresholds decided by the user, ¢ =2,0; O <M. Let

us remark that the requirement 7" <& is like a criterion of “insignificance” of the set £ \(E* UE").
Notice that someone can use another value d to determine value 7, for example:
d(E,F,G)= max min(diam(F @ E")—diam(F),diam(G @ E")— diam(G)) .
FERFUG) diam(E)

Further, take any set J, ={i,...,i,} of indices such that J el and VA=1,0-q VJ €l

q+A g+A

J, «J,., - Now, we can aggregate the statements S ..., S into the statement S’ :

S’ ='if X(a)e E’* ,then Y(a) e G’*’, where E"* =E" ®..®@E" , G"" =G" ®..®G" .
i, i
J J ieJ ctw iJ, i J
By definition, put to the statement S™* the weight w"' = ————— where ¢ =1— p(E',E"").

3.,
ieJ,

The procedure of forming a consensus of single expert’s statements consists in aggregating into statements N

forall J, under previous conditions, ¢ =1,0 .

Let us remark that if, for example, k, <k, , then the sets E, and E, (see Fig. 4) are more suitable to be united
(to be precise, the relative statements), than the sets /£, and F, under the same another conditions.

Note that we can consider another criterion of unification (instead of »™/v < & ): aggregate statements S” | ...,
S" into the statement S’ only if w > g', where &' is a threshold decided by the user.
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After coordinating each expert's statements separately, we can construct an agreement of several independent
experts. The procedure is as above, except the weights: w = ziEJ crw! (the more experts give similar

statements, the more we trust in resulted statement).

Denote the list of statements after coordination by ©Q,, M, :=|Q,|.

A
XZ

v

Fig. 4.

Coordination of Non-similar Statements

After constructing of a consensus of similar statements, we must form decision rule in the case of intersected
non-similar statements. The procedure in such cases is as follows.

To each h=2,M, consider statements S ..., eQ, suchthat E" := EV N..NE™ =&, where

E'" are related sets to statements S

Denote 1(1) = {i|Si(Z) eQ,(), E(NE"+ @}, where E'([) are related sets to statements S'(/).
Consider related sets G'(/), where / =1,L; i € I(l). Denote by w' (/) the weights of statements S (/).

As above, unite sets G (1)) ,...,G'" (1) if p(G*,G")<e&, Vu,v=1,g.Denoteby G',..,G",..,G"
the sets after procedure of unification of the sets G'(/). Consider the statements S*f X (a)e E" then
Y(a)e G*".

In order to choose the best statement, we take into consideration these reasons:

1) similarities between sets £” and E' (/) ;

2) similarities between sets G* and G' (/)

3) weights of statements S'(/);

4) we must distinguish cases when similar / contradictory statements produced by one or several experts.
LY (= PG (D,GONA= p(E (1), E"Y'w' (1)
I

We can use, for example, such values: wh = - —
: > 1= p(EC(),E")

Denote by A" :=arg max w’.

Thus, we can make decision statement S" ="if X(a)eE", then Y(a)e G’ ” with the weight
" = w" —max w.
A£A

Denote the list of such statements by €, .
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Final decision rule is formed from statements in €2, and Q, .

Conclusion

Suggested method of forming of united decision rule can be used for coordination of several experts statements,
and different decision rules obtained from learning samples and/or time series. Notice that we can range resulted
statements by their weights, and then exclude “ignorable” statements from decision rule or inquire for more
information for corresponding sets from experts.
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A METAONTOLOGY FOR MEDICAL DIAGNOSTICS OF ACUTE DISEASES.
PART 1. AN INFORMAL DESCRIPTION AND DEFINITIONS OF BASIC TERMS
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Abstract: The aim of this article is to describe formally a metaontology for medical diagnostics of acute diseases
in the language of applied logic. The article includes an informal description of the metaontology, and the part of
its model which contains the definitions for basic terms of knowledge and situations and also their integrity
restrictions in the form of ontological agreements.
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Introduction

Any expert system is based on a conceptualization of the domain. An explicit representation of the
conceptualization is usually called ontology [1]. Publications of domain ontologies and their models representing
the conceptualizations which are near to the ones used in science, education and practical activities are of
particular interest. There are three reasons for this. First, such publications extend our view of complex ontology
construction. Second, they bring out in which direction the languages for representation of complex ontology
models should be developed. Third, the published ontologies and their simplifications can be used in expert
systems development.

These ideas relate to expert systems for medical diagnostics in full measure. The ontologies which are the basis
for some expert systems of medical diagnostics are described in sufficient detail [2], sometimes in a formal
manner [3]. But more often it is rather difficult to extract the ontology that is the basis from publications on expert
systems [4, 5]. The ontologies which are the basis for many expert systems of medical diagnostics are
significantly simplified ones in comparison with the real conceptualizations of this domain. Such properties as
development of pathological processes in time, interaction of various types of cause-and-effect relations, and also
combined and complicated pathologies are usually not considered in these ontologies.

Studying real ontologies of medical diagnostics (which are different in details for medicine of different countries,
as it is fairly noted in [1]) goes back to [6, 7]. At present time various means for ontology description in form of
computer languages [8, 9] as well as mathematical ones [10] have been developed. The development of means
for ontology description led to the publication of a formal model of medical diagnostics ontology that was close to
real conceptions in medicine [11].

Medical diagnostics is a wide domain. It means that ontologies of many its divisions are special cases of the
same metaontology of this domain. The aim of this article is an explicit and formal description of this
metaontology in the language of applied logic [10].

This paper was made according to the project of RFBR Ne 06-07 89071 «An investigation of possibilities for
collective managing information resources of various levels of generality in the semantic Web » and to the project
of FEBRAS Ne 06-11-A-01-457 «Designing, implementing and developing the bank of medical knowledge in the
Internet network».
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1. An informal description of the metaontology

In this article a metaontology of medical diagnostics is the object of modeling. The metaontology is a set of
conceptual ideas about the processes in a patient's body and in its environment which are essential for solving
the task of medical diagnostics. These ideas are based on the results of the works [7, 11].

The reality of the domain is a set of situations [12]. Every situation contains information about patient's body
during a time interval. The beginning of this interval is the earliest moment to which the information about this
situation is related. Time moments are measured in hours from this beginning using the scale of nonnegative
integers.

The processes which proceed in a patient’s body can be arbitrary divided into external (observable) and internal
ones. The latter processes are the object of diagnostics. The observable processes are called signs, and the
internal ones are called diseases. The signs have values which can be obtained during their examination and
vary in time. They are considered as qualitative (scalar)!. The signs are a subclass of the observations class.
Another subclass of the observations class is the anatomical-and-physiological features of a patient’s body. They
also have scalar values. In this article it is assumed that these values cannot vary in time. The last subclass of the
observations class is the events which happened to a patient. They also have scalar values. The events can
happen at individual time moments and the values of an event can be different at different time moments.

In this article only the acute diseases are considered. A patient can be healthy or have one or more diseases.
Every disease proceeds in time and can sequentially pass through several stages in its development. They are
called development periods. The diagnosis is a set of the diseases with which a patient is ill in the situation. Every
disease from the diagnosis can have a single cause.

The basic type of the association between the processes which proceed in a patient’s body is the class of cause-
and-effect relations. This class includes complications, etiologies, clinical manifestations, clinical manifestations
modified by event’s influence, responses to event's influence and normal reactions. A cause-and-effect relation
develops in time according to one of the possible variants of its development which is determined by the values of
acting factors (anatomical-and-physiological features) and perhaps by the cause.

A complication associates a (primary) disease from the diagnosis (the cause) with another (secondary) disease
from the diagnosis (the effect). The secondary disease arises as a complication of the primary disease in a time
lapse after its beginning. A variant of a complication depends on the values of the acting factors only.

An etiology associates a value of an event (the cause-event) with a disease from the diagnosis (the effect). The
disease arises as an effect of this event in a time lapse after the event happened. A variant of an etiology
depends on the value of the cause-effect and on the values of the acting factors.

A clinical manifestation associates a disease from the diagnosis (the cause) with a sign (the effect). A variant of
the clinical manifestation development depends on a development period of the disease and on the values of the
acting factors. The values of the sign can be the effect of the disease on the time interval which corresponds to a
diseases’ development period. This development period in its turn can be divided into several dynamics periods
which are determined by a variant of the clinical manifestation’s development.

A clinical manifestation modified by an event’s influence has the cause that is a disease from the diagnosis and
the cause-event with a value. lts effect is a sign. A variant of a clinical manifestation’s development modified by
an event's influence depends on the value of the cause-event and on the values of the acting factors. The values
of the sign can be the effect of the combined action of the cause and cause-event on a time interval which begins
at the moment when the event happens. This time interval in its turn can be divided into several dynamics periods
which are determined by a variant of the clinical manifestation’s development modified by the event's influence.

" In medical diagnostics the values of signs (and also of events and anatomical-and-physiological features) can
also be quantitative (dimensional) and be represented by integer or rational numbers. But in this article only scalar
values will be considered in order to shorten the description of the metaontology.
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A response to an event’s influence associates a value of an event (the cause-event) with a sign (the effect). A
variant of the development of a response to an event's influence depends on the value of the cause-event and on
the values of the acting factors. The values of the sign can be the effect of the cause-event on a time interval
which begins at the moment when the event happens. This time interval in its turn can be divided into several
dynamics periods which are determined by a variant of the development of the response to the event’s influence.

The cause of a normal reaction is not identified and its effect is a sign. A variant of a normal reaction’s
development depends on the values of the acting factors only. During the time intervals when the values of the
sign do not have other causes they are the effect of the normal reaction.

The values of a sign can vary as a result of the simultaneous influence of several cause-and-effect relations. The
whole time interval of each sign‘s examination can be divided into such periods that during each period the values
of the sign are the effect of a single cause-and-effect relation (from all the possible ones). As this takes place, the
beginning of the time interval during which a cause-and-effect relation acts can be only the beginning of such a
period, and the end of the time interval during which the cause-and-effect relation acts can be only the end of
such a period. Among different types of cause-and-effect relations a partial order is established which is
determined by the modality! of cause-and-effect relations and by the moments of the cause’s initiation.

The domain knowledge consists of knowledge about all the observations, diseases and cause-and-effect
relations. Knowledge about an observation includes the range of its possible values. Knowledge about a disease
includes a sequence of its development periods. Every period contains an interval of the durations of this period.
In reality the duration of every development period belongs to the interval of possible durations which
corresponds to this period.

In addition, knowledge about cause-and-effect relations, signs and diseases can contain necessary conditions.
The fulfillment of such a condition is necessary, so that the associated sign, disease or cause-and-effect relation
can take place for a patient. A necessary condition is a conjunction of components. Every component is a
reference to an anatomical-and-physiological feature, and also to a subset of possible values of this feature. A
component of a condition is considered to be fulfilled if the examined value of this feature belongs to the subset of
possible values of this feature. If the necessary condition is absent in the description of a concept then it is
considered to be always fulfilled.

Knowledge about any cause-and-effect relation includes the causal regularity that is a disjunction of variants. If a
cause-and-effect relation takes place in reality then one of these variants is fuffilled. In general case a variant is
an implication. Its antecedent can contain a condition on the cause, a condition on the cause-event, and a
condition on the acting factors?, and its consequent can contain either an interval of possible durations for the
time lapses between the moment when the cause took place and the beginning of the disease (of the effect) or a
sequence of the dynamics periods®.

The description of a complication includes the references to the cause (a primary disease), the effect (a
secondary disease), the acting factors, the modality and the causal regularity. A variant of the causal regularity is
an implication. Its antecedent can contain a condition on the acting factors and its consequent contains an
interval of possible durations for the time lapses between the beginning of the primary disease and the beginning
of the secondary disease. The antecedent of such implication is fulfilled if the condition on the acting factors is

! The modality can take one of two values: necessity or possibility. The value of necessity means that if there is a
cause or cause-event for a patient then the cause-and-effect relation necessarily takes place. The value of
possibility means that cause (or cause-event) does not need to rise to the cause-and-effect relation.

2 A condition on the acting factors has the same structure as a necessary condition. A condition on the acting
factors is fulfilled if each its component is fulfilled (if the condition is absent then it is considered to be always
fulfilled).

8 A dynamics period contains an interval of possible durations for this dynamics period and a set of values of the
sign which are possible in this period.
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fulfilled. The consequent of the implication is fulfilled if the difference between the time moments when the
primary disease and the secondary disease began belongs to the interval of possible durations of this time lapse.

The description of an etiology includes the references to the cause-event, the effect (a disease), the acting
factors, the modality and the causal regularity. Its variant is an implication. Its antecedent contains a condition on
the cause-event and can contain a condition on the acting factors. Its consequent contains an interval of possible
durations for time lapses between the moment when the cause took place and the beginning of the disease (of
the effect). A condition on a cause-event is a subset of the range of the possible values for the event. A condition
on a cause-event is fulfilled if the value of the cause-event belongs to this subset. The antecedent of an
implication is fulfilled if both the condition on the cause-event and the condition on the acting factors are fulfilled.
The consequent of an implication is fulfilled if the difference between the time moments when the cause-event
happened and the disease began belongs to the interval of possible durations of this time lapse.

The description of a clinical manifestation includes the references to the cause (a disease), to the effect (a sign)
to the acting factors, and also the modality and the causal regularity for every development period of the disease.
A variant of the causal regularity is an implication. The antecedent of the implication can contain a condition on
the acting factors, and its consequent contains a sequence of dynamics periods. The antecedent of the
implication is fulfilled if the condition on the acting factors is fulfilled. The consequent of the implication is fulfilled if
there is such a partition of the time interval of the development period for the disease into dynamics periods that
the duration of every dynamics period belongs to the interval of possible durations for this period, and all the
values of the sign which were examined at the moments from this period belong to the set of values which are
possible in this period.

The description of a clinical manifestation modified by an event’s influence includes the references to the cause-
event, to the cause (a disease), to the effect (a sign), to the acting factors, and also the modality and the causal
regularity. Its variant is an implication. The antecedent of the implication contains a condition on the cause-event,
and can contain a condition on the acting factors. The consequent of the implication contains a sequence of
dynamics periods. The antecedent of the implication is fulfilled if both the condition on the cause-event and the
condition on the acting factors are fulfilled. The consequent of the implication is fulfilled if there is such a partition
of a time interval, that began at the moment when the event happened and the disease was proceeding, into
dynamics periods that the duration of every dynamics period belongs to the interval of possible durations of this
period, and the values of the sign which were examined at the time moments from this period belong to the set of
values which are possible in this period.

The description of a response to an event’s influence includes the references to the cause-event, to the effect (a
sign), to the acting factors, and also the modality, and the causal regularity. Its variant is an implication. The
antecedent of the implication contains a condition on the cause-event, and can contain a condition on the acting
factors. The consequent of the implication contains a sequence of dynamics periods. The antecedent of the
implication is fulfilled if both the condition on the cause-event and the condition on the acting factors are fulfilled.
The consequent of the implication is fulfilled if there is such a partition of a time interval, that began at the
moment when the event happened, into dynamics periods that the duration of every dynamics period belongs to
the interval of possible durations for this period, and the values of the sign which were examined at the moments
from this period belong to the set of values which are possible in this period.

The description of a normal reaction consists of the references to the effect (a sign), to the acting factors, and
also of the causal regularity. Its variant is an implication. Its antecedent can contain a condition on the acting
factors, and its consequent contains the set of the normal values of the sign (of the effect). The antecedent of the
implication is fulfilled if the condition on the acting factors is fulfilled. The consequent of the implication is fulfilled if
all the values of the sign which were examined at the moments from the interval when the normal reaction acted
belong to the set of the normal values.
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2. An extension of the language of applied logic and an applied logic theory which are used in
this article

In the article the model of the metaontology of medical diagnostics is represented in the language of applied logic
[10] with the use of extensions which were described in the same article. In addition, another specialized
extension of the language that is called categories is introduced below. Also at this point a modernized variant of
the applied logic theory that is called a definition of partitions is presented. The original variant of this theory was
given in [10].

2.1. The extension “Categories”

2.1.1. The construction (s1 — t1, s2 > 1o, ..., Sm — tm) is a term of this extension. Here s1, sy, ..., Sm are names,
and ty, to, ..., tn are terms. The values of these terms are sets. The value of this term is the set of structural values
that is the domain of all the possible mappings with names s, Sy, ..., Sm. The ranges of these mappings are the
values of terms ty, to, ..., tm respectively.

2.1.2. The mappings with names s1, S, ..., Sm are called attributes, and the values of these mappings for a
concrete structural value are called the values of the attributes for this structural value.

2.1.3. If x is a structural value that belongs to the value of term (s1—tj,...,5—t;...,sm—>tm) then any s; which is a
part of terms 1y, ..., tm is considered as a term. The value of this term is the same as the value of term sj(x).

2.2. The applied logical theory “Definition of partitions”

The applied logical theory Definition of partitions(ST, Intervals, Mathematical quantifiers) contains only the
descriptions of name’s values:

2.2.1. “Partitions” is the set of all possible partitions for the set of nonnegative integers. Every partition is a finite
strictly increasing sequence.

partitions = (U (length: 1[0, «0)) {(sequence: | T (length+1)) (&(element : I[1, length])
n(element, sequence) < w(element+1, sequence))})

2.2.2. “Element”is a function; its arguments are a partition and an integer in the range from 0 to the number of
elements in the partition; its result is the element of this partition with the number which is equal to the second
argument.

element = (A (partition: partitions) (element: 1[0, length(partition)—1)]) (element+1, partition))

2.2.3. “Interval”is a function; its arguments are a partition and a positive integer which is less than the number of
elements in this partition; its result is the interval of nonnegative integers between the element of this partition
with the number which is equal to the second argument and the element with the previous number.

interval = (\(partition: partitions) (element: I[1, length(partition)-1)])
|[element(partition, element-1), element(partition, element)])

3. The basic concepts and ontological agreements which define knowledge and reality of the
domain

In this section all the classes of observations and diseases, and also the concepts of knowledge and reality which
are related to them are described.

3.1. The basic concepts and ontological agreements which define knowledge of the domain (the
parameters of the metaontology model)
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In this section the basic terms which are used for description of the domain knowledge, and also the restrictions
on their values are introduced. These restrictions do not depend on the values of the terms for defining reality.

3.1.1. “Signs” is a class of concepts which correspond to observable processes. The values of signs are
determined by one of four possible cause-and-effect relations. Knowledge must contain at least one sign.

sort signs: {IN \ {D}
3.1.2. “Events” is a class of concepts which correspond to events that can happen to patients, and that should be
taken into account during diagnosing.

sort events: {}N

3.1.3. “Features” is a class of concepts which correspond to anatomical-and-physiological features of patients
that should be taken into account during diagnosing.

sort features: {}N
3.1.4. The names of all the signs, events and features are different.
signs M events = & & features M events = & & signs M features = &
3.1.5. “Observations” is the set of all the signs, events and features.
observations = signs w events U features
3.1.6. “Sets of values” is the set of all the admissible sets of scalar values.
sets of values = {IN \ {D}

3.1.7. The values do not coincide with the names of observations.

observations M (U (set: sets of values) set) = &
3.1.8. “Possible values” is a function that takes an observation and returns its possible value range.

sort possible values: observation — sets of values
3.1.9. Every observation has no less than two values.

(observation: observations) u(possible values(observation)) = 2

3.1.10. “Conditions” is the set of all possible conditions. It is the set of the sets consisting of structural values.
Every condition is a finite set of structural values. Every such a structural value has attributes which are called
feature v range of values. The value of the first one is the name of a feature, and the value of the second one is a
proper subset of the possible values of this feature. The empty set represents the identically true condition.

conditions = {}{(condition: (feature — features, range of values — sets of values))
range of values(condition)  possible values(feature(condition))}

3.1.11. “Necessary condition” is a function that takes a sign and returns a condition that is necessary so that the
sign can be examined in the situation.

sort necessary condition: signs — conditions

3.1.12. “Diseases” is a class of concepts corresponding to the diseases which have their descriptions in
knowledge. Knowledge must contain the description of at least one disease.

sort diseases: {IN \ {Z}

3.1.13. Every term from the diseases is a structural value with three attributes. They are number of development
periods, development periods and necessary condition. The value of the first one is a positive integer, the value
of the second one is a function that takes the number of a development period and returns an interval, and the
value of the third attribute is a condition that is necessary so that this disease took place in the situation (if the
value of this attribute is the empty set then the condition is considered to be true).

(disease: diseases) sort disease:
(necessary condition — conditions, number of development periods — I[1, «),
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development periods — (I[1, number of development periods] — interval) )

3.1.14. “Dynamics periods” is a set of structural values with two attributes. They are duration and range of effect.
The value of the first one is an interval, and the value of the second one is a set of values.

dynamics periods = (duration — interval, range of effect — sets of values)

3.1.15. “Interval’ is a set of structural values with two attributes. They are lower bound and upper bound. Their
values are positive integers which are minimal and maximal durations of the interval. The duration is measured in
positive integers, and the lower bound is less than the upper bound.

interval = (lower bound — 1[1, «), upper bound — |[lower bound + 1, «))

3.2. The basic concepts and ontological agreements which define the reality of the domain (the
unknowns of the metaontology model)

Reality in medical diagnostics is considered as the set of the situations corresponding to diagnostic cases
(patients). In this section the basic concepts for situation’s descriptions and the restrictions on these values are
introduced.

3.2.1. “Moments” is a function that takes a sign or an event and returns a set of nonnegative integers which are
time moments in a situation when the sign was examined or the event happened. Every number means the
amount of hours from the beginning of the examination to the moment when the sign was examined or the event
happened. If for a sign the value of this function is the empty set then the sign was not examined for the patient. If
the same takes place for an event then the event did not happen in the situation.

sort moments: signs L events — {}1 [0, o)

3.2.2. Every term from the class of signs is a function that takes a time moment of examining this sign and returns
the value of this sign at this moment in the situation. Every term from the class of events is a function that takes a
time moment when the event happened and returns the value of this event at this moment in the situation.

(sign or event: signs L events) sort sign or event: moments(sign or event) — possible values(sign or event)
3.2.3. “Examined features” is the set of features which were examined in the situation.
sort examined features: {}features
3.2.4. Every term from the class of examined features has the value that this feature has in the situation.
(feature: examined features) sort feature: possible values(feature)

3.2.5. “Fulfilled” is a predicate that takes an element of the set of conditions and returns truth if and only if for
every component of this element which is an examined feature the value of the first attribute of the structural
value (feature) belongs to the value of the second attribute (range of values) in the situation. The empty condition
is identically true.

fulfilled = (A (condition: conditions) condition = & = (& (component: condition) feature(component) €
€ examined features = j(feature(component)) e range of values(component) ))

3.2.6. If in the situation a sign was examined at least once then the necessary condition of this sign must be
fulfilled.

(sign: signs) moments(sign) = & = fulfilled(necessary condition(sign))

3.2.7. “Diagnosis” is the set of diseases with which a patient is ill. If a patient is healthy his or her diagnosis is the
empty set.

sort diagnosis: {}diseases

3.2.8. If a disease belongs to the patient's diagnosis then the necessary condition for this disease must be
fulfilled.

(disease: diagnosis) fulfilled(necessary condition(disease))
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3.2.9. “Development’ is a function that takes a disease from the diagnosis or an examined sign. In the first case
this function returns a partition of the time axis. Every interval of this partition corresponds to a development
period of this disease. In the second case the function also returns a partition of the time axis. During each
interval of this partition the values of the sign are determined in the situation by a common cause, which is
associated with this interval.

sort development: diagnosis U {(sign: signs) moments(sign) = &} — partitions
3.2.10. The interval during which the development of a sign is observed covers all the examination moments of
this sign.
(sign: signs) moments(sign) = & = element(development(sign), 0) < inf(moments(sign)) &
& element(development(sign),length(development(sign))) = sup(moments(sign))

3.2.11. “Development intervals of sign” is a set of structural values that consist of two attributes. They are sign
and number of interval. The value of the first attribute is the name of sign and the value of the second one is the
number of its development interval.

development intervals of sign = (sign — signs, number of interval — I[1,length(development(sign))-1] )

3.2.12. If a disease belongs to the diagnosis then the number of development periods of this disease in the
situation is the same as the number of its development periods in the knowledge base. The duration of each
development period in the situation is between the lower and upper bounds for the duration of this development
period.

(disease: diagnosis)  length(development(disease)) = number of development periods(disease)+1 &
& (& (number of a development period: I[1, length(development(disease)) — 1])
element(development(disease), number of a development period) —
- element(development(disease), number of a development period — 1)
e I[lower bound(development periods(disease)(number of a development period),
upper bound(development periods(disease)(number of a development period)] )

Conclusion

In this article an informal description of a metaontology of medical diagnostics of acute diseases has been
presented. In this metaontology interaction of cause-and-effect relations of different types are taken into account.
This metaontology is close to real ideas of the medical diagnostics in the Russian Federation. It defines combined
and complicated pathology, the development of pathological processes in time and also the influence of treatment
and other events on the manifestation of diseases. In addition, a part of the metaontology model is presented.
This part includes the definitions terms of the knowledge model (parameters), the definitions of terms of the reality
model (unknowns) and the unenriched logical relationships system consisting of the integrity restrictions for
unknowns and parameters.
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A METAONTOLOGY FOR MEDICAL DIAGNOSTICS OF ACUTE DISEASES.
PART 2. AFORMAL DESCRIPTION OF CAUSE-AND-EFFECT RELATIONS
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Introduction

This article is the continuation of [1] and contains a description of all the classes of cause-and-effect relations
which take place in the situations, a description of knowledge about them, and also ontological agreements on
their correspondence.

This paper was made according to the project of RFBR Ne 06-07 89071 «An investigation of possibilities for
collective managing information resources of various levels of generality in the semantic Web » and to the project
of FEBRAS Ne 06-111-A-01-457 «Designing, implementing and developing the bank of medical knowledge in the
Internet network».

1. The terms of knowledge and reality which describe normal reactions and ontological
agreements on correspondence between them

1.1. “Knowledge about normal reactions” is a set of structural values with attributes effect, variants and acting
factors. Each of these values is knowledge about a particular normal reaction. The value of the first attribute is the
name of a sign, the value of the second one is a set of variants of the normal reaction for this sign, and the value
of the third one is a set of features.

knowledge about normal reactions = (effect—signs, variants—{}variants of norm, acting factors—{}features)

1.2. “Variants of norm” is a term of knowledge. It is a set of structural values with attributes range of effect and
condition on acting factors. Every value is knowledge about a particular variant of the normal reaction. The value
of the first attribute is the set of values of the sign in this variant, and the value of the second one is a condition.

variants of norm = ( range of effect—sets of values, condition on acting factors—conditions)

1.3. For any variant of norm the range of the effect is a proper subset of possible values of the sign that is the
effect of this normal reaction.

(knowledge: knowledge about normal reactions) (variant: variants(knowledge))
range of effect(variant) — possible values(effect(knowledge))

1.4. “Normal reactions” is a term of reality. It is a set of structural values with attributes effect and variant. Each of
these values is a normal reaction that takes place in a situation. The value of the first attribute is the name of a
sign, and the value of the second one is a variant of norm.

normal reactions = (effect—signs, variant— variants of norm)
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1.5. If in a situation there is a normal reaction then in the set of knowledge about normal reactions there is such
an element that its effect coincides with the effect of the normal reaction, the variant of norm for this normal
reaction belongs to the set of variants of norm for this element, and for this variant of norm the condition on acting
factors is fulfilled.

(reaction: normal reactions) (v (knowledge: knowledge about normal reactions)
effect(knowledge) = effect(reaction)&variant(reaction) e variants(knowledge)&
&fulfilled(condition on acting factors(variant(reaction))) )

2. The terms of knowledge and reality which describe responses to event’s influence, and
ontological agreements on correspondence between them

2.1. “Knowledge about responses to event’s influences” is a set of structural values with attributes cause-event,
effect, variants, acting factors, necessary condition and modality. Every value is knowledge about a particular
response to event's influence. The value of the cause-event is the name of an event, the value of the effect is the
name of a sign, the value of variants is a set of rei-variants, the value of the acting factors is a set of features, the
value of the necessary condition is a condition, and the value of modality (hereafter) is necessity or possibility.

knowledge about responses to event’s influences = (cause-event—events, effect—signs, variants—{}rei-
variants, acting factors—{}features, necessary condition— conditions, modality—{possibility, necessity})

2.2. “Rei-variants” is a set of structural values with attributes range of cause-event, number of dynamics periods,
description of dynamics and condition on acting factors. Every value is knowledge about a particular variant of a
response to event's influence. The value of the first attribute is a set of event’s values. The value of the second
one is a positive integer. The value of the third one is a function that takes the number of a dynamics period and
returns the dynamics period. The value of the forth attribute is a condition.

rei-variants = (range of cause-event— sets of values, number of dynamics periods—[1, «), description of
dynamics—(I[1, number of dynamics periods]—dynamics periods), condition on acting factors — conditions)

2.3. “Responses to event’s influence” is a term of reality. It is a set of structural values with attributes cause-
event, effect, variant, dynamics of values and modality. Every value is a response to an event’s influence that
takes place in the situation. The value of the cause-event is the name of an event, the value of the effect is the
name of a sign, the value of the variant is a rei-variant, and the value of the dynamics of values is a partition.

responses to event’s influence = (cause-event—events, effect—signs, variant—rei-variants,
dynamics of values—spartitions, modality—{possibility, necessity} )

24. If in a situation there is a response to an event's influence then the beginning of its dynamics of values
belongs to the set of the time moments when the cause-event took place.

(response: responses to event’s influences)
element(dynamics of values(response), 0) € moments(cause-event(response))

2.5. If in a situation there is a response to an event’s influence, and this event happens to the patient at a moment
then an element of the set of knowledge about responses to event’s influence belongs to the model of knowledge.
For this element the cause-event is the event, the effect is the same as the effect of the response to the event’s
influence, the necessary condition is fulfilled, the modality is the same as the modality of the response to the
event’s influence, the rei-variant of the response to the event's influence belongs to the set of rei-variants, and the
value of the cause-event of this rei-variant belongs to the range of the cause-event of this variant, the number of
intervals for the dynamics of values of the response to the event's influence is equal to the number of dynamics
periods of this variant, and the condition on the acting factors is fulfilled.

(response: responses to event’s influences)(v (knowledge: knowledge about responses to event’s influences)
cause-event(knowledge)=cause-event(response)& effect(knowledge) = effect(response) &
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& fulfilled(necessary condition(knowledge)) & modality(knowledge) = modality(response)&

& variant(response) e variants(knowledge)&cause-event(response)(element(dynamics of values(response),
0))e range of cause-event(variant(response)) & length(dynamics of values(response)) — 1 =

= number of dynamics periods(variant(response)) & fulfilled(condition on acting factors(variant(response))))

3. The terms of knowledge and reality which describe clinical manifestations of diseases, and
ontological agreements on correspondence between them

3.1. “Knowledge about clinical manifestations” is a set of structural values with attributes cause, development
period of disease, effect, variants, acting factors, necessary condition and modality. Every value is knowledge
about a particular clinical manifestation of a disease. The value of the cause is the name of a disease, the value
of the development period of the disease is the number of a development period of the disease, the value of the
effect is the name of a sign, the value of the variants is a set of cm-variants, the value of the acting factors is a set
of features, the value of the necessary condition is a condition.

knowledge about clinical manifestations = (cause — diseases, development period of disease —
— I[1, number of development periods(cause)], effect — signs, variants — {}cm-variants,
acting factors — {}features, necessary condition — conditions, modality — {possibility, necessity})

3.2. “Cm-variants” is a set of structural values with attributes number of dynamics periods, description of
dynamics and condition on acting factors. Every value is knowledge about a particular variant of a clinical
manifestation of a disease. The value of the first attribute is a positive integer. The value of the second attribute is
a function that takes the number of a dynamics period and returns the dynamics period. The value of the third
attribute is a condition.

cm-variants = (condition on acting factors—conditions, number of dynamics periods—[1, ),
description of dynamics— (I[1, number of dynamics periods]—dynamics periods))

3.3. “Clinical manifestations” is a term of reality. It is a set of structural values with attributes cause, development
period of disease, effect, variant, dynamics of values and modality. Every value is a clinical manifestation of a
disease which took place in a situation. The value of the cause is the name of a disease from the diagnosis, the
value of the development period of the disease is the number of a development period of the disease, the value
of the effect is the name of a sign, the value of the variant is a cm-variant, the value of the dynamics of values is a
partition.

clinical manifestation = (cause — diagnosis, development period of disease —
— I[1, number of development periods(cause)], effect — signs, variant — cm-variants,
dynamics of values—partitions, modality—{possibility, necessity})

34. If in a situation there is a clinical manifestation of a disease from the patient's diagnosis during a
development period of this disease then the beginning of its dynamics of value is the same as the moment of the
beginning of the development period of the disease, and its end is the same as the end of this period.

(manifestation: clinical manifestations) element(dynamics of values(manifestation), 0) =

= element( development(cause(manifestation)),development period of disease(manifestation) —1) &
& element(dynamics of values(manifestation), length(dynamics of values(manifestation))) =

= element(development(cause( manifestation)), development period of disease(manifestation))

3.5. If in a situation there is a clinical manifestation of a disease from the patient's diagnosis during a
development period of this disease then the model of knowledge contains such an element of the set knowledge
about clinical manifestations for which the following takes place: its cause is the same disease with the same
development period, its effect coincides with the effect of the clinical manifestation, its necessary condition is
fulfilled, its modality coincides with the modality of the clinical manifestation, and the cm-variant of the clinical
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manifestation for which the number of intervals in the dynamics of values is equal to the number of dynamics
periods for this variant and the condition on the acting factors is fulfilled belongs to the set of cm-variants.

(manifestation: clinical manifestations) (v (knowledge: knowledge about clinical manifestations)
cause(knowledge) = cause(manifestation) & development period of disease(knowledge) =

= development period of disease(manifestation) & effect(knowledge) = effect(manifestation) &

& fulfilled(necessary condition(knowledge)) & modality(knowledge) = modality(manifestation) &

& variant(manifestation) e variants(knowledge) & length(dynamics of values(manifestation)) — 1 = number of
dynamics periods(variant(manifestation)) & fulfilled(condition on acting factors(variant(manifestation))))

4. The terms of knowledge and reality which describe clinical manifestations modified by event's
influence and ontological agreements on correspondence between them

4.1. “Knowledge about clinical manifestations modified by event’s influence” is a set of structural values with
attributes cause, cause-event, effect, variants, acting factors, necessary condition and modality. Every value is
knowledge about a particular clinical manifestation modified by event's influence. The value of the cause is the
name of a disease, the value of the cause-event is the name of an event, the value of the effect is the name of a
sign, the value of the variants is a set of cmmei-variants, the value of the acting factors is a set of features, and
the value of the necessary condition is a condition.

knowledge about clinical manifestations modified by event’s influence = ( cause — diseases, cause-event —
— events, effect — signs, variants — {}cmmei-variants, acting factors — {}eatures, necessary condition —
— conditions, modality — {possibility, necessity} )

4.2. “Cmmei-variants” is a set of structural values with attributes range of cause-event, number of dynamics
periods, description of dynamics and condition on acting factors. Every value is knowledge about a particular
variant of a clinical manifestation modified by event’s influence. The value of the first attribute is a set of values of
the event, the value of the second one is a positive integer, the value of the third one is a function that takes the
number of a dynamics period and returns the dynamics period, the value of the forth one is a condition.

cmmei-variants = ( range of cause-event — sets of values, number of dynamics periods — I[1, o),
description of dynamics — (I[1, number of dynamics periods] — dynamics periods),
condition on acting factors — conditions )

4.3. If knowledge contains the definition of a clinical manifestation of a disease modified by an event’s influence
then for all the development periods of the disease must be defined a clinical manifestation having the same sign
as the effect.

(knowledge1: knowledge about clinical manifestations modified by event’s influence)
(number: I[1, number of development periods(cause(knowledge))])

(v (knowledge2: knowledge about clinical manifestations)

cause(knowledge2) = cause(knowledge1) & effect(knowledge?2) = effect(knowledge1) &
& development period( knowledge2) = number)

4.4, “Clinical manifestations modified by event’s influence” is a term of reality. It is a set of structural values with
attributes cause, cause-event, effect, variant, dynamics of values and modality. Every value is a clinical
manifestation modified by an event's influence which takes place in a situation. The value of the cause is the
name of a disease from the patient's diagnoses, the value of the cause-event is the name of an event, the value
of the effect is the name of a sign, the value of the variant is a cmmei-variant, and the value of the dynamics of
values is a partition.

clinical manifestations modified by event’s influence = (cause — diagnosis, cause-event — events, effect —
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—> signs, variant — cmmei-variants, dynamics of values — partitions, modality — {possibility, necessity})

4.5, If in a situation there is a clinical manifestation of a disease from the patient’s diagnosis modified by an
event’s influence then the beginning of its dynamics of values belongs to time moments when the cause-event
happened.

(manifestation: clinical manifestations modified by event’s influence)
element(dynamics of values(manifestation), 0) € moments(cause event(manifestation))

4.6. If in a situation there is a clinical manifestation of a disease from the patient’s diagnosis modified by an
event's influence and this event happened to the patient at a time moment then the model of knowledge contains
such an element of the set knowledge about clinical manifestations modified by event’s influence for which the
following takes place: its cause is this disease, its cause-event is this event, its effect is the same as the effect of
the clinical manifestation modified by the event’s influence, its necessary condition is fulfilled, its modality is the
same as the modality of the clinical manifestation modified by the event's influence, and its set of cmmei-variants
contains the cmmei-variant of the clinical manifestation modified by the event’s influence and the value of the
cause-event of this cmmei-variant belongs to the range of the cause-event for this variant, the number of intervals
of the dynamics of values for the clinical manifestation modified by the event’s influence is equal to the number of
dynamics periods for this variant, and the condition on acting factors is fulfilled.

(manifestation: clinical manifestations modified by event’s influence)

(v (knowledge: knowledge about clinical manifestations modified by event’s influence)

cause(knowledge) = cause(manifestation) & cause-event(knowledge) = cause-event(manifestation) &

& effect(knowledge) = effect(manifestation) & fulfilled(necessary condition(knowledge)) &

& modality(knowledge) = modality(manifestation) & variant(manifestation) e variants(knowledge) &

& cause-event(manifestation)(element(dynamics of values(manifestation), 0)) € range of cause-event(variant(
manifestation)) & length(dynamics of values(manifestation)) — 1 = number of dynamics periods(variant(
manifestation)) & fulfilled(condition on acting factors(variant(manifestation))) )

5. The terms of knowledge and reality which describe etiologies and ontological agreements on
correspondence between them

5.1. “Knowledge about etiologies” is a set of structural values with attributes cause-event, effect, variants,
modality, necessary condition and acting factors. Every value describes knowledge about a particular etiology.
The value of the cause-event is the name of an event, the value of the effect is the name of a disease, the value
of the variants is a set of variants of etiology, the value of the acting factors is a set of features, the value of the
necessary condition is a condition, the value of the modality is necessity or possibility.

knowledge about etiologies = (cause-event — events, effect — diseases, variants — {}variants of etiology,
acting factors — {}features, necessary condition — conditions, modality — {possibility, necessity} )

5.2. “Variants of etiology” is a set of structural values with attributes range of cause-event, description of
dynamics, and condition on action factors. Every value describes knowledge about a particular variant of etiology.
The value of the first attribute is a set of values of the event, the value of the second one is an interval, and the
value of the third one is a condition.

variants of etiology = ( range of cause-event — sets of values, description of dynamics — interval,
condition on acting factors — conditions)

5.3. “Etiologies” is a term of reality. It is a set of structural values with attributes cause-event, moment, effect,
variant and modality. Every value describes the etiology that takes place in a situation. The value of the cause-
event is the name of an event, the value of the moment is the time moment when the event happened, the value
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of the effect is the name of a disease from the patient's diagnosis, the value of the variant is a variant of the
etiology, and the value of the modality is necessity or possibility.

etiologies = (cause-event — events, moment — moments(cause-event), effect — diagnosis,
variant — variants of etiology, modality — {possibility, necessity} )

54. If in a situation there is the etiology caused by an event that happened to the patient at a time moment and
the effect of the etiology is a disease from the patient’s diagnosis then the model of knowledge contains an
element of the set knowledge about etiology for which the following takes place:

- its cause-event is this event,

- its effect is this disease,

- its necessary condition is fulfilled,

- its modality is the same as the modality of the etiology,

- its set of variants of etiology contains the variant of this etiology for which: the value of the cause-event
belongs to the range of the cause-event of this variant; the duration of the interval between the moment when
the cause-event happened and the beginning of the disease is included between the lower and upper bounds
of the interval from the dynamics description of this variant; its condition on acting factors is fulfilled.

(etiology: etiologies) (v (knowledge about etiology: knowledge about etiologies)

cause-event(knowledge about etiology) = cause-event(etiology) & effect(knowledge about etiology) = effect(
etiology) & fulfilled(necessary condition(knowledge about etiology)) & modality(knowledge about etiology) =
= modality(etiology) & variant(etiology) € variants(knowledge about etiology) & cause-event(etiology)
(moment(etiology)) € range of cause-event(variant(etiology)) & moment(etiology) — element(development(
effect(etiology)), 0) e I[lower bound(description of dynamics (variant(etiology)), upper bound(description of
dynamics(variant(etiology)) | ) & fulfilled(condition on acting factors(variant(etiology))) )

6. The terms of knowledge and reality which describe complications and ontological agreements
on correspondence between them

6.1. “Knowledge about complications” is a set of structural values with attributes cause, effect, variants, acting
factors, necessary condition and modality. Every value describes knowledge about a particular complication. The
values of the cause and effect are diseases, the value of variants is a set of variants of a complication, the value
of the acting factors is a set of features, the value of the necessary condition is a condition, and the value of the
modality is necessity or possibility.
knowledge about complications = (cause — diseases, effect — diseases, variants — {}variants of complica-
tion, acting factors — {}features, necessary condition — conditions, modality — {possibility, necessity} )

6.2. “Variants of complication” is a set of structural values with attributes description of dynamics and condition on
acting factors. Every value describes knowledge about a particular variant of a complication. The value of the first
attribute is an interval, and the value of the second one is a condition.

variants of complication = (description of dynamics — interval, condition on acting factors — conditions)

6.3. “Complications” is a term of reality. It is a set of structural values with attributes cause, effect, variant and
modality. Every value describes a complication of a disease by another one which takes place in a situation. The
values of the cause and effect are diseases from the diagnosis, the value of the variant is a variant of the
complication, and the value of the modality is necessity or possibility.

complication = (cause — diagnosis, effect — diagnosis, variant — variants of complication,
modality — {possibility, necessity})
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6.4. If in a situation there is a complication and its effect and cause are diseases from the diagnosis then the
model of knowledge contains an element of the set knowledge about complications for which the following takes
place:

- its cause is the disease that is the cause of the complication,
- its effect is the disease that is the effect of the complication,
- its necessary condition is fulfilled,

- its modality is the same as the modality of the complication,

- its set of variants of complication contains the variant of the considered complication and the duration of the
interval between the beginning of the disease-cause and the beginning of the disease-effect is included
between the lower and upper bounds of the duration of the interval from the description of dynamics of this
variant; its condition on acting factors is fulfilled.

(complication: complications) (v (knowledge1: knowledge about complications)
cause(knowledge1) = cause(complication) & effect(knowledge1) = effect(complication) & fulfilled(necessary
condition(knowledge1)) & modality(knowledge1) = modality(complication) & variant(complication) e variants(
knowledge1)&element(development(effect(complication)),0)-element(development(cause(complication)),0) e
el[lower bound(description of dynamics(variant(complication)), upper bound(description of dynamics(variant(
complication))]) & fulfilled(condition on acting factors(variant(complication))) )

6.5. “Connection” is the predicate that corresponds to the transitive closure of the relation complication.
connection = (A (disease1: diseases) (disease2: diseases)
(v (knowledge about complication: knowledge about complications)
cause(knowledge about complication)= disease1 & effect(knowledge about complication)= disease2) v
v (Vv (disease: diseases) connection(disease, disease) & connection(disease, disease2) ) )

6.6. A disease can be its complication neither directly nor indirectly.
(disease: diseases) — connection(disease, disease)

7. General terms and ontological agreements which are used for describing cause-and effect
relations

7.1. Afeature that is a part of the condition on acting factors of a variant of a cause-and-effect relation is an acting
factor of this relation.

(knowledge1: knowledge about normal reactions \ knowledge about responses to event’s influence

U knowledge about clinical manifestations U knowledge about clinical manifestations modified by event’s
influence W knowledge about etiologies \w knowledge about complications)

(variant: variants(knowledge1)) (CAF: condition on acting factors(variant))

feature(CAF) e acting factors(knowledge1)

7.2. The range of the cause-event for any element of the sets knowledge about etiologies, knowledge about
responses to event’s influence, knowledge about clinical manifestations modified by event’s influence for any its
variant is a proper subset of possible values of the event that is the cause-event.

(knowledge1: knowledge about responses to event’s influence w knowledge about clinical manifestations
modified by event’s influence U knowledge about etiologies) (variant: variants(knowledge1))
range of cause-event(variant) — possible values(cause-event(knowledge1))
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7.3. For every element of the sets knowledge about clinical manifestations, knowledge about clinical
manifestations modified by event’s influence, knowledge about responses to event’s influence for any its variant
and for every its dynamics period the range of the effect is a subset of possible values of the sign that is the effect
of this element of knowledge.

(knowledge1: knowledge about responses to event’s influence U knowledge about clinical manifestations
w knowledge about clinical manifestations modified by event’s influence)

(variant: variants(knowledge1))

(number of dynamics period: I[1, number of dynamics periods(variant))

(dynamics period: description of dynamics(variant)(number of dynamics period))

range of effect(dynamics period) < possible values(effect(knowledge1))

7.4. The auxiliary term cause-and effect relations is the set of values for the terms from normal reactions,
responses to event’s influence, clinical manifestations and clinical manifestations modified by event’s influence.

cause-and effect relations = normal reactions \u responses to event’s influence L
v clinical manifestations U clinical manifestations modified by event’s influence

7.5. If in a situation there is a response to event’s influence, clinical manifestation or clinical manifestation
modified by event’s influence then the duration of every dynamics period from dynamics of values of this cause-
and-effect relation belongs to the interval of admissible durations of this dynamics period for the variant of this
cause-and effect relation.

(cause-and-effect relation: cause-and-effect relations \ normal reactions)

(number of dynamics period: I[1, number of dynamics periods(variant(cause-and-effect relation))])
element(dynamics of values(cause-and-effect relation), number of dynamics period) — element(dynamics of
values(cause-and-effect relation), number of dynamics period -1) e I[lower bound(duration(description of
dynamics(variant(cause-and-effect relation))(number of dynamics period))), upper bound(duration(
description of dynamics(variant cause-and-effect relation))(number of dynamics period))) ]

Conclusion

In this article the next part of the metaontology model for medical diagnostics is presented. This part includes the
description of interrelations between knowledge about cause-and-effect relations and these relations in reality.
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Introduction

This article is the continuation of [1] and [2] where the formal definitions of the basic terms of the metaontology
and the terms of knowledge and situations that describe the cause-and-effect relations were given. In this article
the terms which describe the causes of values of signs during intervals of their development, and also the causes
of diseases from the diagnosis are presented.

This paper was made according to the project of RFBR Ne 06-07 89071 «An investigation of possibilities for
collective managing information resources of various levels of generality in the semantic Web » and to the project
of FEBRAS Ne 06-111-A-01-457 «Designing, implementing and developing the bank of medical knowledge in the
Internet network».

1. The terms and agreements which describe development intervals of a sign

In this section the relationships are presented which specify the cause-and-effect relations which act during an
interval of the partition of the time axes corresponded to a sign. These relationships determine the values of this
sign and also the bounds of the partition.

1.1. A description of the causes of the values of a sign during an interval of its development and their
properties

In this section the relationships are presented that specify which from the cause-and-effect relations that act
during a time interval associated with an examined sign determine the values of this sign. For this purpose the set
of all the possible cause-and-effect regularities which can regulate the values of the considered sign at all the
time moments belonging to this interval is defined. A concept of the priority of a cause of the values of a sign is
introduced. The priority depends on the modality of a cause-and-effect relation («necessity» has higher priority
than «possibility») and on the class to which the relation belongs (the order of priority’s increasing is the following:
a normal reaction << a response to an event's influence << a clinical manifestation << a clinical manifestation
modified by an event's influence << a clinical manifestation of a disease-complication << a clinical manifestation
of a disease-complication modified by an event's influence). The cause-and-effect relation which determines the
values of the sign during this development interval has the maximal priority for the set of possible causes.

1.1.1. “Possible causes for values of sign” is a function that takes a development interval of a sign and returns the
set of all such cause-and-effect relations (normal reactions, responses to event's influence, clinical manifestations
and clinical manifestations modified by event's influence) from the situation which proceed during the whole
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development interval of the sign and thus, can determine the values of this sign during this interval (moreover, if a
cause-and-effect relation is a clinical manifestation or a clinical manifestation modified by event’s influence then
the disease proceeds during the whole development interval of the sign).

possible causes for values of sign = (A (development interval of sign: development intervals of sign)

{(normal reaction: normal reactions) effect(normal reaction)=sign(development interval of sign)} U

v {(response to event’s influence: responses to event’s influence)

effect(response to event’s influence) = sign(development interval of sign) &

& interval(development(sign(development interval of sign)), number of interval(development interval of sign))
c l[element(dynamics of values(variant(response to event's influence)),0),

element(dynamics of values(variant(response to event's influence)),

length(dynamics of values(response to event's influence)))]} U

v {(cause-and-effect relation: clinical manifestations L clinical manifestations modified by event's influence)
effect(cause-and-effect relation) = sign(development interval of sign) &
&interval(development(sign(development interval of sign)),number of interval(development interval of sign))c
c l[element(dynamics of values(variant(cause-and-effect relation)),0),

element(dynamics of values(variant(cause-and-effect relation)), length(dynamics of values(cause-and-effect
relation)))] & interval(development(sign(development interval of sign)), number of interval(development
interval of sign)) < I[element(development(cause(cause-and-effect relation)), 0), element(development(
cause(cause-and-effect relation)), length(development(cause(cause-and-effect relation)))}

1.1.2. “Priority of values of sign” is a predicate of two variables. It takes two possible causes which can determine
the values of signs during their development intervals and returns truth if and only if the both causes relate to the
same sign and to the same development interval of this sign and the first cause is more priority than the second
one, that is one of the following takes place:

a) the cause-and-effect relation corresponding to the value of the first argument is a response to event’s influence
with modality of necessity and the cause-and-effect relation corresponding to the value of the second argument is
one of the following:

- a normal reaction,
- aresponse to event's influence with the modality of possibility;

b) the cause-and-effect relation corresponding to the value of the first argument is a clinical manifestation of a
disease from the diagnosis with the modality of necessity and the cause-and-effect relation corresponding to the
value of the second argument is one of the following:

- a normal reaction,
- aresponse to event’s influence,
- a clinical manifestation of a disease from the diagnosis with the modality of possibility;

c) the cause-and-effect relation corresponding to the value of the first argument is a clinical manifestation of a
disease from the diagnosis modified by an event’s influence with the modality of necessity and the cause-and-
effect relation corresponding to the value of the second argument is one of the following:

- a normal reaction,

- aresponse to event's influence,

- a clinical manifestation of a disease from the diagnosis,

- a clinical manifestation of a disease from the diagnosis modified by an event's influence with the modality of
possibility;

d) the cause-and-effect relation corresponding to the value of the first argument is a clinical manifestation of a
disease from the diagnosis (possibly modified by an event’s influence), and this disease is a complication

(possibly indirect) of another disease, its modality is necessity, and the cause-and-effect relation corresponding to
the value of the second argument is one of the following:
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- a clinical manifestation of the second disease,
- a clinical manifestation of the second disease modified by an event’s influence.
priority of values of sign = (\(CER1: cause-and-effect relations) (CER2: cause-and-effect relations)
(v (development interval of sign: development intervals of sign)
CER1epossible causes for values of sign (development interval of sign)&
&CER2e possible causes for values of sign (development interval of sign)&
& ((CER1 e responses to event's influence & modality(CER1) = necessity &
& (CER2 e normal reactions v CER2 e responses to event's influence & modality (CER2) = possibility)) v
v (CER1 eclinical manifestations & modality(CER1) = necessity &
& (CER2 e normal reactions w responses to event’s influence v CER2 e clinical manifestations &
& modality(CER2)=possibility))v (CER1 e clinical manifestations modified by event’s influence &
& modality(CER1)=necessity & (CER2 e normal reactions \ responses to event’s influence w clinical
manifestations vCER2 eclinical manifestations modified by event'’s influence &modality(CER2)=possibility)) v
v(CER1 e clinical manifestations w clinical manifestations modified by event’s influence & modality(CER1) =
= necessity & (v ((another disease: diagnosis) connection(another disease, cause(CER1) &
& (CER2 e clinical manifestations L clinical manifestations modified by event'’s influence & cause(CER2) =
= another disease) ))) )))

1.1.3. “Causes for values of sign with maximum priority” is a function which takes a sign’s development interval
and returns only those cause-and-effect relations from the set of possible causes for values of sign which have
the maximum priority.

causes for values of sign with maximum priority =

= (A (development interval of sign: development intervals of sign)

possible causes for values of sign(development interval of sign) \

\{(CER1: possible causes for values of sign(development interval of sign))
(v (CER2: possible causes for values of sign(development interval of sign))
priority of values of sign(CER2, CER1))})

1.1.4. “Cause of values of sign”is a function that takes a development interval of a sign and returns the cause-
and-effect relation that takes place in the situation (a normal reaction; a response to the event's influence that
happened at a moment; a clinical manifestation of a disease from the diagnosis during some its development
period; a clinical manifestation of a disease from the diagnosis modified by event’s influence that happened at a
moment) and determines the values of this sign during this development interval.

sort cause of values of sign: development intervals of sign — cause-and-effect relations
1.1.5. The cause of the values of a sign which were obtained during a development interval of this sign has the
maximum priority.

(development interval of sign: development intervals of sign)

cause of values of sign(development interval of a sign)

e causes for values of sign with maximum priority(development interval of a sign)

1.1.6. If the cause of the values of a sign which were obtained during a development interval of this sign is a
normal reaction then any value of this sign examined at any moment during this interval belongs to the range of
the effect for a variant of this normal reaction.

(development interval of sign: development intervals of sign)

(moment of examination: moments (sign(development interval of sign)) N
N interval(development(sign(development interval of sign)),

number of interval(development interval of sign)))
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cause of values of sign(development interval of sign) € normal reactions =
= sign(development interval of sign)(moment of examination)
e range of effect(variant(cause of values of sign(development interval of sign)))

1.1.7. If the cause that determines the values of a sign which were obtained during a development interval of this
sign is a cause-and-effect relation of one of the following types:

- aresponse to event’s influence;
- a clinical manifestation;
- a clinical manifestation modified by event’s influence

then the values of this sign at any moment of the sign’s examination that belongs to this development interval of
this sign and to a dynamics period of the active variant of this cause-and-effect relation belong to the range of the
effect for this dynamics period of this variant of the cause-and-effect relation.

(development interval of sign: {(interval: development intervals of sign) cause of values of sign

e cause-and-effect relations \ normal reactions })

(dynamics period:

I[1, number of dynamics periods(variant(cause of values of sign(development interval of sign)))])
(moment of examination: moments(sign(development interval of sign)) M interval(development(sign(
development interval of sign)), interval number(development interval of sign)) M interval(
dynamics of values(cause of values of sign(development interval of sign)), moment of examination))
sign(development interval of sign)(moment of examination)

e range of effect(description of dynamics(variant(cause of values of sign(development interval of sign)))

(dynamics period) )

1.2. Properties of a partition of the time axis of a sign
This section contains the conditions for borders of time axis partition intervals related to a sign.

1.2.1. "The same cause-and-effect relation” is a predicate which takes two cause-and-effect relations and returns
true if and only if their effects are the same and furthermore they both have one of the following types:

- normal reactions;
- responses to event's influence with the same cause-event that happened at the same moment;
- clinical manifestations of the same disease from the diagnosis during the same development interval;

- clinical manifestations of the same disease from the diagnosis modified by the same event that happened at the
same moment.

the same cause-and-effect relation =
= (A (CER1: cause-and-effect relations)
(CER2: cause-and-effect relations)
(CER1 € normal reactions & CER2 e normal reactions v
v CER1 e responses to event’s influence & CER2 e responses to event’s influence &
& reason-event(CER1) = reason-event(CER2) &
& element(dynamics(CER1), 0) = element(dynamics(CER?2), 0) v
v CER1 e clinical manifestations & CER2 e clinical manifestations &
& cause(CER1) = cause(CER2) &
& development period of disease(CER1) = development period of disease (CER2) v
v CER1 e clinical manifestations modified be event’s influence &
& CER2 e clinical manifestations modified be event’s influence &
& cause(CER1) = cause(CER2) & cause-event(CER1) = cause-event(CER2) &
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& element(dynamics(CER1), 0) = element(dynamics(CER?2), 0) ) & effect(CER1) = effect(CER2) )

1.2.2. If the values of a sign are determined by the same cause-and-effect relation during two development
intervals of this sign then they are determined by the same variant of this relation.

(interval 1: development intervals of sign)

(interval 2: development intervals of sign)

sign(interval 1) = sign(interval 2) &

& the same cause-end-effect relation(cause of values of sign(interval 1), cause of values of sign(interval 2))=
= variant(cause of values of sign(interval 1)) = variant(cause of values of sign(interval 2))

1.2.3. "Adjacent development intervals of sign” is a predicate that takes two development intervals of a sign and
returns true if and only if the sign has no less than two development intervals and the first interval precedes the
second.

adjacent development intervals of sign =

= (A (interval 1: development intervals of sign)(interval 2. development intervals of sign)

sign(interval 1) = sign(interval 2) & number of an interval(interval 2) — number of an interval(interval 1) = 1)
1.2.4. The causes for values of a sign during adjacent development intervals of this sign are different.

(interval 1: development intervals of sign) (interval 2: development intervals of sign)

adjacent development intervals of sign(interval 1, interval 2) =

= cause of values of sign(interval 1) = cause of values of sign(interval 2)

1.2.5. If the causes of values of a sign during adjacent development intervals are not normal reactions then the
bound between these intervals is either the end of the dynamics of values of the cause-end-effect relation during
the first interval or the beginning of the dynamics of values of the cause-end-effect relation during the second
interval.

(interval 1: development intervals of sign) (interval 2: development intervals of sign)
adjacent development intervals of sign(interval 1, interval 2) &
& cause of values of sign(interval 1) ¢ normal reactions &
& cause of values of sign(interval 2) ¢ normal reactions) =
= element(development(sign(interval 1)), interval number(interval 1)) €
€ {element(dynamics of values(cause of values of sign(interval 1)),
length(dynamics of values(cause of values of sign(interval 1)))),
element(dynamics of values(cause of values of sign(interval 2)), 0)}

1.2.6. If the reason of values of a sign during one of its development intervals is a normal reaction then the border
between this and next interval is the beginning of the dynamics of values for the cause-and-effect relation which
is the cause of the values of the sign during the second interval.

(interval 1: development intervals of sign) (interval 2: development intervals of sign)
adjacent development intervals of sign(interval 1, interval 2) &
& cause of values of sign(interval 1) e normal reactions =
= element(development(sign(interval 1)), interval number{interval 1))
= element(dynamics of values(cause of values of sign(interval 2)), 0)

1.2.7. If the cause of the values of a sign during one of its development intervals is a normal reaction then the
border between this and previous interval is the end of the dynamics of values for the cause-end-effect relation
which is the cause of the values of the sign during the first interval.

(interval 1: development intervals of sign)

(interval 2: development intervals of sign)

adjacent development intervals of sign(interval 1, interval 2) &
& cause of values of sign(interval 2) e normal reactions) =
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= element(development(sign(interval 1)), interval number(interval 1)) =
= element(dynamics of values(cause of values of sign(interval 1),
length(dynamics of values(cause of values of sign(interval 1)))

2. A description of causes of diseases from diagnosis

In this section the relationships are presented which determine what cause-and-effect relation (from the sets of
etiologies and complications) is the real cause of a disease from the diagnosis. For this purpose the set of all
possible casual relations is determined which might be the cause of the disease. A concept of priority for
disease’s cause is introduced. The priority depends on the modality of cause-and-effect relation (“necessity” has
more priority than “possibility”) and on the moment when this relation begins to act (the earlier cause has more
priority). The cause-and-effect relation which is the cause of the disease has the maximum priority among all the
possible causes.

2.1. “Possible causes of disease” is a function that takes a disease from the patient’s diagnosis and returns the
set of all the complications and etiologies from the situation for which the effect is this disease.

possible causes of a disease =
= ( M(disease: diagnosis)
{ (cause-end-effect relation: complications U etiologies)
effect(cause-end-effect relation) = disease} )

2.2. “Priority of disease’s causes” is a predicate of two variables. It takes two possible causes of a disease and
returns frue if and only if both causes are related to the same disease and the first cause has more priority than
the second one that means one of the following:

- the modality of each cause-and-effect relation is necessity and the first relation started to act earlier than the
second one;

- the modality of the first cause-and-effect relation is necessity, the modality of the second one is possibility and
the first one started to act not later than the second one.

priority of disease’s causes =

= (A (CER1: complications L etiologies)(CER2: complications \ etiologies)

(Vv (disease: diagnosis)

CER1 e possible causes of disease(disease) &

& CER2 e possible causes of disease(disease) &

&/ ( (CERT1 € etiologies) & (modality(CER1) = necessity) = moment(CER1)),

((CER1 e complications) & (modality(CER1) = necessity) = element(development(cause(CER1)), 0))) / <
</(( CER2 € etiologies) & (modality(CER2) = necessity) = moment(CER?2)),

((CER2 € complications) & (modality(CER2) = necessity) = element(development(cause(CER2)), 0)))/) v
v I( (CER1 € etiologies) & (modality(CER1) = necessity) = moment(CER1)),

((CER1 e complications) & (modality(CER1) = necessity) = element(development(cause(CER1)), 0)))/ <
</((CER2 € etiologies) & (modality(CER?2) = possibility) = moment(CER2)),

((CER2 e complications) & (modality(CER2) = possibility) = element(development(cause(CER?2)), 0)))/)

2.3. “Causes of disease with maximum priority” is a function that takes a disease from the diagnosis and returns
the set of all the causes of this disease which have the maximum priority.

causes of disease with maximum priority =
= (A (disease: diagnosis) possible causes of disease(disease)
\{(CER1: possible causes of disease(disease))
(v (CER2: possible causes of disease(disease))
priority of causes of disease (CER2, CER1))} )



126 Algorithmic and Mathematical Foundations of the Artificial Intelligence

2.4, “Cause of disease” is a function that takes a disease from the diagnosis and returns its cause. The cause of
a disease can be either an etiology or a complication.

sort cause of disease: diagnosis — etiologies \w complications
2.5. The cause of a disease from the diagnosis has the maximum priority.
(disease: diagnosis) cause of disease(disease) € causes of disease with maximum priority(disease)

Conclusion

In this article the final part of the metaontology model for medical diagnostics has been presented. This model
describes the interrelation of cause-and-effect relations of different types. The metaontology is close to practical
concepts of medicine in the Russian Federation and describes the combined and complicated pathology, the
dynamics of pathological processes in time and the influence of medical treatment and other events on the
manifestation of diseases. The model of metaontology includes the definitions of terms of the knowledge model
(parameters), definitions of the terms of the situation model (unknowns), and also a system of relationships that
consists of integrity constraints for unknowns and parameters and of relationships between them.

The relationships between unknowns and parameters can be divided into the following groups:

1) the relationships between knowledge about cause-and-effect relations and cause-and-effect relations which
take place in situations;

2) the relationships which determine cause-and-effect relations that are the reasons of values of each sign during
its development intervals;

3) the relationships which determine the properties of borders of intervals of the time axis for each sign;
4) the relationships which determine the reason of each disease from the diagnosis.
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MHOXECTBEHHbIE MOLENN HEONPEQENEHHOCTM:
SAMMUPUYECKUA N MATEMATUYECKWUWA ACNEKTbI

Bnagumup [loHyeHko

AHHOmauyus: PaccmompeHbl obwjue npobnembl, Ces3aHHble HeonpedenéHHocmu, ekmyasd nhpupody,
UCMOYHUKU U MameMamuyeckue memoObl eé onucaHusi - ModenuposaHus. [pogedeHa cucmemamu3sayusi
mMemodos onucaHus HeonpedenéHHocmu.

Knroyesbie cnosa: HeonpedenéHHocmb, obpamHble 3adayu, HEYEMKUE MHOXecmsa, npeobpasosaHue Xoka,
ncesdoobpauieHue no Mypy — leHpoysy.

ACM Classification Keywords: G.3 Probability and statistics, G.1.6. Numerical analysis: Optimization; G.2.m.
Discrete mathematics: miscellaneous.

Conference: The paper is selected from XIVt International Conference "Knowledge-Dialogue-Solution" KDS 2008, Varna,
Bulgaria, June-July 2008

Bctynnenue

Knaccuyeckum MatemMaT4eckum cpeacTBOM OMCaHNS HEOMPEOENEHHOCTY B €€ CTAaTUCTUYECKOM, «CITyHalHOMY,
NPOSIBNEHNN SBNSIETCS TEOPUS BEPOSTHOCTEN U MaTeMaTiyeckas cratuctuka (TBUMC). Btopas nonoeuHa XX
CTONETUS B MaTeMaTuke XapakTepuayeTcs WHTEHCUBHBIMUA YCUAMAMK MO CO3AaHMI0 MaTeMaTUYECKUX CPeacTB
ONUCaHUS 1 OMEepUpOBaHUs C HEOMPedenéHHOCTbIo, anbTepHaTBHbIX TBUMC, K KOTOpbIM MOXHO OTHECTU
TEOPUIO MOCTPOEHUST OLEHOK C rapaHTUPOBAHHOW TOYHOCTbH) (TEOPWMIO MMHUMAKCHOTO OLEHMBAHMS), TEOPUIO
HEYETKMX MHOXECTB, a Takke npeobpasoBaHue Xoka (MX). B T0 xe Bpems, MHOMe Haaexabl, CBS3bIBaBLUMECS C
NOSIBUBLLMMUCSA TEOpUSAMW, He onpaBfamucb. B 3HauyuTerbHOW Mepe 3TO OTHOCUTCH K TEOpWUM HEUETKUX
MHOXecCTB. Kak npencTaBnsieTcs, MHoroobpasve MeTohoB MaTeMaThyeckoro OMMUCaHWs HeonpedenéHHoCTH, K
KOTOPbIM MOXHO OTHECTU: 1) LETEPMWHMPOBAHHLIA, B TOM uYuCie oBpaTHble 3afgauu; 2) cratucTudeckun; 3)
METOZ, NONY4YEHNS OLLEHOK C rapaHTMPOBAHHON TOYHOCTBIO; 4) MeTog HEYETKMX MHOXECTB; 5) X, — nopoxaaet
HeobxoaMMOCTb NpuUBeaeHUs uX K obLieit ocHoBe. OTO 03HA4aeT OCMbICAIEHME MPUPOLLI HEONpPeaenéHHOCTH,
co3aaHue obLLero MeTogonorMyeckoro nNoaxoaa, KOTopblil MO3BOAMM C AMHOM TOYKM 3peHUs paccMaTpuBaTh
pasHoobpasHble MaTemaTuyeckue MeToabl €€ onucanus. B npegnaraemont paboTe npeanoxeHsl HEKOTOPbIE
Luary B 3TOM HarnpasfeHuu.

YT10 noHUMaT Noa HabngeHUeM (IKCNEePUMEHTOM, ONbITOM, UCNbITaHNEM)?

MoHsATME HEONPeAEeNeHHOCTU B MOBEAEHUM WUCCIIEAYEMOrO SIBMIEHUS! I CUCTEMbI TECHO BSI3aHO C MOHSITUEM
«OMblITay, «3KCMEPUMEHTa», «HABMIOLEHNSI», «UCTIbITaHWs», KOTOPble PaccMaTpUBAOTCS B paMKax KaTeropuw
«onbiTay. [epeuncrieHHble MOHSTUS WUMET OoOLieHayyHOe COAEPXaHMe UM 4acTo YnoTpebnsioTcs Kak
9KkBMBareHTHble. Kpome Toro, oHu ynoTpebnsoTcs kak SKBUBANEHTHbIE Mexay coboi U B TeOpUM BEPOSITHOCTEN
N MaTeMaTU4ecKoi CTaTUCTMKe. B cBOeM 0BLEHAy4HOM CMbiCrie 3TU MOHATUS NMpeaHa3HaueHbl Ans OnNMCaHMs
[EATENBHOCTU, CBSI3AHHOM C HENOCPELCTBEHHOW dMKkcalueir (DaKkTOB Ha YPOBHE SBMEHMS: B mpoliecce
HENocpeaCTBEHHOrO B3aMMOAENCTBYS NIOAEN C BHELUIHUM MUPOM

[Ins BbIACHEHNS KOHKPETUKN OBLLEHaY4YHOrO KOHTEHTa OMPEAENieHUs «3KCMEPUMEHTY, «OMbIT», «HabrnoaeHne»
obpatumes K HeilTpanbHoMy, 06e3nMYeHHOMY WMCTOYHMKY, KakoBbiM siBnsietcs, k npumepy, BCO (Bonbluas
COBeTCKas 3HLKNoneans).

B 1. 18 BC3 Ha c1p.463-464 oTMeuaeTcsl, YTO KaTeropus «ombiTa» COBMaZAET Mo CBOEW CYTW C KaTeropuen
«3KCNepUMeHTa» 1 «HabmogeHusy. YTo KacaeTcs «aKkcnepuMeHTa» M «HabmniogeHns», T0 B TOM Xe U3aaHum
BC3, Ho B ToMe 30 Ha cTp.6 B CTaTbe, MOCBSLLEHHON MOHATMIO «3KCMEPUMEHT» OTMEYAETCH, YTO TEPMMH
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NPOMCXOAMT OT NaTUHCKOro experimentum: Npoba, OnbIT, — 1 03HAYaAET «METOL, NO3HaHMS!, MPX MOMOLLIM KOTOPOro
B KOHTPONMPYEMbIX 1 YNpaBnseMblX YCMOBUSX UCCNEAYITCA SBMEHUS AENCTBUTENBHOCTUY. B TOI Xe cTaTbe
OTMEYAETCS, YTO «3KCMEPUMEHT» OTNMYAETCS OT «HABMOAEHUSA» TEM, YTO B NEPBOM OCYLLECTBIAETCS aKTUBHOE
OnepupoBaHne C OObEeKTOM wuccregoBaHus. Takum  00pasoM, B LMTMPYEMbIX WCTOYHMKAX MOHSTUS
«IKCMEPUMEHT» W «HAbMIOAeHNe» pPasnMyalTCs akTWBHOCTBIO WIW MACCMBHOCTH) B OMEPUPOBAHMM C
nccnegyembiM 06bekToM. B TO e Bpems B CTaTbe, NOCBALLEHHON «HABMOAEHMIO» B TOM xe u3gaHum bC3 Ha
ctp. 186 B 1. 17 oTMevaeTcs, YTo HabnoaeHne, 0BbIYHO, ABNAETCS YaCTbio «3KCNEepUMEHTay». B TO xe cTaTbe B
CBSI3N C «HaOMIOOEHNEM» MOSIBNSETCS COYETaHWe «perucTpaunst HabrogeHuit». Takum 0OpasoM, MOXHO
caenatb BbiBOA O TOM, YTO OMbIT MMW SKCNEPUMEHT SIBMSIETCA METOAOM MO3HAHWUS, KOTOPbIA 3aKn4aeTcs B
BOCCO3AaHM/ CTaHOAPTHbIX YCMOBWUI HabMIOOEHUs MCCNeayeMoro SBNEHUS U (hUKCaUMM COOTBETCTBYHOLIMX
pesynbTaToB: TOr0 YTO MPU CO3AAHHBIX YCNOBUSIX NosiBNsieTcsl. KOHEYHO e, BHE MOMSt 3PEHWSt CO3HATENbHO
ocTaBnseTcs 006CyxaeHne BOMPOCOB O TOM, Kak 1 KakuMm MMEHHO 06pa3om obecrneunBaeTcs Co3gaHue Tex uin
WHbIX YCIOBWW, @ TaKke BOMPOC O TOM, Kak popmupyeTcs NpeacTaBneHue O TOM, YTO e WMEHHO cuuTaTth
pesynbTaToM aKCnepuMeHTa.

AMNUPMYECKUIA acNeKT: HabnaeHWe (IKCNePUMEHT, ONbIT, UCMbITaHuUe)

Takum o6pa30M, 13 I'IpMBe,EléHHbIX BblLle LlIATI/IpOBaHVIIZ MOXHO caenatb BbIBOA, Y4TO MNPUHUUNUaNbHbIMU
COCTaBNAKLWMMN «3KCNEPUMEHTA» ABNAIOTCA:

- BOCCO3/aHwe yCrnoBuit HabnoaeHns Ans SBNeHus), KOTOPoe UCCNeayeTcs;
- (pukcaums pe3ynbTaToB IKCMEPUMEHTA: TOTO, YTO MNOSBASETCH B pe3ynbTaTe BOCMPOU3BEAEHNS
YCNOBUIM SKCNEPUMEHTA..
BocnpousBeaeHve ycnoBuii MOXeT HOCUTb aKTUBHBIN UMW NAacCUBHbLIN xapakTep. B nepBom crnyyae roBopsiT 06
«3KCMepUMEHTEY, NS XapakTepusaunun BTOPOro — ynoTpebnaiT TepMuH «HabnmoaeHnny. XoTs — Nog4YepkHEM
ewé pas — oba TepMuHa MOTyT ynoTpebnsaTbCs Kak SKBUBANEHTHLIE.

OTMeTUM Takxe, Y4TO TEPMUH «HabMIoAEHNE» MOXET ynoTpebnaTbes Ans 0603HaYEHNs YACTH «IKCIEPUMEHTaY,
KoTopas 3aknoyaeTcst B vkcaLm (peructpaumum) pesynbTaToB «3KCrepuMeHTay.

AHanu3 cTaTUCTMYECKUX NOAXOOOB K onpeneneHnio aKkcnepnumeHTa C HebonbLUMMK Bapuaunamm noBTopAeT
BblAenenne npuBedeHHbIX Bblle OCHOBHbIX COCTaBIAKOWNX 3KCNEPUMEHTY, BblaBUras cneumd)vlqecme
[ONOJTHUTENbHbIE YCINOBUA B TOM, YTO KacaeTCa «CTOXaCTU4EeCKOro SKCnepumeHTa»

«OnbITy, «IKCNEePUMEHT», ((HGGHI-O,CIEHVIQ», «UcnbiTaHuey». TeOpeTMKO-BEPOHTHOCTHbIVI KOHTEeHT

[OHATUS  «OMbITa», «3KCTIEPUMEHTA», «HAOMIOOEHUST », «UCMbITAHNS» SIBMAKTCS Takke ChneumanbHbIMU
MOHATUSIMU Teopumn BeposTHOCTEN. OHM MMEIOT, B OCHOBHOM, OBLUMIA SMMMPUYECKUIA KOHTEHT. U 3TO siBNseTCs
€CTECTBEHHbIM, MOCKOMbKY CTaTUCTUYECKME (TEOPETUKO-BEPOSTHOCTHbIE) METOAbl SBMAITCA MPU3HAHHBIM
MaTemMaTh4eCcKuM cpeacTBaM MO4ENVUPOBAHUS HEONPEAENEHHOCTU B U3yYeHUMN SBEHWIA, TA€ OHa NPOSBASETCS B
BMAE CnyyanHocTu. [letanbHee 0 Criy4anHoCTy, Kak BUAE HeonpeaenéHHoCTH, HKe.

B TeopeTuKko-BEpPOSTHOCTHBIX UCTOYHMKAX B OMPEAEneHNsIX MOHATUI «OMbIT», «3KCNEPUMEHTY, «HabriogeHne»
OTCYTCTBYET €OMHCTBO M eAWHCTBEHHOCTb B OMPedeneHnn MoHATMI. B pasHbix UCTOYHWKaxX ynoTpebnstoTcs
pasHble BapuaHTbl B MPUMEHEHUM K OOHWUM TeX Xe, Kak MOXHO MOHATb M3 MOAENbHbIX MPUMEPOB, 0BbeKTam.
Kpome T0ro, B HEKOTOPbIX MCTOYHMKAX 0BCYyXaaeMble TEPMUHBI YNOTPEBNSAKTCA C ANUTETAMU «CTOXACTUYECKUIY,
«BEPOSITHOCTHBINY, «CryYanHblity. Elle pa3 3ameTim, 4To BCe OHW ynoTpebnsioTcs Kak aKBMBaneHTHble. Huke
NPUBOAMTCA aHanu3 ynoTpebneHns COOTBETCTBYHOLUMX MOHATUM B TE€X WM MHBIX UCTOMHUKAX M Y TEX UIN UHbIX
aBTOPOB.

B ocHoBononaratowen kHure A.H. KonmoropoBa «OCHOBHbIE MOHATUS TEOPWUW BEPOATHOCTEM» Ha CTp.12

0TMEYaeTCs, YTO «NPUMEHEHNE TEOPUM BEPOSITHOCTEN K peanbHOMY MUPY OnbiTa NPOMCXOAMUT B COOTBETCTBUM CO
creaytoLLei CXeMon.
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1. CuuTaeTcs, YTO MMeETCs onpefeneHHbli koMnnekc ycrnosuii €, KOTOpbIi MOXET BOCNPOU3BOAUTLCS
HeOorpaHW4YeHHOE KONM4eCcTBO pas.

2. WN3ayyaeTcs onpeaeneHHblit Kpyr cobbITuiA, KOTOPbIE MOTYT NPOUCXOAUTL MK BoccosaaHme yenosuii €.
B Takom noyteHHOM WCTOuHMKe, Kak y4ebHuk B.B. THepeHko «Kypc Teopum BEpOSITHOCTEM», NOHATME

HabniogeHVs B BUIE «MCTIbITaHUS» Takke CBA3bIBAETCS ¢ komnnekcom yenosuit €. Ho — 4ONOMHUTENBHO — U CO
CBS3@HHLIM C 3TUM KOMMIIEKCOM YCMOBMA HAabopom cobbiTid (Tam xe, cTp.21). WcnbiTaHue NOHMMAETCS Kak
BOCCO3/jaHME YNOMSHYTOTO KOMMMeKca YCROBUA W NPOBEPKE TOrO, BHLIMOMHSAETCA M MpU 3TOM BOCCO34aHWM
YCnoBuiA TO UnM MHOe cobbiTue, BblbpaHHOe M3 Habopa cobbiTuii (Tam e, cTp. 26). Takum obpasom
«MCMbITaHMSY — 3TO ,HabMoaeHNe”, peaynbTaTbl KOTOPOrO UCNONb3YIOTCA ANS NPOBEPKN TOrO, BbINOMHAETCS N
uccnegyemoe cobbiTue.

Y I. Kpamepa B knaccuyeckom usgaHun «Martematuyeckue Metogbl CTaTUCTUKM» Ha cTp. 157-158 noHsTue
,KCNEPUMEHTA" HE OMpeaenseTcs SBHO, HO BbLIAENSETCH Takue, KOTOpble MOryT ObiTb MOBTOPEHHbLIMU
MHOTOKpaTHO NpU OAHUX W Tex xe ycnosusx. Cpeaun aToro Tuna SKCrNepUMEHTOB AOMOMHUTENBHO BblAENATCS
T€, ANS KOTOPbIX B CEPUN IKCMIEPUMEHTOB «Pe3yNbTaT ... MOXKET U3MEHATLCA OT OAHOr0 HabnaeHNs K Apyromy
cambIM HenpaBubHbIM 0Bpasomy. ABTOP Takke 3amMeyaeT, YTo «...B 3TUX cnyyasx Mbl Oyaem roBopuTb, YTO
“MeeM AENno ¢ NOCnefoBaTeNbHOCTbIO ClyYaiHbIX SKCNEPUMEHTOBY (TaM xe, CTp.158).

B yuebHuke A.B. Ckopoxoaa «3neMeHTbl TEOpUM BEPOSITHOCTEN U CIyYaiHbIX NPOLECCOBY YXKe B Ha4asne KHUrm
Ha CTp.5 OTMevaeTcs, YTO «OOHWM W3 OCHOBHbIX MOHSTUA TEOPUM BEPOSTHOCTEN SBMSETCH MOHSATAE
CTOXaCTMYeCckoro akcnepuMenTa». W ganblue ykasbiBaeTCs, YTO «TaK Ha3bIBAKOTCH SKCMEPUMEHTbI, peaynbTaThl
KOTOpbIX Henb3s npeaycMoTpeTb». OnATb ke NOHATUE CTOXACTUYECKOro 3KCmepuMeHTa 0bbsCHsSEeTCS
npumepamm (Tam xe, cTp.5). A Ha cTp.9 (Tam xe) nogyYepKkUBaeTCs Takas YepTa CTOXaCTUYECKMX SKCMEPUMEHTOB,
KaKk «BO3MOXHOCTb MOBTOPATb WX Oonblwoe uucno pa3». Kpome TOro, B KayecTBe BaXHOM 4epThbl
CTOXaCTUYECKOro 3KCMEpUMEHTa, OTMEYAETCA Hanuyue OnpeLeneHHOro, He COCTOSILLEro U3 OJHOrO 3fieMeHTa
«ymcna cobbITUin» C HUM CBA3AHHDBIX, CPEaN KOTOPbIX BbIAENSOTCA ariemMeHTapHble cobbiTs. OTMETUM, YTO XOTS
NOHATWE COOBbITUS He OnpedenseTcs, MOHATUE 3NEeMEHTapHOro COoBbITUS OnpedenseTcs CTporo (Tam Xxe,
cTop.6,7).

B dyHaameHTanbHOM u3gaHum, KoTopbiM SBnseTcs «CnpaBOYHUK MO TEOPUM BEPOSITHOCTEN N MaTeMaTN4YECKOM
CTaTUCTUKe», M3AAHHOTO aBTopCkUM kKornekTueom B coctase B.C. Kopontoka, M.W. MopteHko, A.B. Ckopoxogaa,
A.®. TypbuHa, aBTOpbl Ha CTP.5 OTMEYAKT, YTO «3KCMEPUMEHT OMPEAEenseTcs onpeeNieHHbIM KOMMIEKCOM
YCIOBWIA, KOTOPbIE WNM  BOCMPOU3BOASTCS WMCKYCCTBEHHO, WAM OCYLIECTBASIOTCA HE3aBUCUMO OT BOSK
akcnepumeHTatopa. Kpome TOro, OHW OTMEYatoT, YTO 3KCMEPUMEHT OMpedensercs Takke pesynbTaTami
9KCMEpUMEHTa, TO eCTb OnpefeneHHbIMU CoBbITUAMM, KOTOpble HabMoAAKTCS Kak pe3ynbTaT OCYLLECTBIEHNS
9TOr0 KOMMMeKkca YCroBuid». ABTOpbI Takke pasnuyaloT «eTEPMUHUPOBAHHbIE» W «CNyYalHbIE» W
«BEPOSITHOCTHbIE» 3KCMepUMeHTbl. K nepBbIM OTHOCAT T€, «B KOTOPbIX YCIIOBWSI SKCMEPWMEHTA OAHO3HAYHO
ONpefenstoT HacTynneHne (MMM He HacTynneHue) cobbiTid, KOTopble OxupalTca». YTO Xe KacaeTcs
«CIyYanHbIX» UK «BEPOSTHOCTHbIX SKCNEPUMEHTOBY, TO OHW OMPEAENsIoTCS Kak Takue, B KOTOPbIX «Mpy OOHWX
W TEX Xe YCIOBUAX BO3MOXHO NOSIBIIEHME COBLITUI, KOTOPbIE UCKMOYAOT Apyr Apyra». OTMETUM, — 0 YEM HUXe,
— YTO OTMEYEHHbIX CBOACTB JKCNEPUMEHTA HEAOCTATOYHO, YTOOLI €ro0 MOXHO BbIN0 Ha3BaTb CTOXACTUYECKUM.

B knaccuyeckom usaaHum «Teopusi BeposTHocTel» M. Jloesa Ha cTp. 13 oTMeYaeTcs, YTo «...Hayka UMeeT Aeno
C 3aKOHOMEPHOCTAMM B UCMbITAHUSX, KOTOPbIE MOBTOPSIOTCA», @ Takke YTo «... Aonroe Bpems Homo sapiens
n3yyan TOMbKO OETEePMUHUPOBAHHBLIE WCMbITAHWUS, B KOTOPbIX YCMOBWA (MPUYMHBI) MOMHOCTBLIO OMpefensioT
pesynbTathl (MocneacTans)». OnpedensioTcs Takke «ChnyvyanHble UCTbITaHUsA» (Tam xe, cTp. 13) Kak Takve, B
KOTOPbIX MPW BOCCO3AaHWM WX MHOTOKpaTHO, Habniogaemas 4actota Nboro U3 BO3MOXHbIX Pe3ynbTaToB
rpynnupyeTcs BOKPYr OnpedeneHHbIX yucen. Takum obpasom, W B 3TOM M3LaHUM WUCMOMb3YIOTCH MOHSATUS,
KOTOpblE CBA3aHbI C ONPeAEneHHbIM KOMMIEKCOM YCMOBUA: «UCTbITaHUE» W «CryYailHbIE UCMbITaHUS», MPUYEM
rnocrnesHne CBA3bIBAKOTCSA C TEMU, B KOTOPbIX YacTOTbI MOSBMEHNS Pa3HbIX Pe3yrnbTaToB U3 YMCna BO3MOXHbIX
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rpynnUPyoTCA BOKPYr onpeaeneHHblX Yncen. KoHeuHo, obsi3aTensHom sBnsieTcs MHOropa3oBOCTb «UCMbITAHUIA U
Hann4ne pasHblix, BOOﬁU.le roBOp4, pe3ynbTatoB B PA3HbIX UCNbITAHNAX.

B sHUMKMONeaMYecKkoM Mo LMPOTe OXBaTa M3[aHuK, KakoBbIM SBNSETCS ABYXTOMHUK B.dennepa «BeeaeHue B
TEOPUI0 BEPOSITHOCTEN W €€ MPUNOXEHUS», B NEPBOM TOME, MOHSITUE IKCMEPUMEHTA CUUTAETCS WHTYUTUBHO
SICHbIM W 00bsICHSIETC GOMbLUMM KOMMYECTBOM MPUMEPOB, KOTOPbIM MOCBSILLEHHbIA §2 nepsoro pasgena.
CobCTBEHHO, peyb MAET O (hopManM30BaHHOM BapWaHTe BUPTYanbHOrO OnbiTa B OGLLEHAYYHOM MOHUMAHUK,
KOTOpbIV XapakTepuayeTcst (PUKCUPOBaHHBIM HAGOPOM BO3MOXHbIX Pe3ynbTaToB.

lMpuBedEHHbIE BbILLE BapUaHThLI ONpeaeneHus «aKCnepumMeHTay B TEOPUN BEPOSTHOCTEN SBSIOTCS TUMUYHBIMU
W Ons Apyrux usgaHui, cpeay Kotopbix otmeTum yyebuuk V.. Twxmana, A.B.Ckopoxopa, M. SAnpetko
«Teopnst BEPOSITHOCTEN U MaTemaTuyeckas CTaTucTukay», MoHorpaduio «Teopust BeposiTHOCTed. OCHOBHbIE
MOHATUS!, NpeaenbHble TeopeMbl, cryyaiiHble npouecchl» K0.B. Mpoxoposa u K0.A. Po3aHoBa, 06CTOATENBHLIN
yyebHuk A.H. Wnpsiea «BepositHocTby, yuebHuk W.H. KoBaneHko n A.A. ®ununnoson « Teopust BepOSTHOCTEN U
mMaTeMaTnyeckass CTaTuCTukay», HadexHbln yyebHuk A.A. Boposkoea «Kypc Teopun BeposiTHoCTen». B
nocregHeM aBTOp OTOXOECTBASET CryYalHOCTb C HEOMpederneHHOCTbIo, CBA3blBas 3Ty CAYYalHOCTb —
HeomnpeaeneHHoCTb, C He3HaHueM (Tam xe, cTp.9), XOTA Ha cneaytoLleid CTpaHWue, CCbiNasch Ha MpUHLMN
HeonpeaeneHHoCT B (pu3nke, OTMEYAET, YTO HeonpeaeneHHOCTb MOXeT OblTb NPUHLMNMANBHO CBOMCTBEHHOM
nccnegyemomy sisneHmio. Kpome toro, onpeaensisi 06bekTbl N3y4eHns B TEOpumM BepOSTHOCTEN (TaM xe, cTp.1),
aBTOpP OTMEYaeT, YTO MMM SBMSIOTCA SBMEHUS, NS KOTOPbIX, C OAHOM CTOPOHbI «... Te WnM Opyrue
9KCMEPUMEHTbI UNK HabrogeHus MoryT BbITb BOCMPOM3BEAEHbI MHOTOKPATHO MpU OAMHAKOBbIX ycriosusx». C
JPYroi CTOPOHbI, Ha TOM XKe CTPaHULLE OTMEYAETCS, YTO «TEOPUI0 BEPOSTHOCTEN MHTEPECYIOT T€ SKCNEPUMEHTDI,
pesynbTaT KOTOpbIX, BbIPaXEHHbIN KakuM-TO 00Opa3oM, MOXET W3MEHSITLCA OT OMbiTa K OnbITy». ABTOp Takke
CBA3bIBAET C pe3ynbTaTaMu OnpefenéHHble CoObITUS, KOTOpble MOrYyT B CBA3W C 3TUMU pe3yrbTaTamu
paccmaTpuBaTbCsl, U OTMEYAEeT, YTO B 3TOM cryyae COObITUS Ha3blBAKOT «Cry4ailHbiMi». Takum obpasom, B
onpegeneHnn ,3kcnepnMenTa”’ no bopoBKOBY OBLIEHAYYHBIA KOHTEHT 3TOTO MOHATMSA (KOMMIEKC YCIOBUIA U,
BO3MOXHOCTb MHOFOKPATHOrO €ro BOCCO34aHusl) CBA3bIBAETCS C U3MEHYMBOCTBIO pesyNnbTaToB OT HabnaeHNs K
HabntogeHmto. b.A.CeBacTbsiHOB B «Kypce Teopuu BEPOSITHOCTEN M MAaTeMaTU4ECKOM CTAaTUCTMKMY HasblBaeT
BO3MOXXHOCTb MHOTOPa30BOro BOCCO34aHNs YCIIOBWN B YMCTIE KMHOYEBbIX MOMEHTOB «3KCMEPUMEHTa», MOCKOMbKY
MMEHHO BO3MOXHOCTb MHOMOKPAaTHOr0 BOCCO3[aHWS MO3BONSET [enaTb BbIBOA O HACTYMMEHWW UMW He
HaCTYNMEHUN TeX U MHbIX COBbLITUIA (NOHATME, KOTOPOE aBTOPOM He onpeaensieTcs). ABTOp Ha3biBaeT Takue
coBbITUS MaccoBbIMU, XOTS €CTECTBEHHee Obifio Obl OTHECTW 3TO Ha3BaHWE K SIBMEHWIO, NO HabniogeHuem
KOTOPOro MOXHO CAenaTb BbIBOA O HACTYMNeHWM Wnu HeT uccnedyembix cobbitui. Y Y. peHapepa u B.
Opaibeprepa B «KpaTkoM Kypce BbIYMCMUTENBHON BEPOSTHOCTW U CTaTUCTUKM» Ha cTp. 10, oTmevaeTcs
BO3MOXHOCTb MOBTOPEHUS SKCTEPUMEHTa Npu ofauHakoBblx ycrnioBusix, a M. [e [pooT B MoHorpacum
«OnTUManbHble CTaTUCTUYECKME pEeLIeHMs» 3asBASET, YTO «CTATUCTUKA Kak Hayka 3aHUMAeTCs TEopUsMU M
METOZaMu, KOTOpble WCMOMb3YTCH ANS NMPUHATUS PELLEHUA B YCNOBUSX HEOMPedeneHHOCTU M HEeMnonHOM
nHopmauuny (Tam xe, cTp.11). A Ha cTp. 14 (Tam xe) 0TMeYaeTCs, 4To «aKCnepUMEHT ynotpebnsertcs 3aech (B
paboTe — npumeyaHue agmopa) B CaMOM LUMPOKOM MOHMMaHUM Ans 0003HAuYeHus, B CYLIHOCTW, Ntoboro
npoLiecca, Bce BO3MOXHbIE pesynbTaTbl KOTOPOro MOryT ObiTb yka3aHbl 3apaHee U AeNCTBUTENbHbIN pe3ynbTaT
KOTOPOro SBNSETCA OOQHUM M3 yKasaHHbIX». ABTOp BBOAWUT creuuanbHoe 0B03HayeHue S NS MHOXeCTBa
pesynbTaToB U Ha3blBAET €ro BbIGOPOYHLIM NPOCTPAHCTBOM 3KCMEPUMEHTA.

Moaosoos MTOMM B OMPEdENeHUM W UCMONb3OBaHUM MOHSITUA  «IKCMEPUMEHTY, «OMbIT», «HabMoaeHe,
«UCTIbITAHNEY — MHOTAA C SMUTETaMU «CyYalHbIA» UMK «CTOXACTUYECKMA» — B TEOPUN BEPOSITHOCTEN OTMETUM,
YTO OHM YNOTPeOnAKTCA, Kak SKBMBANeHTHble B 0OLiEM pycrie 06LUEHayYyHOro NOHMMAHUS SKCMEpPUMEHTA.
CneuparnsHO NoaYepKMBAOTCS W BbIAENSIOTCS CeayHoLIMe BaXHble OTNMYUTENbHBIE YepTbl TOro, YTO B TEOPUM
BEPOSITHOCTEN U MAaTEMATUYECKOMN CTaTUCTUKE MOHUMAIOT NMOZ SKCNEPUMEHTOM.

1. Hannune (uKCMPOBAHHOMO KOMMIEKCa YCIOBWA, MPK KOTOPOM HabnoaaeTcs UCCneayemMoe SBReHue.
YkazaHHbI KOMANEKC YCOBUIA MOXET BOCMPON3BOAUTLCS akTUBHO MW MACcCUBHO.

2. B03MOXHOCTb MHOTOKPATHOrO BOCMPOWU3BEAEHMS KOMMIIEKCA YCIOBUI (MACCOBOCTb).
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3. BO3MOXHOCTb OnMCaHUs BCEX BO3MOMHbIX pe3ynbTaToB. OTO MHOXecTBO pe3ynbTaTtoB HasblBAKOT
NPOCTPAHCTBOM 3NNEMEHTAPHbIX coObITUIA, Bbl60p0‘-IHbIM NPOCTPAHCTBOM 3KCNEPUMEHTA U T. M. BwmecTto
MHOXeCTBa BO3MOXHbIX pPe3ynbTaToB MOXET pacCMaTpmBaTbCA MHOXECTBO BO3MOXHbIX coObITHiA,
KOTOpbl€ MOryT UMETb UJTM HE UMETb MECTO B CBA3N C Ha6mo,qarou4mmmcsq pesynbTaTamu.

4. CnyvaifHOCTb, KOTOPas CBSI3bIBAETCS C UBMEHUYMBOCTbBIO PE3YNbTAaTOB OT KCNEPUMEHTA K SKCIEPUMEHTY
WM C HAaCTYMneHMEM B pasHbIX JKCMEPUMEHTax COObITMIA, KOTOpble WMCKMoYaloT Apyr Apyra:
HenpenckasyeMOoCTblo Pe3ynbTaToB i, COObITUA NN OT SKCMEPUMEHTA K 3KCTIEPUMEHTY.

OcHoBHbIe 3neMeHTbI hopManusauum HabnioaeHUs: YCNoBUs, pe3ynbTaT U ero perucTpauus

Kak cnegyeT 13 BblenpuBEAEHHOMO aHanmaa, [ABYMS OCHOBHbIMU COCTABNAOLWMMI SKCNEPUMEHTA U B 0bLLEM
AMMUPUYECKOM KOHTEKCTE W B CTATUCTMYECKOM MOHUMAHUM SIBNSIOTCS YCIOBUS 3KkcriepumeHTa (yaem HasbiBaTb
WX TaKKe KOMMIIEKCOM YCMOBMIA) 1 ero peaynbTaTbl: TOro, YTO Npu 3TUX YCIOBUSIX NOSIBNSIETCS.

1. YTo KacaeTcs YCMOBWA 3KCMEPUMEHTA, TO OHW JOMKHbI AOMYyCKaTb BO3MOXHOCTb WX MHOrOpasoBoro
BOCCO3/aHMs (MaccoBOCTb). Kaxablii M3 BO3MOXHbIX KOMMMEKCOB YCMOBUIA, MPU KOTOPOM MOXHO
NPoOBOAUTL 3KCEpUMEHT BOyaem 0603HauaThb x, COOTBETCTBEHHO — 4epe3 K Oygem obosHavatb
COBOKYMHOCTb Pa3HblX BapuaHTOB BO3MOXHbLIX KOMMIIEKCOB YCMOBWIA, NPU KOTOPbIX MOXHO NMPOBOANUTH

9KCMEPVUMEHT.
2. Pesynbtat akcnepumenTta, Oyaem o6o3HayaTb €ro y, — 9T0 TO, YTO MOXET MOSBUTHCA MpU
BOCMPOM3BEAEHNUM KoMmnnekca ycrosuin x € K . Yepes Y, bynem obosHayatb, BooOLie rosops, —

MHOX€ECTBO BCEX BO3IMOXHbIX PE3YNbTAaTOB, KOTOPbIE MOIYT NOABUTLCA NPU BOCNPOU3BEAEHUN yCJ'IOBMIh
K, NOCKOJIbKY (*)VIKCEILI'VIFI KOMMnekca yCJ'IOBVII7I, BOOGU.LG roBopsd, He rapaHTupyeT OOHO3HA4YHOro
pesynbTaTta 3KCnepuMeHTa.

BaxHO OTMETUTb, YTO TEPMUH «pEe3ynbTaT SKCEepUMEHTay» AN 0B03HAYeHUst TOro, YTO MOXET MOSIBUTLCS NPy
BOCMPOM3BEAEHUM KOMMMEKCA YCNOBWA (TO, YTO Bbille 0603HaYaeTcs Yepes y ), Yacto ynotpebnsioT ¢ gpyrum

KOHTEHTOM: B CMbICNE ¢)MKC8HMM pe3ynbTaToB 3KCNEPUMEHTOB, YTO, KaK OTMeYanocCh Bbllle, NHOrAa NOHMMAKOT
KakK 4aCTb SKCNEPUMEHTa U 0003HavaloT TaKke TEPMUHOM «|-|a6moueHme», NOHNMaEMOM B Y3KOM CMbICIIE.

B panbHeiwwem «peructpaums pe3ynbTatoB» 6yaeT paccMaTpuBaThCs kak COCTaBIISIOLLAs IKCEPUMEHTA.

OnpedeneHue 1. Peructpaumeii pesynbTata akcnepuMeHTa byaem Ha3BaTb (hUKCALMIO TOTO, YTO Onpeaensiet
[BE COCTaBMALLME KCMEPUMEHTA: YCIOBUSA x W pes3ynbTaT y— T.e. Napy s=(k,y) «YyCroBUe-pesynbTaT».

CoOTBETCTBEHHO, NOL peructpauneir cepum wn3 N aKCNepuMeEHTOB  (BbIOOpKoM) OydeT noHWMATbCS
nocnefoBaTensHOCTb Nap

SpreSN S (KLY s (KN, VN ) (1)
3ameyvanue 1. Kak nokasbiBaeT aHanus, pesymnbTaT SKCMEPUMEHTA, KaK 3HAYEHWE ), YAcTO HE OTMMYAKT OT

«pernctpaumm pesynbtata 3KCnepuMeHTa» Kak Toro, 4to CbI/IKCVIpyeTCﬂ B CBA3N C I'IpOBe,EI,éHHbIM JKCnepnmMeHTom
1 06o3HavaroT O4HMM U TEM XK€ TEPMUHOM «pE3yNbTaTt 3KCNEPUMEHTA).

OcHoBHbIe cocTaBnAOWME HAONIOAEHUA: AeTanu3aumsa ycnoBuii

HeobxoanMocTb y4éta B OQHOM CEpUM IKCMEPUMEHTOB C PasHbIMK YCMOBUSIMW NpuBENa K HeoBXxommmocTy
CTPYKTYpu3auun ycnosuit HabniogeHus. Takas CTpyKTypusauus ob6ecneymBaeT KOHTPONMPYeMOe M3MEHeHue
yCnoBuiA HabmoaeHns OT OHOTO 3KCMepUMEHTa cepun K gpyromy. [pu TakoM M3MeHeHWW YacTb KoMnnekca
YCNoBUIA OCTaeTcs, BOOOLLE rOBOPS, HEM3MEHHOW MO YMONYaHWio, a YacTb M3MEHSETCS KOHTPONMpyembiM
obpasom. CobCTBEHHO: 3TO 03HA4YaeT, YTO NMOOA M3 BO3MOXHBLIX KOMMMEKCOB & € K YCMOBMA MPOBEAEHUS
3KCMepUMEHTa MPeACTaBNsAeTca napon x =(x, /), B KOTOPON x € X 0603Ha4YaeT BapuaTUBHY0, UMEHSIEMYIO

OT 3KCMEPUMEHTA K 3KCMEPUMEHTY YacTb, @ f — HEM3MEHHYIO MO YMOMYAHWUIO ANt CEPUM SKCIEPUMEHTOB YacTb
KOMMMEKCOB YCNOBUIA HabogeHMS.
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OnpedeneHue 2. SKCNepuMEHTOM C ynpaBnsieMbIMi ycnosusmu (YnpYkce) bynem HasbiBaTb Takol, B KOTOPOM
YCroBus npeacTaBnsoTca B Buae x=(x, f), xe€ X, f €3, K=Xx3J, x Oyaem HasbleaTb BapuaTUBHOM

4acTbl0 yCJ'IOBI/IIZ, f - 4acCTbl0 yCJ'IOBMIZ Nno yMON4aHuio, x - NONMHbIMK YCNOBUAMM 3KCNEPUMEHTA.

3ameyanue 2. OTMETUM, YTO NPW AETEPMUHUPOBAHHOM MOAXOAE HEM3MEHHAs YacTb YCIOBUIA acCOLMMPYETCS C
OOHO3HAYHOCTBIO CBA3M pesynbTaTa HabMogeHWst C BapMaTMBHOWM YaCTbl YCMOBUIA, T.e. — C (PyHKUMeN
(dbyHKUMeEN OTKNMKA) OT BapuaTUBHON, U3MEHSIEMOM YacTyh ycnosuin. Camo xe uccrefoBaHne B pamkax YnpY ke
9KCMEPUMEHTOB B NIUTEpaType Ha3bIBaT MOAENbIO «BXOA-BbIXOA» CUCTEMbI C O4EBUAHBIM AENEHNEM Ha TO, YTO
Ha3bIBaKOT BXOLOM, BbIXOAOM U (PYHKLMEN OTKITNKA CUCTEMBI.

Pernctpauums HabnoaeHnn: npakTuka

CrepnyeT OTMETUTb, B SKCMEPUMEHTAMNbHOW MPaKTUKE PerucTpauus skcrepuMeHTa B CMbICre onpeaeneHust 1
NOAMEHSIETCS APYrMI BapUaHTaMu TOTO, YTO Ha3blBalOT (HUKCALMEN s ,...s, . TaKUMU BapUaHTaMu B pamKkax

BblEeNEHHbIX BbILLE COCTABMSIOLMNX IKCNEPUMEHTA MOTYT BbITb CrieAyHOLLME:
YisVN
SpeSy =1(X0 Y1) (XN, V) - (2)
(K1, Y1) KN YN)

MHoxecTBeHHbIe Moaenu HeonpeaenéHHocTn (MHMoH)

OnpedeneHue 3. B pamkax BBEAEHHbIX Bbille NOHATUA MHOXECTBEHHLIMM MOZENSAMI HEOMPeaeNnEHHOCTI ANs
uccnegyemoro siBneHus Oydem HasbiBaTb Takoe OnuCaHWe HeonpedenéHHocTW, kotopoe 6Gasupyetcs Ha
MHOXECTBEHHOCTW 3HayeHuit Y,Y.,Y,.: TOro, YTo MOSBNSAETCH WKW MOXeT MOSIBUTLCA B pesynbTaTe Cepuu

XK

OKCMNEPUMEHTOB B (2) B 3aBMCUMOCTM OT TOrO, KaK NOHUMaEeTCs perncTpauna skCnepumeHTa, 310 MOXeT ObITh:

N
Y = U{J’i ),
i=1
N
Y, = U {yi)JXEU{xi)’ (3)
X=X i=1
N
Y, = U {yi)Ke U{Ki)
iK;=x i=1

CobcTBEHHO, (3) (PMKCMPYET MHOXECTBEHHOCTb 3HAYEHMIA TOTO, YTO MOXET MOSIBUTHCA MPU (HUKCUPOBAHHOM
Komnnekce ycnoeuii. B nepeom cnyyae u3 (3) KOMNMEKC YCMOBMIA MO YMOMYaHWK SBMSIETC OAWMHAKOBLIM ANS

BCEX OKCTIEPUMEHTOB CEPWM, BO BTOPOM — B CEpWUM SKCMEPUMEHTOB YCNOBUS BapbupyloTcs. MHOXeCTBO
N

BO3MOXHbIX BapWaHTOB YCTOBUA B CEpUM IKCEPUMEHTOB onpenensieTcs Muoxectsom | J{x; ) ,a
i=1

Y, onpefensieT MHOXECTBO 3HaYeHWIt y B TeX SKCMEPUMEHTAX CEPUM, B KOTOPOW BapuaTMBHast YacTb OfHa W Ta

N N
e U onpeaenseTcs BapuaTMBHOM YacTblo x € U{ x; ). B TpeTbem BapuaHTe TO e KacaeTcs U{ K; ), KOTOpOe
i=1 i=1

ONUCbIBAET MHOXECTBA BCEX BO3MOXHbIX BAPMaHTOB yCJ'IOBVIl7I cepun.

MHMoH: HeonpeaenéHHOCTb B AeTEPMUHUPOBAHHbLIX HaOMOAEHUAX

,U.J'IFI [NEeTepMUHNPOBAHHOCTI XapakKTepHa OAHO3Ha4YHaA CBA3b «MOMHbIe yCJ'IOBVIFI - pesyanaT»:
K>V, Ye={y. ) xek. (4)
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OpHako, ecnn B Cepun 3KCMEPUMEHTOB YCNOBWS U3MEHYMBLI, @ PErUCTPaLMs NPOBOAUTCS B BUAE V;,..., Vy
BMECTO (X, V) ), ( Xy, YN IWM (K7, V), (Ky,Yy), TO  BO3HWKAET  MHOXECTBEHHOCTb  (He
OOHO3NEMEHTHOCTb) Y, KoTOpasi, COBCTBEHHO, W SBMNSETCA HeonpeLenéHHOCTLI0. Takash HeonpeaenéHHOCTb B
AETEPMUHNPOBAHHOM 3KCMEpUMEHTe CBsisaHa C NPO61eMoN CKPbITbIX NapaMeTpoB: AOMOMHUTENbHbIX YCIOBUIA,

KOTOPbIE HY)XHO Y4NUTBbIBATb MPU PErMCTPALMN SKCNEPUMEHTA, YTOOLI SBMEHNE CTAN0 AETEPMUHNPOBAHHBIM, T.€.,
4T06bI HAbMOAEHMS MoK ObiTb OXapaKTEPU30BaHHLIMI B COOTBETCTBMM C (4).

MHMoH: cny4anHocTb

CnyvaifHoCTb B WCCMEAYEMOM SIBMEHWUM C OfHOW CTOPOHbI XapaKTepuayeTcsi TeM, UTO CBSi3b BO3MOXHbIX
PE3yNnbTaToB C MOMHbIMU YCTOBUSIMA 3KCTIEPUMEHTA B (3) HEOAHO3HAYHA: ANS KakOoro M3 OMKCMPOBAHHBIX
YCMOBMIA B pa3HbIX SKCNepUMeHTax MOryT NOSIBNATLCS pasHble pesynbTaThi:

K — Y _#"onHosneMeHTHOe MHOXecTBO", Kk € K .

C [Opyroit CTOPOHBI, ANS SABMNEHMS, KOTOPOE Ha3blBalOT CMyYaiHbIM (A Cam 3KCNEPUMEHT — CTOXacTUYECKUM),
[OMKEH BbIMOMHATLCA 3aKOH YCTOMYMBOCTI YacToT. ITUM TEPMUHOM 0603HaAYaeTCs NPEANONoKeHNe O TOM, YTO
YaCTOTb TEX UM UHBIX MPYNM BO3MOXHbIX PE3yrbTaToB AOMKHBI CXOANUTLCS K MPEAesisHOMY 3HAYEHHI0, KOTOPOe
Ha [OMMKHO 3aBMCETb OT CEepuUM IKCMEPUMEHTOB, MO KOTOPOMY OHO MOMYYEHO, HO XapakTepu3oBaTb Camo
nccreayemoe siBfeHmne; BbiTb OANHAKOBBLIM ANS Pa3HbIX CEpHil 3KCNEPUMEHTOB.

MHMoH: rapaHTUpOBaHHbIE OLEHKU (MUHMMAKC)

OTOT NOAX0S CBA3aH C AanbHEelLweln anpuopHoi CTpYKTypu3aLmeid BapuaTBHON Mnn (PYHKLMOHANBHON YacTy
YCTIOBMiA B pamkax AeTepMuHupoBaHHoro omucawus senewmns: x=(x'" x{?) wwm f = 1) u
NPEAMONOKEHNEM O TOM, YTO B SKCTIEpUMEHTE (DUKCUPYETCS! TOMbKO OfHa M3 yacTei, Hampumep x(/ unm
1 (HaBrionaemasi KOMMOHEHTa), @ MPO BTOPYK — U3BECTHO, YTO OHA MPUHAAMIEXUT MHOXECTBY E (1)

E .., COOTBETCTBEHHO, KOTOPOE onpeaenseTcs HabnoaaeMoit KOMMOHEHTOMN.

1
v

MHMoH: uHTepBansHbLIN noaxon

B mopenb HabniofeHuit Co CTPYKTYPUPOBAHHOM BapMATUBHOM YacTblo 04YEBMAHbIM 06pa3oM BKNaAblBaETCSs
WHTEpBanbHas Mofenb HeonpeaenéHHOCTU. [leiCTBUTENBHO, AOCTATOYHO MPEANONOXMUTb, YTO B 0G03HAYEHNSX
npeablayLLero NyHkTa

y=fc)+x? x? e (=41, A40)=E ().

MHMoH: HeuéTKMe MHOXeCTBa

MecTo HeuéTkocTu [Zadeh, 1962] BO MHOXECTBEHHbIX MOAENSX HEONPEOENEHHOCTM MOXKET OblTb ONPeENeHo B
paMKax CTaTUCTMYECKOA MHTepnpeTauum HeyeTkux MHOxecTB [Donchenko, 1998, a) b)]. 31a uHTEpnpeTaums
onpesensieTcs CreayoLen Teopemon.

Teopema [Donchenko, 1998 a),b)]. [ins HeuéTkoro MHOXeCTBa, 3afaBaeMoro napon (E, u) Hocutenb-GhyHKLMUS
NPUHAANEXHOCTU, B cryyae, koraa E - NPOCTPAHCTBO C MEPOW, a - W3MEpUMa, MOXHO NOCTPOUTH
BEPOATHOCTHOE ~ MpOCTpaHCcTBO  (2,B,,P), cobbiiue  Ae B, MOMHyl  rpynny  coBbITUN
H,={n=e}eecE, n— E - 34Ha4Has crny4yanHas BennunHa, Tak, 4to

u(e)=P(A|H,)eckE.
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MHMoH: obpaTHble 3agaum

BaxHbIM KnaccoMm HeonmpeaenéHHoOCTe B AETEPMUHMPOBAHHbIX 3afjayax SBMATCA obpaTHble 3agau, T.e.
3aa4vm B KOTOPbIX HEOBX0ANMO ONpeaenuTb MHOXECTBO BO3MOXHbIX BapuUaTUBHBIX YacTel yCrioBui (BXOAOB),
koTopble 0becneumBaloT 3agaHHOe 3HaveHue pesynbTaTa (Bbixoga). OTMETUM BaxHYH porb nceshoobpalleHns
no Mypy - MeHpoyay [Anbept, 1977]  ero pa3sutio B pabote [Kupuienko, 1997] ansg NuHeMHbIX 3a4ay 1 Ans
NPUMEHeHNs B 3afa4ax Knactepusaummn u pacnosHasaHus 06pasos [Kupnyenko, [JoHueHko., 2007].

MHMoH: npeobpa3oBaHue Xoka

CneumarnbHbiM criyyaem HeonpefenéuHoctn aensetcs X [Hough, 1962]. 3toT BWA HeonpeneneHHOCTY
MOPOXOEH  MHOXECTBEHHOCTHIO ~ BO3MOXHBIX ~ BApuaHTOB  (OYHKUMA  OTKNMKA B HabnopeHusx:
K; =(x;,f;),i=1,N . lNpocTeiwen Mofenbio HabNIAeHNA Takoro pofa MOXET CryxuTb BGUHapu3oBaHHoOe
n3obpaxeHne, Ha KOTOPOM MpEeACTaBNEHO HECKONMbKO MpsMblX. Bbibopka npefcrtasnser coboit koopauHarthl

TOueK K300paxeHuss C EeOMHUYHBIM 3HayeHWeM spkocTh. [etanbHee ¢ [1X n ero martemartuyeckoi
thopmanuaaLmen MoxHo nosHakoMmuTees B [Donchenko, 2003].

3aknioyeHue

MpennoxeHHass B paboTe KOHLENMUMS «MHOXECTBEHHbIX MOAENen HeonpedenéHHOCTU»  CBA3bIBaET
HEONpeaenéHHOCTb C JKCMEPUMEHTOM 1 MO3BOMSIET Ha EOMHOW OCHOBE paccMaTpuBaTb MHOrooGpasue
MaTeMaTU4YeCKUX METOLOB OMMCAHUS HeonpenenéHHocTU. B paboTe Takke onpenerneHo Mecto Kaxaoro u3
MaTeMaTU4eCcK1X METO0B B paMKax NpeasioKeHHOM KOHLEeNLuM.
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OMUCAHUE ®U3NYECKUX ABNEHUA TMNEPCNYYANHBIMA MOQENAMU

Uropb MNopbaHb

AnHomayusi: [IposedeH aHanu3 nybnukayul, NOCBAWEHHbIX Meopuu aunepcryyalHbix cobbimuli, 8euYuH,
npoyeccos u nonell. [NokasaHo, Ymo paccMampueaemMasi meopusi OMHOCUMCS K Kaccy meopull, ONUChIBaUUX
Mamemamudeckue Modesu, NOCMPOEHHbIE KOHCMPYKMUBHbIM 06pasom. Om Hee Hesb3s 0xudamb NOMyYeHUE
HOBbIX PEWEHUL, He 3K8UBANIEHMHBIX PEWEHUSIM, CedyrWUM U3 meopuu 8epossimHocmel U Mamemamuyeckol
cmamucmuku. OdHako, n000BHO Meopuu Mampul, OHa pacuwupsem 803MOXHOCMU PEUWEHUS NPaKmMUYeCKUX
3aday. [unepcnyyalHble MOOeNU, y4yumbiBaOWUE BO3MOXHOCMU USMEHEHUSi 3aKOHO8 pacnpedeneHus
cobbimuti, enuYyuH, npoyeccos u nonel, 6onee adekgamHO ONUCLIBaOM pearbHble CUmyayuu, Yem cryyalHbie
modenu ¢ huKcuposaHHbIMU 3aKoHaMUu pacnpedenieHus. YecmaHosneHo, ymo credcmsuem 8bi08UHymol paHee
2unomesbl 0 MOM, YmoO 8ce peasbHble ABMNEHUS (3a UCKITYEHUEM B03MOXHO NUWb MUPOSbIX (hU3UYECKUX
KOHCMaHm) HocAm eunepcryyalHbill xapakmep, Snsemcs mo, Ymo abCoMOmHO 8Ce OUEHKU pearbHbIX
8eN1U4UH, (hyHKUUL U noneli He COCMOSMEbHbLI U NOMEHYUATbHas MOYHOCMb MH0bbIX U3MEPEHUL 02paHuYeHa.
Kpome mozo, abconomHo docmosepHoe 0bHapyxeHue u abconomHo docmosepHas Knaccuhukauyus peanbHbIxX
06bEKMO8 NPUHYUNUATEHO HE8O3MOXHB .

Knoueenle cnoea: eunepcrydaiiHas modenb, eunepcryyalHas —8efudUHa, MOYHOCMb  U3MEPEHUSs,
COCMOSMesbHOCMb.

ACM Classification Keywords: G.3 Probability and Statistics

Conference: The paper is selected from XIVt International Conference "Knowledge-Dialogue-Solution" KDS 2008, Varna,
Bulgaria, June-July 2008

BBeaeHue

Kaxzplil YenoBek BOCMPUHUMAET OKPYKatoLLMiA MUp MO-CBOEMY B COOTBETCTBUM C CBOUM XM3HEHHBLIM OMbITOM,
nonom, npodeccueir, Bo3pacTom u np. PacckasbiBas UK aHanuaupys YTo-nubo, Mbl 0bpallaemM BHUMaHWE Ha
TO, YTO MPefCcTaBnsieTcsd Ham Haubonee CyleCTBeHHbIM. 3TO — MepBbIM Liar opmanusaumm pearnbHbIX
SIBMEHWA, 3aBEpLUAKLLMINCS (OPMUPOBAHMEM (PU3NYECKUX MOLENEN C WCMONb3oBaHWEM pPa3HOOBpasHbIX
usndecknx CobbITUIA, BENMYWH, NpoueccoB W nonei. Cnegylowum warom opmanusaumm SBnseTcs
MaTEMaTUYECKOe ONMCaHKe 3TUX PU3NYecKknx Moaeneil.

OpnHoit M3 OCHOBHbIX ﬂpOﬁJ’IBM NO3HaHNA ABNAETCA afeKBaTHOe OnncCaHue peanbHOro Mupa. dusnyeckue u
MaTteMaTtuyeckue moaenu, ncnonb3yemble ansa onucaHua pasnuydHbIX SIBNEHWUIA, NOCTOSAHHO COBEPLUEHCTBYOTCA.
C nonyyYyeHnem HoBbIX AaHHbIX N PA3BUTUEM I'Ipe,D,CTaBJ'IeHI/IPI 0 MUpe CTapble MoAdenn OTXoAAT Ha BTOpOIZ nnaH,
3aMEHSIOTCA HOBbIMU, Bonee COBEPLUEHHbIMN.

Ecnm  go KOHUa CpeaHeBeKoBbA MUP BUAENCA HEW3MeHHbIM U onucbiBanca npeumyLecTBeHHO
NEeTepMUHNPOBAHHbIM MOeNsaMU, TO B HacTodLLee BpeEMA OH pacCcMaTpuBaeTCA Kak ANHAMUYHO MEHALLIaACA
CTPYKTypa. [maBHbIM CpeAcTBOM MatemaTtu4eckoro onncaHua mupa ctanu mogenu, ucnonb3yrwmne B Ka4ectese
a6CTpaKTHbIX MaTeMaTNyeCcknx 06bEKTOB cnyanlele ABNEHUA — CJ'Iyl-iaVIHbIe COObITUSI, BEMUYUHBI, fpouecchbl u
non4.

B paHHOM criyyae TepMUH «CryyaiHblid» MCMOnb3yeTcs B MatematnyeckoM cmbicne [1, 2]. Hanbonee nomnHo
CryyaiiHoe SIBMEHU MOXHO OXapakTepusoBaTb C MOMOLLLIO (PYHKUMM pacnpefeneHuns, onpeaenseMon Ans
CTPOro  (PMKCUPOBAHHBIX CTATUCTUYECKMX YCMOBUA HabnopeHns. Hanuune onpeaeneHHoM BeposiTHOCTH
SIBNISIETCS XapaKTEPHO YePTOi NHOOOro CryyaitHoit BENMYMHLI 1, BOODLLE, NBOro cry4aitHoro SBneHus.

Ecnn Ha nHTepeane HaGruo,quvm ABNEHUA (KOTOprVI MOXeT ObITb BPEMEHHbIM, MNPOCTPAHCTBEHHBIM,
NPOCTPAHCTBEHHO-BPEMEHHBIM WU MHbIM) CTaTUCTU4ECKME YCNOBUA NPAKTUHECKN HE MEHAKTCA, TO BOSMOXHO
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NOCTPOEHWE KOPPEKTHOW CTOXAaCTUYECKOW MOZENN C UCMOMb30BAHMEM CRyYaiHbIX BEMMYMH W (OYHKLMIA C
HEKOTOPbLIMM, XOTS, BO3MOXHO, W HE BCETAa U3BECTHLIMW 3aKOHaMM pacnpeaeneHus.

Ha npakTuke Takas BOSMOXHOCTb CyLLECTBYET He OUYeHb 4acTo. PearnbHble (usnyeckme SBMEHUS HaxoasaTcs B
HepaspbiBHOW CBA3W CO BCEM OKPYXaKLMM MWUPOM. W3MeHeHUs B Mupe NpuBOAAT K U3MEHEHWSM
CTaTUCTMYECKUX YCMOBUI HAGNIOAEHWS, MPUYEM K W3MEHEHWSIM, HOCALMX Henpeackadyembll XapakTep.
Obecneuntb Ha NpakTUKe MOMHYK CTabUIbHOCTb YCMOBUIA HEMb3s, a, CriefoBaTenbHO, HeMb3s 3adatb Mu
OLeHUTb abComMTHO TOYHO (DYHKUMKO pacnpefeneHus. JTO HaknaabiBaeT OrpaHWYeHWst Ha MpUMEHeHWe
KNacCUYeckx CryyailHblX Mofgenen ¢ (hUKCUPOBaHHbIM  3aKOHOM  pacnpefeneHus. KoppekTHoe  ux
NCMONb30BaHWE OKa3blBAeTCH BO3MOXHbIM Wb NPU  MPEHEBPEXUMO  MarnblX U3MEHEHUSX  YCIOBUIA
HabntogeHus.

BapuabenbHocTb ycnioBuid HabmogeHuss — cepbesHas npobrnema, Melatollas MOCTPOEHUID KOPPEKTHBIX
MaTeMaTnyecknx mogenen. He oueHb 060CHOBaHHbIN, HO O4EHb PACMPOCTPAHEHHbIN MPYEM pELLEHNUS NPobnembl
— WrHOpMpOBaHWE (hakTa N3MEHEHMs YCOBUA. [pu 3TOM CTATUCTUYECKU HEONPELENEHHYIO UMK CTATUCTUYECKM
HeCcTaburbHyl0 BENWYMHY MM NPOLECC NPeACTaBNnsAOT CTOXACTUYECKOW MOLErNbio, KOTopas OnuChIBaeTCs
onpefeneHHbIM 3aKOHOM pacnpefeneHus.

Takoit nannuaTvB MHOTAA OKas3blBAeTCA MpUEMIIEMbIM, OfHAKo, He Bcerga. [1ns KOMMMEKCHOro peLleHvs
npobnembl HeoBX0AMMbI MOAXOAbl, NO3BOMAKLLME OMUCLIBATH SBMEHWS HE TOMbKO B OMPedefieHHbIX |
CTaTUCTMYeCckn cTabunbHbIX yernoBusX. MHOrouYMCHEHHbIE HenapameTpruyeckne MeToabl 0bpaboTku (paHroBble,
3HakoBble, pobactHble 1 ap.) [3 — 10] opueHTUpOBaHbI MMEHHO Ha Takoh nogxod. C wux momoLblo yaaeTcs
BblAENNTb Te 0COBEHHOCTU (DU3NYECKMX SBIIEHUI, KOTOPbIE HE CBS3aHbl WK crabo CBS3aHbl C U3MEHEHUEM
CTaTUCTMYECKUX YCMOBWA HabniogeHus. M3BeCTHbIM HeLOCTAaTKOM HemapamMeTpuyecknx MEeTOLOB SBRSETCS
3MNUPUYECKUN X XapakTep [6].

CTpemneHue HaiTW NpoCTble CPeAcTBa yyeTa HEOMpeAeneHHoOCTW yCrnoBuil HabniogeHws urpana, no Bcen
BMAMMOCTU, He NOCMNESHION PONb NpW (DOPMUPOBAHMM PSiAa OTHOCUTENBHO HOBbIX HAY4HbIX HanNpaBneHui, Takux
Kak TEeOpMs HEYEeTKUX MHOXECTB [11], Teopust HEMPOHHBIX ceTen [12], Teopust XaoTUYECKUX AMHAMUYECKUX CUCTEM
[13, 14], Teopust MHTepBanbHbIX AaHHbIX [15, 16] v ap.

[MOCTOSIHHO NPOAOMKALLMIACA MOMCK YHWUBEPCArbHbIX U A(EKTUBHBIX NYTEN afeKBaTHOMO MaTeMaTU4eckoro
ONUCaHUs SBMEHUA HedaBHO MPMBEN K HOBOMY KNaccy MoZenel, B KOTOPbIX B KayecTBe abCTpakTHbIX
MaTeMaThyecknx 0OBEKTOB BbICTYMAOT, Tak Ha3biBAaeMbIE, TMNepCyYaiHble sBnexus [17].

lMog runepcnyyanHsiMy SBNEHUSIMM NOAPA3YMEBAIOTCS CEMECTBO CIyYaiiHbIX COBbITUI, BENUYMH, (DYHKLUMIA M
nonew, 3asucslme OT napametpa g € (G, KOTOpbIA paccMaTpuBaeTCs Kak He3aBucUMas nepeMeHHas W

accouunpyeTcs ¢ yCnoBusMI HabniogeHns (Mnm ycnoeusmMmu PopMMpPOBaHNS) paccMaTpUBaEMbIX OOBEKTOB.
MatemaTtnyeckn cnyyaiiHble COBbITMS OMUCHIBAIOTCA C MOMOLLUbK BEPOSITHOCTHOTO MpocTpaHcTea [1],

~

3apaBaemoro Tpuagon (€2, 3,

~

P), roe € — npocTpaHCTBO 3neMeHTapHbIXx Ccobbiii e, J -
Gopenesckoe none (G — anrebpa NOAMHOXECTB COObITUI) U P — BEPOATHOCTHAs Mepa NOAMHOXECTB COObITHIA.

[Mpu MeHee cTporoM, HO Bonee HarnsgHOM CTaTUCTMYEeckoM onpepenedun (mo P. doH Musecy [18, 19]),
BeposTHoCTb P(A) cnyuvaitHoro cobbiTns A npeAcTaBnseTcs Kak npegen vactotel p, (A) ero noseneHns

npy NPOBEJEHUN OMbITOB B O[WNHAKOBBIX YCMOBUSX 1 YCTPEMMEHUM KONMYeCTBa OMbIToB N K BECKOHEYHOCTH:
P(A)=1im p, (A). Npn HeBonblunx 3HayeHnsx N yactota p, (A) MoxeT konebaTbes, OAHAKO Mo Mepe
N—oo

yBennyeHnst N mocTeneHHo ctabunuaupyetcs unpu N — oo CTpemuTest k onpegenerHomy npegeny P(A).

lnepcnyyaiitble ABNEHNS MOXHO onucaTb ¢ nomollbio TeTpaabl (€2, 3, G, B, ) [17], rae €2 - npocTpaHCTBo

~

anemeHTapHbIX cobbiTii @ €Y, I - 6openesckoe none, G — MHOXecTBO ycnosuit g € G, P -

BEPOSITHOCTHAs Mepa MOLMHOXECTB COBbITWIA, 3aBucsLasi OT YCroBus g . Takum 0Bpa3oM, BEPOSITHOCTHas
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Mepa 3a4aeTcs 4N BCeX NOAMHOXeECTB COObITUIA U BCEX BO3MOXHbIX ycrnosuii g € G. Mepa e 4ns ycnosui
g € G ocTaeTcs He onpeseneHHoN.

Mcnonb3ys MeHee CTPOTUiA CTATUCTUYECKMIA MOXOM, runepcryvaiiHoe cobbiTue A MOXHO TpakToBaTb Kak
cobbITve, YacToTa nosiBneHust kotoporo p, (A) npu yBenuyeHun ynucna onbiToB N He cTabunuampyertcs u

npu N — oo He uMeeT npegena.

Pa3spaboTke 0CHOB TEOpUM rMNepcnyvanHblx SBNEHUA NOCBALLEH LMK cTaTel aBTopa, B YacTHocTu [17, 20 — 24],
1 MOHorpacus [25]. TnaBHOE BHUMaHME B 3TUX paboTax yAensanocs MaTeMaTuyeckum acnektam HOBOW TeOpUM;
BOMPOCHI & MNpeacTaBneHns pearnbHbIX (U3NYECKUX SIBIIEHWUIA TUNepcnyvanHbIMU MOAENSMU OCTaBanuCh
HECKOIbKO B TEHM.

Llenblo HacTosiei paboTbl SBASETCS KpaTkuit 0630p onybnmMkoBaHHbIX MaTepuanos M UCCNeLoBaHWE TPeX
KMIOYEBbLIX, Ha Hall B3rMsd, BOMPOCOB, @ WMEHHO: 1) KakMe HOBble BO3MOXHOCTM MPEOOCTaBRSEeT Teopus
rMnepcnyyaitbIX SIBNIEHUA 1 YeM OHW 0OYCMOBMEHbI, 2) Kakne MOLENN — ChyvailHble Unu runepcnyyanHble —
Oonee afeKBaTHO OMMCLIBAIOT pearnbHble SBMEHUS U 3) Kake MPaKTUYECKUE Pe3ynbTaTbl CredylT U3 HOBOW
Teopun?

00630p pe3ynLTaToOB NO TEOPUU FUNEPCyYalHbIX ABNEHUN

B nepBoit cTaTthe, Kacatolencs Teopun runepcnyyaiHblX sBneHuin [17], BBeAeHbl MaTeMaTUyeckne MoHATUS
rUNepcryYanHoro CobbITUS M MMNepcnyYaiHon BenWuMHbl. [Nsi XapakTepucTukyW runepcnyyvanHoro cobeitus
NPEASIOKEHO MCMOMNb30BaTh BEPXHIOW U HKHIOW rpaHWLbl BEPOSATHOCTW, a AN ONUCaHWa rvnepcnyvanHomn
BENUYMHBI — BEPXHIO M HIKHIOW rpaHuubl YHKUMK pacnpeaeneHus. OnpefeneHbl NOHATUS MIIOTHOCTM
pacnpefeneHns rpaHuy runepcinyvyamHor BEeMUYWHBI, XapaKTepUCTUMYECKUX (DYHKLUMA [paHul, a Takke
HeLeHTPanbHbIX U LEeHTpanbHbIX MOMEHTOB rpaHuL. iccrenoBaHbl CBOMCTBA TUX XapaKTepucTuk. PesynbTarhl,
NepBOHAYanbHO MOMyYeHHble ANS CKansipHbIX AENCTBUTENbHbIX TMNepcryYaiHbiX BenuunH, 0606LLeHbl Ha
Cnyyan KOMMIEKCHBIX M BEKTOpHbIX BenuumH. Pabota [20] nocesweHa runepcnyyaiHbiM yHKUMaM. [Ons mx
onucaHus paspaboTaH MaTemartuyeckun annapat, GasupyloLMACS Ha MpUHUMNAX W MNOAXoZax OnuCaHMs
rUnepcryYaitbIX BENUYMH. B kKauecTBe OCHOBHBIX XapaKTEPUCTUK rMnepcnyyvaiHbiX YHKLWA BbliBpaHbl BEPXHAS
W HWKHSS  TpaHuubl  (PYHKUMW  pacnpedeneHus, a Takke MAOTHOCTM  pacnpedeneHus rpaHny u
XapakTepucTuyeckme (yHKLUMM rpaHuy. BcnomoraTenbHbIMU XapakTepucTukamMu SBNSOTCA MaTeMaTuyeckue
OXWAAHUS TpaHWL, AUCMEPCUM TPaHWL, KOPPEnsiLMOHHbIE U KOBapuaLMOHHble (YHKUMW rpaHuy W ap.
MaTemaTiyeckuit annapat pa3paboTaH Anst pasnuyHbIX TMNEPCRYYalHbIX (DYHKLUWA: CKamNsSpHBIX U BEKTOPHbIX,
BELLECTBEHHbIX M KOMMMEKCHbIX. M3yyeHa cneundmka OnucaHus CKansipHblX, BEKTOPHbIX W KOMMIEKCHbIX
runepcnyvanHbIX yHKLWA.

B cratbe [21] paccMOTpeH anbTepHaTMBHbIA MOAXO4 K OMWUCAHWK0 TUNEPCYYalHbIX BESNMYUH W GOYHKLWA,
NO3BONAOLLMIA XapaKTepu3oBaThb MX, He Npuberas K CNOXHOMY pacyeTy rpaHuL (yHKLWM pacnpedenexus. Ero
OCHOBOW CIYXXUT BbIYMCAIEHUE FPaHNL, LEHTPaNbHbIX U HELIEHTPanbHbIX MOMEHTOB: MaTEMaTUYECKOro OXWUAaHUS,
ancnepeuu,  KOPPEensauMOHHOrO  MOMEHTa, KOBapuaLMOHHOTO MOMeHTa W Ap. [paHuuysl  MOMEHTOB
TUNepCryyYatHoro SBEHUS U MOMEHTbI FpaHuL, (OyHKUMM pacnpeaeneHus — pasHble NoHsTUS. B oblem cnydvae
rpaHnLbl MOMEHTOB He COBMAJalT C COOTBETCTBYHLIMMU MOMEHTaMMU rpaHuL, XOTS B OTAEMbHbLIX Cryyasx
coBrmageHne n wumMeeT MecTo. Pabota [22] nocesweHa opmanu3auun psiga NOHATWN, Kacarowmxcs
rMNepCnyYaiHblX SIBMIEHMIA: CTaLUMOHAPHOCTM W 3PTOAWMYHOCTU TUNEPCHyYaiHON (YHKUMK, TMnepcnyvaiHoro
Benoro wyma u ap. BeeaeHbl pasnuyHble XapaKTepucTWKM, OMUCHIBAKLLME CTaLMOHapHble U aprognyeckue
runepcryyaiitele dyHKUmmn. ViccnenoBaHbl CBOACTBA 3TUX XapakTepucTuk. PaspaboTaHbl cnekTpanbHbie METOab!
ONMCaHWS CTaLMOHAPHbIX MMNEPCyYailHbIX PYHKLWA.

B cratbe [23] hopmanm3oBaHO MOHATME rUMepcryyaiiHoi BoIGOPKM 1 onpeaeneHsl ee CBOMCTBA. [peanioxeHa
MeTOA0MNorns POPMMPOBAHNS OLEHOK XapakTepPUCTUK runepcryyatHon BeNUYMHbI ANS cnyyas, korga ycrosus
MEHAOTCA AOCTATOYHO MELJSIEHHO W CYLLECTBYET HEKUI MHTEPBAN, B TEYEHWE KOTOPOTO YCIIOBUSI MOXKHO CUMTaTh
NPaKTUYECKN HensMeHHbIMU. Torda AaHHble, MOMyYeHHble Ha 3TOM WHTEpBane, MOXHO accouuMpoBaTh C
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ONpeAeneHHbIMI, XOTS U HEWM3BECTHbIMM, ycroBusmMU. VccnegoBaHa CXoAMMOCTb MMEPCRyYaiiHbiX OLEHOK K
COOTBETCTBYIOLMM TOYHbIM XapakTepucTukam. [Ans runepcryyaiHbiX OLEHOK HaigeHbl YCroBus CXOAUMMOCTY
OLEHOK MO BEPOSITHOCTM K TOYHbIM 3HauyeHusMm. [lokasaHa npedenbHas Teopema, onpedenstowlas 3akoH
pacnpefeneHns OLUEHOK rpaHuL (byHKUMM pacnpefeneHus CPedHero npu cTpemneHun obbema BblGOpkM K
OeCKOHEYHOCTH.

PaboTa [24] nocBsiLyeHa MeTOZaM TOYEYHOTO W WHTEPBANbHOMO OLEHMBAHUS MapamMeTpoB rUMNEepCnyyaiHbIX
BENUYMH. NS TOYEYHbIX rMnepcnyyaiHbiX OLEHOK BBEAEHbl MOHATUS HECMELLEHHOM OLEHKM, COCTOSTENBHON,
9(h(PEeKTUBHOM W [OCTATOMHOW, a AN WHTEpPBaNbHbIX TMNEPCyYalHbIX OLEHOK — MOHATUS [OBEPUTENLHOrO
WHTEpBana ¥ rpaHuL [OBEpUTENbHON BEpOSTHOCTU. [lokasaHbl TeopeMbl, Onpefensiolpe rpaHuLbl HKHENR
rpaHnLybl TOYHOCTW TOYEYHOM OLIEHKU M paHLbl LOBEPUTENBHOTO MHTEPBANa MHTEPBANbHOM OLIEHKM.

B moHorpadum [25] 060BLEHbI MOMYyYEHHbIE HayYHblE Pe3ynbTaThbl.

KOHCTPYKTUBHbIN XapakTep TeOpuM runepcryyaiHbIX ABREHUN

PeanbHble 0GbEKTbI M WX CBSI3M OMUCHIBAKTCS C MOMOLLbIO (PU3NYECKUX Mogeneil, KoTopble MOryT ObiTb
npeacTaBneHbl pasnnyHbIMW MaTEMaTUYECKUMW MOLENSIMU, COAEPXaLLMMM pasHble MaTeMaTyeckie 06bEeKTbI U
OTHOLLIEHUS MEX1Y HUMM.

Niobas maTemaTnyeckasi MOfieNb CO CBOMMM MaTeMaTU4YeCkKuMi 0GbeKTaMM U OTHOLLEHMSIMM (B YaCTHOM Crlyyae
onepauusiMi) onpegensietcs Habopom HeMpOTUBOPEUMBLIX U HE3aBUCUMBIX akcoM. HoBasi MaTemaTtudeckast
Mofienb MOXeT ObiTb NOCTpOeHa NWGO MyTeM BBEAEHUS| HOBbIX OGLEKTOB, OTHOLIEHMIA W aKkcuom Nnbo
KOHCTPYKTVBHO C MCMONb30OBAHNEM YXKe U3BECTHbIX MATEMATUYECKIX MOHATHIA.

MpuMepamn TEOPWUA, COOTBETCTBYHOLMX KOHCTPYKTUBHBIM MOAENSIM, MOTYT CRYXWUTb BEKTOpHast anrebpa umm
TEOpHUsi MATPUL|, OCHOBaHHbIE Ha NPaBUaX CIOXEHWUS U YMHOXEHMS YMCENT.

Teopus rvnepcrnyyaiHbIX SIBMEHUIA NpeacTaBnsieT cobon TEOpWo, OMUCHLIBAKLLYI0 MaTeEMATUYECKYl) MOZEb,
MOCTPOEHHYI0 Ha 6ase MaTeMaTW4ecKOM MOAENM CryyaiHbiX SBneHuid. Bce HOBble OOBEKTbI M OTHOLIEHMS
MeXAy HUMU CTPOSATCS C MOMOLLbK U3BECTHBIX OBBEKTOB 1 OTHOLLEHWA. Hkakue HOBble akCOMbI HE BBOZATCS.
o3TOMy TeEOopWto TrUNepcnyyvanHblX SBMEHWA CredyeT paccMaTpuBaTb Kak TEopwio, COOTBETCTBYHOLLYHO
KOHCTPYKTMBHO MOCTPOEHHON MaTEMATUYECKON MOZENN.

CnegyeT OTMETWTb WHTEPecHbIn (akT, YTO pelieHne nwoboOi 3agayuM, OMUCLIBAEMOW CpeacTBaMu
KOHCTPYKTMBHOW MaTeEMaTM4eckod MOAENMW, I3KBMBANEHTHO PELUEHMIO 3TOW Ke 3ajayu, OnKUChbIBAEMOM
CpeAcTBamu nopoxaarolein mogenu. PelueHue, nonyvyaemoe, Hanpumep, C NOMOLUb TEOpUM MaTpwl,
MOMHOCTbHO 3KBMBASIEHTHO PELLUEHMIO, MCMOMNb3YHOLEMY NULLb apudMeTUYeCKIe npasuna paboTbl ¢ Yucnamu.

B aToM cBA3W OT TeopwuW runepcryvyanHbIX SBMEHUA HEMb3s OXugaTb MOMYYEHWEe HOBbIX PELIEHUH, He
9KBMBANEHTHbIX PELUeHWsIM, MOMlyYaeMblX C  MCMOMb30BaHWEM METOLOB TEOpPUM  BEPOSITHOCTEN U
MaTeMaTN4YeCcKon CTaTUCTUKM.

Bmecte ¢ Tem, He crieayeT ymansTb 3Ha4MMOCTb HOBOW Teopun. HecMoTpsi Ha ykasaHHble OrpaHuyeHus,
HaKnafblBaeMble KOHCTPYKTUBHBIM XapaKTepoM MOJenu, Teopusl runepcnyyanHblx SBneHuid, nogobHo Teopum
MaTpuLl, PaCcLUMPSIET BO3MOXHOCTU PELUEHUS NPaKTUYEeCKMX 3adad. Mcnonb3oBaHWe B HOBOW  TEOpUM
0606LLEHHbIX MOHATUIA MO3BONSIET B3rMSAHYTb HAa CyLIECTBylOLWME Npobnembl ¢ 6onee BLICOKMX NO3MLMA U
YNOBUTb Te 3aKOHOMEPHOCTM M OCOGEHHOCTM WCCMEAyeMbIX SIBMEHWN, KOTOPble Ha YPOBHE MOHSTWIA
NOpOXAatoLLeil MOAENM BbiNu CKpbITbl POMO3AKOCTbI0 paccyXaeHuit U Bbiknagok. Kpome Toro, mpouemypa
PELLEHNs HEKOTOPbIX 3afja4 Oka3blBaeTcst Gonee NPOCTON W HarMsAAHON, a CaMo peLUeHie NPeAcTaBuMo B Goree
KOMNaKTHOM BUAE.

CnyyanHble U runepcnyYanHbie MOAENM peanbHbIX ABNEHUN

Kak npaBuno, peanbHble siBreHus Gonee afekBaTHO MPeACTABMSOTCS TUMEPCRyYaiHbIMU MOLENAMM, YEM
cryyaiiHbiMM. B noatBepkaeHne 3aTOMy pasbepem KnacCUYeckuil MpuMep, ¢ KOTOpOro OObIYHO HaunMHaeTcs:
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N3y4yeHne Teopun Bep0ﬂTH0CTel7I, — npumep C I'IO,EI,6paCbIBaHVIeM MOHeTbl. OBbI4HO nonaratoT, YTO MCXodbl
onbITOB — cnyqa17||-|b| N NMEKT KOHKPETHble BEPOATHOCTU. BEPOATHOCTb TOro, Y10 BbINaAET open, — B), a

BEPOSTHOCTb TOTO, YTO BbINAAeT peLuka, — f; . Mpn aTom cuutatot, uto P = Pp =0,5.

Hackonbko KoppekTHa Takasi Mogenb? Ha nepsbi B3rNsig, KaXeTCs, YTO HET OCHOBaHMI COMHEBATbCA B ee
afexsaTHocTW. Ho aTo TomnbKo Ha nepsblid B3rMad. Passe BeposTtHocTn P, Pp He MoryT ObITb Apyrumn?

HeTtpyaHo ybeauTbes, 4To nocne HeKOTOPON TPEHUPOBKY, KOHTPONMPYS HAYamnbHOE NOSIOXEHUE MOHETbI, MOXHO
HayuuTbCs Tak ee OpocaTb, 4TO 4acToTa BbiMafeHWs OJHOW W3 ee CTOPOH BydeT KonebatbCs B pamioHe
onpegeneHHoro UKCMpPOBaHHOTO 3HaveHms, 6onbLuero 0,5, a YacToTa BbinageHMs BTOPON CTOPOHbI — B paiioHe
3HaueHus, meHbluero 0,5. Mpu n3ameHeHUM ycnosuin BpocaHus nokasaTenu MOryT MEHSITbCS, Kak B OHY, TaK W
JPYryto CTOPOHY. Mcxoabl OMbITOB B 9TOM CIyYae MOXHO paccMaTtpuBaTh Kak runepcnyvanHoe cobbitue. Takum
obpasom, runepcnyyanHas MOAEnb, YYUTbIBAOLLAS BO3MOXHOCTU U3MEHEHWS BEPOSTHOCTEN BbiNaZgeHWs opna 1
pelks, Oonee agekBaTHO OMUCLIBAET pearlbHyld CUTyauuio, YeMm ChyyaiHas Mogenb, npeanonaratllas
(PUKCUPOBaHHbIE 3HAYEHUSI 3TUX BEPOSITHOCTEN.

PaccmoTpuM [pyroit npumep, UMEWMA OTHOLIEHWE K METPONOTAN, — MPELN3OHHOE M3MepeHre auameTpa
UMNMHAPWUYECKOH [eTann Kpyrnoro ceyeHus. COBEpLUEHHO TpuBManbHas 3afada npu yrinybneHHOM aHanuae
OKa3blBAETCH 0YeHb HEMPOCTON. M3roToBUTL AeTarb abComioTHO KPYIMoro CeyeHust HEBO3MOXHO. Ee ceueHune
BCErga OTNMYaEeTCs OT WAEanbHOTO Kpyra: BO-NEpBbIX, WU3-3a SNMUMNCOMAANBHOMO UMW WHOMO OTKIOHEHMSI OT
naeanbHoii Kpyrosoi opMbl, a, BO-BTOPbIX, 13-3a LUEPLIABOCTW NoBepxHOcTU. CregyeT Takke UMETb B BUAY,
4YTO pasHble CEYEHUS MO OCK LMNMHAPa OThMYatoTcs. [03TOMY WCTMHHBIN pasmep geTanu, Jaxe 6e3 yyeta
BMUSIHWSI TemnepaTypbl U Lenoro psiaa apyrux (akTopoB, KOTOpble B AanbHEMWweM B MHTEpecax YnpoLLeHMs
pacCyxaeHuin byaem UrHopyUpoBaTh, MOXET BbiTb PasHbIM B pa3HbIX 3aMepax.

3-3a CrOXHOM (hOpMbl CEYEHUs AeTanu NoHATME AMameTpa B JaHHOM Crlyyae OKasbiBaeTCs He MpuemnembiM.
MpvHMMas BO BHMMaHWe 3TO OBCTOATENbCTBO, 3adady creayeT (DOpMyNnMpoBaTh Kak 3adady W3MepeHus
pasmepa CeyeHus..

Ousnyeckas moaenb M3MepﬂeMOI;1 BEITMYNHBI OO0MXHa Y4YUTbIBATb W OTKINOHEHWE OT uoeanbHo prFOBOI;i
d.)OprI, 1 wepLaBocCTb, U pasnunymne CEYEHUI NO OCM. HJ'IFI MaTeMaTn4eckoro onncaHua (*)M3I/1H€CKOI;1 moaenu
MOXXHO MCNOJTb30BaThb Kak O6LI.I,eI'IpI/IH$|TyFO cnyqathyro, Tak n rl/lnepcnyqathyro MaTtemaTn4eckyto moaens.

CnyvaitHass mopenb 6a3upyeTcs Ha NpeanofioXeHUW, YTO BEPOSTHOCTHbIE XapaKTEPUCTUKW pe3yrnbTaToB
M3MepeHMs MOCTOSIHHBI. B 1eACTBUTENBHOCTH e 3TO He Tak. B npegenax HeBOmMbLUMX NoKamnbHbIX 06nacTel oHu
MOryT 6biTb NPUBNM3UTENBHO NOCTOSHHBIMW, OAHAKO B LIENIOM MOTYT CYLLECTBEHHO 3aBUCETb OT HanpaBneHus,
BAOMb KOTOPOrO MPOBOAWTCS W3MEPEHWEe, U paccMaTpuBaeMoro ceyeHus. MoaTomy runepcrnyyaitHas Mogenb,
yuuTbiBaKOLas BapuabenbHOCTb (YHKUMA pacnpeaeneHus, nyylle OnuChiBaeT W3MEPSEMYIO BEMNUYMHY, YEM
CcnyyanHas Mogernb.

Miobble M3MepeHUst NPOBOASTCA B YCMOBMSX BO3AEMCTBMS pPa3NMuYHbIX Mewatowmx hakTopos (nomex). B
paccmaTpuBaeMon 3afaye B KayecTBe TaKOBbIX BbICTyNaeT 3arpsisHeHe NoBepxHocTh aetanu. MMbinb 1 rpssb Ha
NOBEPXHOCTN cobupaeTcs HepaBHOMepPHO. B npegenax HeGombLUMX nokanbHbIX obracTeit 3arpssHeHre HOCUT
CNyYanHblil XapakTep, O4HAKO, B LIEMOM, W3-3a OTNMYMS 3aKOHOB pacnpefeneHus Ans pasHbix obnactei —
runepcnyYaiHbln xapakTep.

VoneanbHblx, abCOMOTHO TOYHbIX, CPEACTB M3MEPEHUs B MUPE He CyLlecTBYeT. HW LuTaHreHuMpKynb, Hu
MVUKPOMETP, HU KaKOW-TO APYroi M3MEPUTENbHBIA WHCTPYMEHT HE MOXET C BECKOHEYHO BbICOKOW TOYHOCTBIO
n3MepuTb pasmep ceyveHus. [lpuuMHbl pasHble — LIepOXOBaTOCTb MOBEPXHOCTU [eTanu, Hanmuyue
pasHoObpasHbIX  MHCTPYMEHTaNbHbIX OWWOGOK 1 Mp., HO OObEAMHSIOWMM  CBOWCTBOM  OKa3blBaeTCs
rUnepcryYaiHbln xapaktep aTux NpudnH. Moatomy, CTpos MaTemMaTYeckylo Modenb CpPeacTBa M3MEpeHUs, u
30€eCb UMeeT CMbICN 0TAaBaThb NPeSnoYTEHNE runepcnyvanHorn Mogene.
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Ortctopa cnegyet, 4to 0606LeHHas usnyeckas MO4erb, YUMTbIBaOLLAs B KOMMNEKCE pearibHble 0COBEHHOCTH
N3MepSIeMON BENWYMHbI, MOMEXM W CPeacTBa M3MEPEHUs, OnucbiBaeTcs 6onee afekBaTHO runepcrnyvanHoi
MaTEMAaTUYECKON MOLESbIO, YEM CyYaltHOMN.

MpumeHeHne Teopumn runepcnyvyanHbIX ABNEHNI

OnucaHHble BbllE CUTyaLUUW TUMUYHBI ANS OYEHb LUMPOKOrO Kpyra peanbHbIX SBMEHWA, 4TO MO3BONSET
npeanonoxuTb [25], 4To BCE peanbHble SBMEHWS (3@ MCKIMIOYEHWEM, BO3MOXHO MNLb, HEGOMbLIOE YMUCMO
BEMUYWH, pacCMaTpUBAEMbIX COBPEMEHHOM HAykOM Kak MWPOBblE  (DU3NYECKME KOHCTaHTbl) HOCAT
runepcrnyYaiHelin xapaktep. WMHbIMM crioBamMu, OOHUM W3 OCHOBHBIX (DM3MYECKMX CBOWMCTB MPAKTUYECKM BCEX
peanbHbIX COBbITUN, BENUYWH, NPOLIECCOB U MOMEN SBNSETCA HEMOMHAs UX CTaTUCTMYECKas OnpeaenieHHOCTb.

BblgBuHyTas rMnote3a KacaeTcsl pasfuyHbIX pearibHblX SIBMEHWA, B TOM YMCIE BENWYMH, (OYHKUMA 1 nonew,
noanexaliyx M3MepeHuIo, AEUCTBYIOWMX MOMEX, @ TakKe MHCTPYMEHTanbHbIX OWuboK uamepeHus. [lobas
OLeHKa chopMupyeTcs B pesynbTaTe OLEHMBAHWA CPeacTBamMu U3MEPEHWSt CMECUM MCTUHHOMO 3HAYeHWs
N3MEPSIEMON BENUYMHbBI, (PYHKLUMM MAM MONs M NOMeX, Mellalwux npoBeaeHnto HabnogeHuin. [lockonbky
nomexa W MHCTPYMEHTasbHble OLWIKNBKM U3MEPEHNS HOCAT rMNePCIyYaiHbIil XapaKTep, Aaxe B TOM Clyvae, koraa
n3mepsieMas BenuYMHa NOCTOSIHHA (SIBNSIETC MMPOBOW KOHCTaHTOM), pesynbTaT M3MEpPEHUs OKa3blBaeTCs
BENWYMHOI runepcnyyanHoro Tuna. Otcloga cneayeT [25], 4To abCcoMnTHO BCE OLEHKM PeanbHbIX BENAYMH,
NPOLECCOB 1 NOMieN He COCTOSTENbHbI 1 NOTEHUManbHas TOYHOCTb NobbiX M3MepeHuin orpaHnyeHa. lNpegen
TOYHOCTM ONpedenseTcs He TOMbKO YMCIIOM pesynbTaToB M3MEPEHUs W CriyyaiiHbIM MX pasbpocoM, a u
W3MEHUMBLIM XapaKTEPOM BEPOSTHOCTHLIX XapPaKTEPUCTUK U3MEPSIEMON BEMUUMHbI, OENCTBYIOWMX MOMEX M
WHCTPYMEHTarbHbIX OLLMOOK.

3apaun oOHapyxeHUs M Knaccudpukalum MOryT pacCMaTpuBaThCsl Kak 3afjaya M3MEpPEHUE HEKOTOpbIX
napameTpoB. [M0aTomy aGComMoTHO [OCTOBEPHOE OGHapyxeHue 1 abCoMTHO AOCTOBEpHas Khaccudukaums
pearbHbIX 0GLEKTOB MPUHLMNNANBHO HEBO3MOXHDI.

BbiBoabl

1. Teopus runepcrnyyaiHbiX SIBNEHUA AOCTAaTOMHO ObICTPO MPOLLMa NepBOHAYarbHbI 3Tan CTaHOBMEHUS U B
HacTosiLLee BpeMs NpeTeHayeT Ha porb MaTEMAaTUYECKON TEOPUM, OPUEHTUPOBAHHON Ha afeKBaTHOE ONUCaHWe
peasbHbIX (HU3NIECKNX SBIIEHMI.

2. Teopusi rMnepcryyaHbiX SBMEHWIA OTHOCUTCS K KNaccy TEOpWiA, OMMCHIBAOLMX MOAENM KOHCTPYKTUBHOTO
TMna. MoaToMy OT Hee Hemb3s OXWAATb MONMYYEHME HOBbIX PELIEHUHA, HE OSKBMBAMNEHTHbIX PELIEHUSIM,
crieaytoLym 13 Teopum, COOTBETCTBYHOLLEN NOPOXKALOLLEN ee MOAEnM, B JaHHOM Clyyae Teopiu BEPOSITHOCTEN
N MaTeMaTU4eCKOi CTAaTUCTUKM.

3. Teopusi runepcnyyaitHblx SBNEHUA, NOAOOHO TEOpUM MAaTpWL, PaCLUMPSIET TOPU3OHTHI ANS PELLeHNs
npakTUYeckux 3agady. Mcnonb3oBaHWe B HOBOW Teopuu OBOBLUEHHbIX MOHSTUIA MO3BONSIET B3MMSHYTH Ha
cywlecTeyrowme npobrembl ¢ ©Gonee BbICOKMX MO3NLMIA M YNOBWUTb 3aKOHOMEPHOCTW U OCOBEHHOCTU
Uccneayemblx SIBNIEHUA, KOTOpble Ha YPOBHE MOHSTMIA MOPOXAAlOLE MOAENM Obin CKPbITb FPOMO3LKOCTHI
pacCy)xaeHuin 1 Bblknagok. Kpome Toro, npolesypa peLleHus HEKOTOpbIX 3aday OkasbiBaeTcst Gonee npocTol u
HarnsAHoM, a caMo pelLLeHue NpeacTaBMo B 6onee KOMMNakTHOM BUeE.

4. TvnepcnyvaiiHble MOLENM, YUYMTBLIBAKLLME BO3MOXHOCTY M3MEHEHUSI 3aKOHOB pacnpedeneHust cobbITui,
BEMUYMH, NpoLEeccoB W nonen, 6onee agekBaTHO OMKUCHIBAET pearibHylo CUTYaLnio, YeM CryyaiHble Mogenw,
npegnonararLime UKCMPOBaHHBIE 3HAYEHNS 3TUX 3aKOHOB.

5. MpoBefeHHble MCCrefoBaHUS MOKA3bIBAKT, YTO MPaKTUYECKM BCE pearibHble SIBMEHWSt (3a WCKMYeHUeM
BO3MOXHO NULb MUPOBBIX (PM3NYECKMX KOHCTAHT) HOCST runepcryyaiiHblii xapaktep, abCconTHO BCE OLEHKM
peanbHbIX BEMUYMH, MPOLECCOB U MOMEA HE COCTOSTENbHbI U MOTEHUMAnbHas TOYHOCTb NKOBbLIX M3MepeHMUil
orpaHinyeHa. Kpome Toro, abconioTHO AOCTOBEpHOE 0GHapyxeHWe U abcomioTHO AOCTOBEPHAs KraccudmkaLms
peanbHbIX 0GBEKTOB NPUHLMMNATBHO HEBO3MOXHBI.
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WHOOPMALIUA U MOAENN!

Buktop Hegenbko

AHHomauus: B pabome o6cyx0aemcsi 03MOXHOCMb (hopManu3ayuu 6asosbix NOHIMUL UHMennekmyasnbHol
OessimenibHOCMU, Makux Kak UHgbopmMauusi, cMmbicn (cemanmuka), uHimennekm. OCHosHasi mpyOHOCMb 3mol
3a0ayu 8 mom, 4mobbl Oocmuyb OOCMamMOYHO CMPO20l Mamemamuyeckol hopmanusayuu, COXpaHue
codepxamenbHbill CMbICTT UCXOOHbIX noHsmud. [ns docmuxeHus OaHHOU uenu e pabome ucnonb3yemcs
nodxod, OCHOBaHHbIU Ha meopuu Modenel, Komopbili no3gossem ¢opmanusosams OaHHbIE NOHAMUS,
onpedenus Ux 8 KOHEYHOM cYeme Kak Hekomopble MHoxecmea. Mccnedyemcss 803MOXHOCMb UCNOb308aHUS
meopuu modeneli 8 3a0aye NOHUMaHUsI eCMeCMBEHH020 A3bIka U Ol OUEHUSaHUs ceMaHmuyeckol bnuzocmu
8bICKa3bI8aHUU.

Knioyeebie cnosa: uHopmayus, meopusi modened, UCKYCCMBEHHbLIU UHMeNNekm, 3KcnepmHble Cucmembl,
oﬁpaGomKa eCMmeCmeeHHO020 A3bIKa, CeMaHmUuKa, 8bICKa3bi8aHUsA Ha eCmecmeeHHOM A3bIKe.

ACM Classification Keywords: 1.2.0 Artificial intelligence — Philosophical foundations, 1.2.7 Natural Language
Processing, H.1 Information Systems — Models and principles.

Conference: The paper is selected from XIVth International Conference "Knowledge-Dialogue-Solution” KDS 2008, Varna,
Bulgaria, June-July 2008

BBeaeHue

Llenbro AaHHON pa60TbI ABNAETCA UccnegosaHne BO3MOXHOCTHU d)opmanmsau,mm OCHOBHbIX MOHATUI, CBSA3aHHbIX
C VIHTeﬂﬂeKTyaﬂbHOVI [eATeNbHOCTbIO, B YaCTHOCTW, MOHSATUM VIH(bOpMaLWIVI, CMbICNna BbICKa3blBaHUA,
€CTECTBEHHOI0 U UCKYCCTBEHHOIO MHTENNEKTA.

MoaoGHble hopmanuaauuy, BoobLLE roBopsi, AOCTATOMHO [aBHO W3BECTHbI, HANPUMEp, TeopUs MHGOPMALK,
MalunHbl TbIOPWHTa, OHAKO OHU HECYT, Kak MpaBWmO, CYLLECTBEHHO Gomnee Y3Kuil CMbICT, YeM TOT, KOTOPbIiA
BKNafblBAETCS B COOTBETCTBYIOLIME MOHSTUS BHe 3TUX Teopui. B aaHHoOi paboTe npencTaBrneHa nomnbiTka
n3bexatb 06eaHEHUS TaKX NOHSTUIA NPY hopMan13aLmi, BO3MOXHO, 3@ CYET OTCTYNNIEHNUs OT MaTeMaTUYeCKO
CTPOrOCTH, HO A0BWTbCA, YTOObI ONPeAeneHNst UMEeNn MaTeMaTUYeCKUin CMbICT, a MMEHHO, TaK WK WHaye
onpeaensn1 HeKOTOPOe MHOXECTBO 0GBEKTOB C 3alaHHbIMI CBOICTBAMM.

Pabota B 3HAUMTENbHOM Mepe HOCUT (PUMOCOMCKMN XapakTep, HO, NOXamylh, B MEHbLUEH, YEM MOXeT
nokasaTbCs Ha MepBblid B3rNsh. Tak MHOTME MOMEHTbl, KOTOpble MOFYT MOKasaTbCs  W3NOXEHUEM
noeanucTMiecknx  (PMNOCOdCKMX  KOHLENUWIA, SBMISIOTCS, Kak npaBuio, He Gonee 4Yem  4acTUYHOM
MaTeMaTnyeckon hopmanusaumneit npeameTHol obnactu.

Bba3oBble noHATUSA

Ba3oBbIMM MOHATUSAMU [N OMMCAHUS WHTENMEKTYanbHON AESATENbHOCTU SBMATCA MOHATUS CyObekTa W
06bekTa, KOTOpble Mbl MOXEM B KOHTEKCTE [aHHOM paboTbl OTOXOECTBUTL C MEPBUYHBIMI (DUNOCOCKAMY
kaTeropusimin «f» 1 «He fA». «A» — ecTb B MepByl0 O4Yepefb CO3HAHME, KOTOPOe MOXHO MPeACTaBUTb kak
COBOKYMHOCTb OLLyLieHniA (06pa3oB). OulylieHUst 34ecb — He TOMbKO CUTHarbl OT OpraHoB YyBCTB, HO U
MbicrieHHble 06pasbl (haKkTUYeCKM Takie Xe CUrHarnbl, TONIbKO ChIMATUPOBaHHbIE MO3TOM).

PaccmMoTpM MHOXECTBO CyObekToB. MUpOOLLyLUEHNe KaXAOr0 MHAMBMAYANbHO, HO ANS HUX UMEET MEeCTO
HEKOTOPas AKBMBANEHTHOCTb.

Mpeanonoxum, ABa cybbekTa cUaAT 3a CTOMOM M CMOTPSAT Ha KHUTY B 3eneHOM nepenneTe. Bo3MOXHO, YTO uX
BOCTIPUATME  CYLLECTBEHHO Pa3NMYaeTcs, Harpumep, MOXET O0Kas3aTbCH, YTO 3eNeHbil LBEeT OAHWM
BOCMPUHMMAETCS Tak e, kak APYrUM KpacHbii. OfHaKko YCTAHOBUTb 3TO Pa3fiuiMe MOXHO TOMbKO, ecru
Npou3BecT 06MeH Co3HaHWUaMM. MOCKOMbKY 3aMeHa CO3HaHWs BO3MOXHA NULLb YMO3PUTENbHO, AN 3TUX NN

' PaBoTa BbinonHeHa npu nogaepxke PO®U, rpant Ne 07-01-00331-a.
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BO3MOXHO [JOrOBOPUTLCS, YTO OHKU 00a HabMIZAlT 3eNMeHY KHWAMY, U 3TO HU B YeM He NpuBedeT K
MPOTUBOPEYNSIM.

Takum 06pasom, €CTb WMMeeT MecTo «M30MOpu3M» BOCTpUATUS. Bce MHOXKECTBO OLLYLIEHUIA MOXKHO
(hakTopu3oBaTb MO OTHOLIEHWKO 3KBMBANEHTHOCTW, WHbIMWA  COBamu, COMOCTaBUTb KaxaoMy — Knaccy
9KBMBAMNEHTHbIX OLUyLLEeHUA (06pa3oB) ANEMEHT HEKOTOPOrO MHOXECTBA. onyveHHoe (haKTop-NpOCTPaHCTBO
Ha30BEM MHOXXECTBOM MOZENeN Ui YHUBEPCYMOM.

YacTb yHMBEpCyMa, koTopast siBnsieTcst obLueit Ans 60nbLUMHCTBA CyObEKTOB, Ha30BEM PEANbHOCTHHO.

3ameTum, 4TO Takoe OMpedeneHue peanbHOCTM BOBCE HE MOApasyMeBaeT MAEANUCTUYECKOro Moaxoda U He
3aBUCUT OT chunocodckmx KoHuenumin. dunocodckme acnektsl Bonpoca 6onee nogpobHo obcyxpatotcs B
nocnegHem pasgerne.

CBA3b € Teopuen mogenen

Ecnu rosoputh HedopmanbHO, CEMaHTUKA BbICKA3bIBaHWUS — 3TO Te MbICTM, KOTOPbIE XOTEN NepeaaTtb aBTop.
OfHaKo MbICIM — CYLIHOCTb, HEJOCTYNHAs Anst HabMOAEHNS, U ANS UX ONUCaHWS! HYXHbl BCMOMOraTenbHbIe
cpeacTsa. B naeane, 6bino 6bl CKOHCTPYMPOBATb HEKOTOPLIA MaTEMATUYECKUA OOBEKT, KOTOPbIA MOXHO Oblno
Obl CONOCTaBUTbL MbiCrieobpasam 1 1CMOMNb30BaTLCS B KAYECTBE NPEACTaBNEHMUS NOCTEAHNX.

OnHO M3 TakMX CpedCcTB OaBHO M3BECTHO W LUMPOKO MCMOMb3yeTcsl — 3TO MOAENM, MM UOeanu3npoBaHHble
NPeAcTaBneHns peanbHOCTW. B kayecTBe NpUMEPOB MOXHO NPUMBECTM MOHATUS (PU3MYECKOTO Tena Wnu
MaTepuanbHoi Toukn 13 dmsuki. Hanbonee cTporo aToT NOAXod pasBuT B Teopun Moaenen. Teopust Moaenen
[Chang, Keisler 1973] — pa3gen maTteMaTM4eckoi Norvku, B KOTOPOM BBOAMTCS MOHATME MOZEN Kak 00bekTa, Ha
KOTOPOM MOXHO OMpeaeNiuTb UCTUHHOCTb NOMMYECKOro BbICKasbiBaHWS (NMpeasioxeHus, (hopMybl).

Kak u3BecTHO, bopMmynamu B FOMMKe BbICKA3bIBAHWA SBMSAKTCA CKOHCTPYWPOBAHHbIE MO ONpPeeNneHHbIM
npaBunam nocnefoBaTenbHOCTW U3 BbickasblBaTeNbHbIX CMMBONOB A, B, C, ..., NOMMYECKNX CBA3OK A,V,— U

ckobok (, ). Mogensimu B 3TOM Ccryuae sIBNSOTCS NMtobble NOLMHOXECTBA BbICKa3blBaTeNbHbIX CUMBOMOB. Ecnu
MOLLIHOCTb MHOXECTBA BbICKa3blBaTembHbIX CUMBOMOB paBHa N, TO uncro Modeneit coctasut 2" . Mpu aToM

n
KOJIN4ECTBO KNacCoB 3KBMBAIIEHTHbIX, TO €ECTb HE Pa3NMYUMbIX Ha 3TUX MOJENAX, BbICKa3blBaHMWI paBHO 22 .

Norvka BbickasblBaHMiA SBRSiETCS Hanbonee NPOCTOM UNMIOCTPaLME NPUMEHEHUS Teopun Mogeneil. B norvke
npeaukaToB NOCTPOEHME MOAENEN YXKE CYLLECTBEHHO CIIOXHEe.

B paHHoW paboTe Hac MHTEPECcyeT BO3MOXHOCTb WCMONb30BaHWA nogobHoro nogxopa npu pabote ¢
€CTECTBEHHbIM 3bIKOM. 1PN 3TOM He CTaBMTCA LieMNbio JOCTUYb TaKOro XKE YPOBHS hopManmaaLmum.

Bbibop MHOXecCTBa Mofenen onpeaenseTcs npeaMETHoON obnacTblo. Hanpumep, ecnn peyb UaeT 0 3pUTenbHbIX
obpasax ¥ CueHax, TO MOAEnsMU eCTeCTBEHHO BbiOpaTb KOMOMHaLWM reomeTpudeckux curyp. OTKpPbITON
sBnsieTcs npobnema nocTpoeHUs YHUBEPCanbHOro Habopa Moaenei.

BrnonHe ecTeCTBEHHO CMbICSIOM BbICKa3blBaHWS Ha3BaTb MHOXECTBO MoJenen, Ha KOTOPbIX OHO WCTUHHO.
OpHako ans eCTeCTBEHHOrO A13blka UCTUHHOCTL He BCeraa onpenendaeTca 04HO3HAaYHO.

Uudopmaumsa

B noruke BbickasbiBaHWe NGO WCTMHHO Ha Mogenu, nubo MNOXHO. ,D,J'Iﬂ €CTEeCTBEHHOro A3blka CTporad
WCTUHHOCTb peako nmeeT MecTo.

[nsa dopmanusaum HeonpeaeneHHoCTH, NPUCYLLE eCTECTBEHHOMY i3bIKy, BOSMOXHO UCMONb30BATh HEYETKYIO
NOMMKY WUNM BEPOSTHOCTHbIN popManuam. bonee agekBaTHbIM NPeACTaBNAETCS BEPOATHOCTHBIA MOAXOM,
MOCKOMbKY FOBOPSILLMIA, Kak NpaBuUIo, BKNadbIBAeT B BbiCKa3blBaHWe BMOMHE OMpefeNeHHbI CMbICH, KOTOPbIN
Ham Heu3BecTeH. HeueTkne mHOxectBa Obinn Obl apekBaTHbl, €Cnu Obl B BbICKa3blBaHWE BKMaAbIBANoCh
HECKOJbKO CMbICIIOB O4HOBPEMEHHO, C Pa3HOM CTENEHBI BbIPAXEHHOCTW. APryMEHTOM B NOMb3y MCMONb30BaHWS
BEPOATHOCTM BydeT TOT pakT, 4TO BEPOSATHOCTb ABMSETCA (hyHOAAMEHTambHbIM NOHATUEM, UCMONb3YEeMbIM ANS
onncaHus M3MYECKOro Mypa (B KBAHTOBOW MEXaHWKe, CTaTUCTMYECKON (PU3MKE).

Yto6bl MOXHO GbINO ONPEeAenUTb BEPOSITHOCTHYIO MEPY, Ha MHOXECTBE MOAenei (opManbHO AoMmkHa ObiTb
3afaHa o—anrebpa cobbiTuil. 310 TpebGoBaHWe He co3aaeT Mpobnem, MOCKOMbKY YENoBeK pasnuyaeT Nullb
KOHEYHOE YMCIIO rpadaLli Yero Bbl TO HU BbINo, NOITOMY MHOXECTBO MOZIENEi BCEraa MOXHO B3STb KOHEUHBIM.
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Mog wHcbopmaumeir Byaem NoHWMATh pacnpedeneHue BeposTHOCTENM Ha MHOxecTBe Mogenen. CMbICRoM
BbICKa3blBaHWS HA30BEM €ero (hyHKUMIO NpaBOonofodbusi Ha MHoxecTBe Mopaenen. Mcnonbays yHKUMIO
npaegonofobus, MOXHO OT anpuopHOrO pacnpefenieHns nepenTn K anocTepuopHoMy (CM. pasgen o
COrnMacoBaHWM SKCNEPTHBIX BbICKA3bIBaHWIA).

B cnyyae, korfa BbiCKasbiBaHWe SIBMSETCS NOrMYECKON (POPMYIION, 8 MHOXECTBO BCEX MOLENel KOHeYHo, Mepa
CXO[CTBA BbICKa3blBaHWN MOXET ObiTb [BukeHTbeB, 2004] BBegeHa Kak OTHOLLEHME Yncna MOAENEN, Ha KOTOPbIX
BbICKa3blBaHMs NGO OQHOBPEMEHHO UCTUHHBI, MO0 OAHOBPEMEHHO NOXHBI, K 0BLLEMY YnCry MOAENEN.

B obwem cnyyae CXOACTBO BbICKa3blBAHWA OMpenensieTcs Yepes CXOACTBO MX (DYHKUMA npasgonopobus.
MocneoHee MOXET BBOAWTHLCA Ha OCHOBE W3BECTHbIX CMOCODBOB 3ajaHWs PacCTOSHWM Ha pacnpepeneHusx.
lMoxanyn, Haubonee M3BECTHbIM M3 TaKMX PacCTOSHWA SBNSIETCS 3HTponuiHas meTpuka Kynbbaka. OgHako
[aHHOe PacCTOsHMEe He YYWUTbIBAET, YTO Ha CaMMX MOAEnsx MoxeT ObiTb OnpeaeneHo noHsTue 6nm3ocTu,
noatomy Gonee nogxogsLen NpeAcTaBnseTcs, Hanpumep, TpaHcrnopTHas MeTpuka Morxa-KaHTopoBuya.

WHTennekT

OgHum 3 NPW3HaHHbIX BNUOOB VIHTEJ'IJ'IGKTyaﬂbHOVI [eaTeNbHOCTU SBMSIETCA JIOTMYECKNIA BbIBOA, nOCKOJ'Ibe Mbl
pacnpoctpaHaemM norndyeckne TepMuHbl Ha BCH OeATenbHOCTb CO3HaHWUA, €CTeCTBEHHO 6y,u,eT onpenenntb
WHTENNEKT nyTem 0606I.L||6HVIFI NOHATUA NOrnM4eckoro BbiBOAA.

Ha3oBeM MHTENNEKTOM CrnocobHOCTb MHTEPNPETNPOBATL BbICKAa3blBaHWA Ha €CTECTBEHHOM A3blKE B YyHUBEPCYME
4YenioBe4yeCcKkoro BOCMPUATUA W BbINONHATb NOrNYeckMin BbIBOA. HanomHMM, 4TO Ans 3TOro He 0bsi3aTenbHO
obnagatb 4EeNOBEYECKUM BoCnpuAaTneMm, AOCTaTtOMHO oOnepupoBaTb MOAENAMW HEKOTOPOro YyHUBEpCyMma,
9KBMBaIlEHTHOro 4enoBe4yeckomy, NO3TOMY AaHHOE onpeaeneHne noaxoauT Kak ana eCteCTBeHHOro, Tak 1 anga
WCKYCCTBEHHOI0 MHTEMNNEKTa.

OpHako yenosek onepupyet He (bopmaanmM A3bIKOM, a o6pa3aMM (KOTOpre MOryT UMeTb pa3HbIl71 YPOBEHb
a6CTpaFI/IpOBaHHOCTVI), TO €CTb d)aKTVILIeCKI/I Mogensmu. I3BECTHO, YTO NOMMYECKU BbIBOL MOXHO OCYLLEeCTBIATD
He TONbKO nyTeM 3KBMBANEHTHbIX npeo6pa3OBaHvu7| BbICKa3blBaHWA B COOTBETCTBUW C 3afaHHbIMM npasunamu,
HO 1 NyTEM YCTaHOBIEHUA SKBUBANIEHTHOCTH BbICKa3blBaHWUN Ha MHOXECTBE Mopaenen. MmeHHo BTOpOIZ cnocob,
BNOWUMO, U NPUCYLL €CTECTBEHHOMY UHTENNEKTY, N €ro CTOUT NCNONb30BaTb NP MOAENUPOBaHUK NOCneaHero.

Bons u TBOpP4eCTBO

B n3BecTHOM TecTe ThlopiHra UCKYCCTBEHHbIN MHTENMNEKT ByneT Npu3HaH COCTOSTENbHbIM, CIN B 06LIEHUN OH
OyeT HEOTNMYMM OT YENOBEYECKOTO.

Ho kpome cnocobHocT noadepxuBaTh Oecedy, YENOBEYECKU MHTENNEKT XapaKTepusylT TBOPYECKue
CMoCoBHOCTY.

OueBnaHO, 4TO TBOPYECTBO — Hauboree TpyaHOOpManu3yemasi COCTaBNAOWAsS MHTENNeKTyanbHom
[eSTeNnbHOCTY, Aaxe ecnv noa dopmanusalmeil noHMMaTh NnLb CTPOroe onpeaenexue. BronHe BO3MOXHO
NpeanonoXuTb, 4YTO TBOPYECTBO SBMSETCS MWL IPGEKTOM NPOSBNEHUS  ONPeAeneHHbIX  CBOMCTB
UCMONb3yeMblX YENoBEKOM Mogenen. Tak, Hanpumep, WHTYUUMIO MOXHO OObSICHUTL MOACO3HATENbHbIM
MaHWNynMpoBaHWEM MOZENbl NPeAMeTHON 06nacTi, aHanmorMyHo TOMY, Kak KOMMbIOTEP MPOCYMTLIBAET
AVHamudeckne moaenn obbekta. OgHaKo BO3MOXHO CYLLECTBOBaHWE €eLUe OfHOW COCTABNAIOLLEA TBOPYECTBA,
koTopytlo 6yaem HasbiBaTb BONel. 3ameTuM, YTO B [JaHHOM pasfenie BOMs ONpedensieTcs kak Hekotopas
Noruyeckas BO3MOXHOCTb, 1 He 0BCy/aaeTcs BOMPOC A0Ka3aTeNbCTBA €€ PearbHOro CyLeCTBOBaHMS.

dunocodckoe nccnenoBaHWe MOHATUS BOMM 0BLIYHO MPOBOAWTCSA B OTHOLEHWM ee cBo6oAabl [LLoneHrayap].
B onpeneneHuu, koTopoe 3aeck byOeT npeanoxeHo, Bons 1 cBoboaa akTu4ecku ABNsTCS CUHOHUMAaMMU.

CHavana onpegennm BONKD ANA 3NEMEHTapHbIX YacTul,. COBpeMeHHaﬂ ¢)VI3VILIGCKaFI Teopua noctynupyet
HEBO3MOXXHOCTb TOYHOIO npefckasaHna B npegenax 00bnacTtv KBaHTOBOM HeonpeaeneHHoCTH. Onpe,qenMM BOJIO
KaK HEYTO, YTO KOHKPETMU3MPYET UCXOA B npeaenax obnactu onpenenexHna BOMHOBOWA beHKLlIAM.

310 XK€ onpenenexHne rognTca u ansa Bonn Yenoseka. ,D,J'Iﬂ NOACHEHNA PaCCMOTPUM npUmMep.

I'IpennonomMM, YTO Mbl yCUnuTENb TENNOBOro LWymMa BMOHTMpPOBanu B po60Ta, KOTOprI;i 9TUM LLyMOM U
ynpaBnAeTCcA: Kaxayio CeKyHAy CMOTPUTCA 3Ha4YeHWe HanpsxeHusa u, ecin OHO Gonblue Homs, TO pO6OT
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MOBOPaYMBaET HanpaBo, B MPOTUBHOM Crlyyae OH MOBOpAYMBAET HaNeBo. B mpoMexyTkax Mexay noBopoTamu
POBOT ABUraeTCA B TEKYLLEM HanpaBieHUn ¢ HEKOTOPOM CKOPOCTbHO.

CornacHo nocTynaTy KBaHTOBOM MeXaHUKM TpaekTopus [BWXeHWs 3Toro poboTa OygeT B MpuHUMne
Henpenckasyemoil, TO ecTb HUKakMe [anbHedlune OTKPbITUS (DU3MYECKUX 3aKOHOB He AafyT Kiouva K
npeackasaHuio ero JencTBuiA, KoTopble abCOMOTHO CryYalHbl, TO €CTb HE 3aBUCST HI OT YEro U3 TOTO, YTO HaM
WN3BECTHO WM AAHO B OLLyLLEHMe.

BosHukaeT BOMpoc, He MOTyT Nu CXOAHbIe 3(deKTbI UMETb OTHOLLEHWE K NOCTynkaMm yernoseka? CoBpemMeHHble
3HaHWS MO HeMpoaHaTOMUM U HEMPOCN3MONOTAN HE UCKMIYAKT BO3MOXHOCTb TOTO, YTO pelleHust cyObekTa
CYLLECTBEHHO 3aBMCAT OT YUCTO KBAHTOBbIX (P(EKTOB B MUKPOMUPE HEPBHbIX KNETOK. Takasi BO3MOXHOCTb
KaXeTcs BNOMHE Npaeaonofo6HOM, npy 3ToM oHa [aéT (puanyeckoe coaepxaHue NoHATMIO BONS.

B npuBeseHHOM onpefeneHnn Bons SBRSIETCS aHTAroHUCTOM MOTWBOB MOBEAEHUS (MIHCTMHKTA, NnpuBblyek). B
3TOM CMbICrie BONSI MPOTMBOMOMOXHA XernaHusaM (X paLMOHanbHOM COCTaBMstoLlen) U XapakTepy (kak
COBOKYMHOCTM TUMMYHbIX A5 333aHHOTO MHAMBMIYYMa MOTUBOB).

C (unanyeckom TOYKM 3pPEHMS MOTMBAM MOXHO COMOCTABMTb BONTHOBYH (DYHKLWIO, ONpEAensiemyto TeKyLei
KOHhUrypaumen HepBHbIX CBS3EM M MMNYMbCOB. BO3MOXHO, Takas PasHOBMOHOCTb MOTUBOB, Kak WHCTWHKT,
OTpaxeHa B CaMoii CTPYKType Mo3ra (B Nopsiake CLENNEHNs HEMPOHOB 1 B UX cOCTaBe). MNy6oKo YKopeHWBLUMECS
MPMBbIYKM TaK e, HaBEPHOE, MOTYT 3aKpennsaTbes B CTPYKType. Ho MoTvB — 370 ewwé v obpa3 (npeacTaBneHue),
KOTOpbI, NO-BUAMMOMY, COOTBETCTBYET TEKYLLMM 3MIEKTPOXMMUYECKUM UMMYSbCaM.

WTak, MOXHO pe3toMupoBaTh, YTO MOTKBaM Ha (U3NYECKOM YPOBHE COOTBETCTBYET Cama CTPYKTypa Mo3ra W BCs
COBOKYMHOCTb 3MEKTPOXMMUYECKNX UMMYNbCOB, KOTOPbIE B HEM MPOTEKAKT. Ha JONK BOMM NpU 3TOM OCTAKTCS
KBaHTOBbIE 3(PEKTHI, MPUCYTCTBME KOTOPBIX Mbl CYMTaEM Hen3bexHbIM npu pabote mosra. OCHOBHOW BOMPOC
9TOr0 pasgena COCTOMT B TOM, €CTb M MPUHUMNMANEHOE OTAMYME BOMEBbIX aKTOB YenioBeka OT AEenCTBuiA
"lwymsauiero” pobora.

C TOYKM 3pEHNS KBAHTOBOW MEXaHWKM Pasnnyns HET: kak O4HO, Tak U Apyroe sBNSTCS abCOMOTHO CryyYalHbIMu
npoueccamu. pu 3TOM BOMPOC, Kak e BCe-Taku peanusyeTcs MCXOL NpW 3afaHHON BEPOSITHOCTU, MPOCTO He
paccmatpuaetcs. JluHas nosuuuns astopa [Hegernbko, 1994] 3akmnioyaeTcs B TOM, YTO peanusauus cnyvyanHoro
ncxoda OnpenensieTcs HeKOTOPOM CYWHOCTBIO, koTopas MoxeT obnajatb WHAMBMAYanbHOCTbH. W BoneBble
aKTbl Yernoseka 06beVHEHbI €r0 IMYHOCTHBIM €AMHCTBOM. [1prUyem 3Ta WHAMBIUAYANbHOCTb HUKAK HE CBS3aHa C
XapaKTepoMm.

B kauecTBe unntoctpauum Ans BBEAEHHOrO MOHATUS BOMM MOXHO NPUBECTM Credyowni npumep. Paccmotpum
NpOrpaMMHbIii reHepaTop NceBgocnyYanHbix uucen B gnanasoHe [0, 1]. Yucna, koTopble OH faeT, CTporo
roBOpS, He ABNSAOTCA cryyainHbiMu. OJHAKO C TOYKM 3peHUst 0ObIYHBIX CTATUCTUYECKIX KPUTEPUEB OHU HUYEM HE
OTAINYAIOTCA OT CMyYalHbIX. Tenepb Mbl MOXeM paccMOTpeTb [Ba NogobHbIX reHepatopa (1Cnonb3ytolme
pasnuuHble anropuTMbl). AHanMMU3Wpys MOCNefoBaTENbHOCTM YMCEN, MMM MPOU3BEAEHHbIE, ODbIYHbIMK
CTaTUCTUYECKUMM METO4AMM HENb3A ONPEAEnUTb, KakUM reHepaTopoM Kakoe YMCAO Mpou3BegeHo. Tem He
MeHee, OT 3TOTO OHW He nepecTaioT ObiTb PasHbIMW reHepaTopamu. TOYHO TaK e CMy4aiHOCTb KBAaHTOBbIX
3(hheKTOB BOBCE HE UCKIIOYAET BO3MOXHOCTb TOMO, YTO 3TU 3h(PeKTbl Ha camoM Aene NceBAoCyYanHbl, 1 aTa
NCEeBAOCNYYaNHOCTb PasnuyHa B PasHbIX CUTyaLWsiX Jaxe npu OAWHAKOBbIX pacnpefefieHusX BepOsiTHOCTEN
(BOMHOBBIX (OYHKLMSX).

BbiSiCHUM Tenepb, Kakoe OTHOLUEHME BOMS MOXET WUMEeTb K WHTennekty. [lockornbky BONS — 9TO
«MHOMBMAYanbHbIA CNOCOD peanu3auuu Cry4alHOCTMY», OHa MOXET, TUMOTEeTMYecKW, AENCTBOBaTb «MPOTUB
SHTpONMMY 1, BOOOLLE TOBOPS, «HE MOAYMHATLCS 3aKOHY GOMbLUMX YKMCEM» (CMbICN 3TOW B3STOW B KaBblYKM
(hpasbl YTOYHSIETCA B CregyloleM pasgene). Takoe CBOWCTBO BOMAM MOXET OblTb (€CNIM MMEET MECTO)
onpeaensoLLmMM 415 TBOPYECTBA, a UMEHHO, AaBaTb BO3MOXHOCTb HAXOAUTb PELLEHUSs, KOTOPble ManoBEepOsTHO
0BHapyXuTb CriyyYaiHbiM MOUCKOM. Buanmo, B 3TOM acnekTe MCKYCCTBEHHbI HTENNEKT ByaeT NpuHUMNuansHo
yCTynaTb €CTECTBEHHOMY.

CopepxarenbHasi UHTepNpeTaums BepOSTHOCTM!.

BeposTHOCTLIO Ha3blBAlOT 3HAYEHWe BEPOSITHOCTHOW Mepbl, KOTopas B CBOK O4Yepedb Onpedensercs Kak
HekoTopas (hyHKLWS, 3aaaHHas Ha o—anrebpe cobbITuil ¥ YA0BNETBOPSAIOLLAs akcuomam KonMoropoaa.
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Mpn aTOM TEOpWs He AaeT NpaBun ANS 3afaHWsl BEPOSTHOCTEN B MPaKTUYECKMX cUTyauusix. Tak Hanpumep,
BEPOATHOCTb MafeHUs MOHeTbl repbom MoxHO BbiGpaTb ntobbiM yncnom B uHTepsane (0, 1). daxe ecnm B
kayectse akcnepumeHTa npoeedeHo 1000 nogbpackiBaHuii MOHeTbI, U3 KoTopbix 508 peanusosanuch repbom,
3TO He UCKMKYaeT BO3MOXHOCTW ANst BEPOSATHOCTH BbITb paBHOM, Hanpumep, 0,7. KoHeYHO, Npu Takoi runotese
BEPOSTHOCTb NOMy4MTb NOJOOHLIA pe3ynbTaT 3KCNEPUMEHTa (Takoe Xe WNKN MeHbLLee uYMcno repboB) 0YeHb
HM3KA, HO, TEM HE MeHee, HeHynesas. XOTa Jaxe HyneBas BEpOSTHOCTb COObITWS elle He O3HavaeT, yTo
coBbITE HEBO3MOXHOE.

MoaTomy npaBurbHOE 3adaHWe BEPOSITHOCTEN OenaeTcs Ha OCHOBE He MaTeMaTWYECKMX, a 3MMUPUYECKUX
3aKkoHOB. OCHOBHOWM 3MMMPUYECKUA (hakT B TEOPUWN BEPOSTHOCTEM MOXHO CCHOPMYNMPOBaTh CriedyoLnUM
006pa3oM: B NpakTUYECKNX 3a4adax BOIMOXHO 3aaTb BEPOSTHOCTHYKO Mepy Tak, Yto bonee oxuaaembimu ByaeT
npaBuUrbHO cynTaTh Gonee BepOsTHbIE COBLITHS.

Mpu aTOM ecTb 0bLMe NpaBuna Ans aaekBaTHOro 3aaaHns BEPOSTHOCTEN. Hanpumep, eCnmn Nexogbl MONHOCTbIO
CUMMETPUYHbI (MW OLHOPOAHbLI) W3 (PM3MYECKUX YCNOBMI (HanpuMep, paccMaTpuBaeTCs CUMMETpPUYHas
MOHETA), TO OHW JOMKHbI MPUHUMATLCS PAaBHOBEPOSTHBIMU. HyneBasi BEpOSITHOCTb COBbITIS paBHOCUITBHA TOMY,
YTO 3TO COObITME rapaHTMPOBAaHHO He Mpou3ongeT. pu 3TOM BaXHO OTMETWUTb, YTO Aaxe ecnu cobbiTve
rapaHTMPOBaHHO HE NMPOW30MAET, 3TO HE 3HAYUT, YTO OHO SBMSETCSH HEBO3MOXHbLIM. Hanpumep npu Cny4yanHom
BblIbOpe Ymncna u3 paBHOMepHoro pacnpegenexus Ha uHtepsane [0, 1] MoxHo GbiTb yBEpPEHHBIM, YTO pe3ynbTat
He BypneT paseH 0,5 (kak 1 BoobLie nobomy Haneper 3agaHHOMY 3HaueHuto). OgHako cobbiTue Bbibopa 0,5 He
SIBNSETCS HEBO3MOXHbIM.

Tenepb ykaxeM, B Kakom CMbICrie FOBOPUIOCH, YTO BOMSi MOXET HapyLuaTb 3aKOH Gonblunx yucer. Pasymeertcs,
4yTO, ABNASCH TeopeMoil, 3BY He MOXET HapylaTbCs B MaTEMaTUYecKoM CMbICMe, @ Noj «HapyLieHUem»
UMENOoCh B BULY HEBLINOMHEHME UIMEHHO AMMUPUYECKUX NPABU MHTEPNPETALMN BEPOSITHOCTEMN.

MMyCTb Mbl JOCTOBEPHO Y3HANM, YTO BEPOSTHOCTb BbIMIPbILLA Ha NTOTepeliHbIi 6uneT A pasHa 0,8, a Ha buneT B —
Tonbko 0,2. OueBuaHO, NpaBuUMbHLIM pelleHnem Oyget caenatb cTasky Ha A. Ecnm xe peanusaums ucxoga
OnpegenseTcs YenoBeYEeCKon BOMNEN, NPaBMibHLIM MOXET ObITb OXuOaHNe COBbITUS C MEHbLUEN BEPOSITHOCTHIO.

Mo3HO 6bIno Obl cuMTaTh, YTO BOMNS M3MEHSET BEPOATHOCTN — HO 3TO HE OnpaBAaHO, NOCKONbKY 3TO U3MEHEHUE
BepOﬂTHOCTeI7I He BbIABNAETCA CTATUCTUYECKUMU CpedcTBaMU. MUHUMaNbLHO AOCTaTOYHbIM 6y,u,eT jonyleHne
BO3MOXHOCTU ANnA BOMWU HapylaTtb BEPOATHOCTHbIE NPEANOYTEHNA.

CornacoBaHue 3KCNEPTHbIX BbICKa3bIBaHUMN.

B kauecTBe npumepa MOCTPOEHWS M MCMOMb30BAHWS MOMHOMO MPOCTPAHCTBA MOLeNen ANs BblCKasblBaHWIA
paccMOTpUM pa3paboTaHHbIN paHee NOAXOA K MOCTPOEHWIO peluatoLlein (yHKLMM Ha OCHOBE HECOrNacoBaHHbIX
BEPOSTHOCTHbIX NTOMMYECKNX BbiCKa3blBaHUiA akcnepTos [J1608, Heaenbko, 1997], [Hegensko, 2000].

Byaem ucnonb3oBaTh 3KCMEPTHYIO MH(OPMALMIO, 3aAaHHYI0 BEPOSTHOCTHBIMU TOMMYECKUMI BbiCKa3biBaHUSMM
Buga: "Ecnm (memnepamypa e03dyxa & 13%)=12°C wu (memnepamypa e03dyxa e 23%) =7°C wu
(ammocgbepHoe daeneHue) > 755 mm. p. CT. unn (memnepamypa 803dyxa 8 23%) < 4°C, To (3aM0Opo30K) C
BeposaTHOCTLI0 0,4; cTeneHb fgoBepusa BbickasbiBaHuio = 0,8 ",

CMbICn Takoro poaa BbiCKasblBaHWIA 3aKIOYAETCA B OLEHKE 3aBMCUMOCTW HEKOTOPOW LieneBoi NnepemeHHon Y
OT U3MEPSieMbIX NEPEMEHHbIX X ,..., X,. [1oaToMy mogensmu OygeT MHOXECTBO (PYHKUMA B HEKOTOPOM
NPOCTPaHCTBe.

MHOXeCTBO [AOMYyCTUMbIX 3HAYeHWn nepemeHHoi Oygem 00O3HauaTb Tak Xe, Kak CaMy NEepeMeHHylo U
0003Ha4YuM:

n m
X=HXj,Y=HYj,D=X><Y.

J=1 J=1
Mycte B D onpegeneHa BeposTHoCTHas mepa P [D] (ksagpaTHble ckobku Gygem mcnonb3oBath, YTOObI
oTnMYaTh Mepy Ha MHoxectBe OT P(-) — BeposTHOCTM COBbITWs). [ns uoeHTUdUMKALMM  PasnnyHbIX

BEPOSATHOCTHBIX Mep BBeAeM MHOXeCTBO C, 3neMeHTbl KOToporo Oyaem HasblBaTb CTpaTerysiMi Npupoabl 1
0003HayaTh c.
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OnpegennM yHKUMIO YCMOBHOW BEPOSITHOCTM Kak fc(x)z Pc(y :l/x) — BEPOATHOCTb MPUHAAMNEXHOCTM
d R[x]
drlx]
onpegensietcs kak VE < X, Pc“’(E) = Pc(Ex {a)}) a PC[X] = Pc1 [X]+ Pc2 [X] — MapruHarbHas mepa,
COOTBETCTBYtOLAS PC[D].

MepeoMy Krmaccy mnpu YCMoBWM W3BECTHOrO X. dopmarnbHo, fc(x) roe mepa Pc“’[X ]

OueHnTb fc(x) Ha OCHOBE 3MMMPUYECKON MHopMaLMM v, 3Has ee (YHKUMIO MpaBaonogobusi, MOXHO,
onpegenve anocTepropHoe pacnpenenexne Ha ctpaterusax C, ucnonb3ays copmyny baieca:

P(v/c)P[C]
[P(v/c)d P[C]

C

PlC/v]=

roe P(v/ c) — (hyHKUMS NpaBgonogobus ans Habopa BbickasblBaHUA v = {Bl- i= I,_N}

OcHoBHas 1aes, koTopas MCroNb3yeTcst MPU BOCCTAHOBNEHUM f.(x) N0 SKCNEPTHOM MH(hOPMaLMK, 3aKnoyaeTcs
B WHTEPNpEeTaLuM NOSIBNEHWI 3KCMEPTHbIX BbICKA3bIBAHWUA, KaK Cry4aiHbIX COObITMIA, BEPOSITHOCTb KOTOPBIX
3aBUCUT OT TOTO, Kakasi ¢ UIMeeT MeCTO B AeCTBUTENbHOCTU. Ecnn BbickasbiBaHWs caenaHbl He3aBucuMo, TO

P<v/c>=ijp<3i/c).

[ns npuMeHeHna CTaTucTn4eckoro noaxona HeobXxoaMMOo 3HaTb, Kak BEPOATHOCTb NOABNEHNA 3adaHHOro
BbICKa3blBaHNA 3aBUCUT OT c. |-|le 3TOM, €Cin NoJib30BaTbCA dJOpMyJ'IOVI baieca, T0 MCKOMYI0 3aBUCMMOCTb

P(BZ/C) [OCTAaTOMHO 3HAaTb C TOYHOCTbIO OO0 MHOXWUTENA, He 3aBUCALLEro OT c. TaKyro 3aBUCUMOCTb
€CTEeCTBEHHO Ha3bIBaTb ¢)yHKLJ|I/Iel71 npasuonono6v|;|.

®dunocodckne Bonpochol.

XOTS  OCHOBHOE COAEpXaHWe [JaHHOM paboThl  3aKMw4aeTcs B (DOPMYNMPOBAHWM  HEKOTOPOrO
TEPMMHONOTMYECKOTO annapata, Heobxoanmo XoTs Obl KpaTKo KOCHYTLCS ero mnocodckoin uHTepnpetaumn. B
KayecTBe 3TarlOHHOrO M3NOXEHUs PUNOCOPCKNX KOHLenumuin Byaem onMpaTtbCs Ha Knaccuyeckun yvebHuK
[Russell, 1946].

OCHOBHOM BOMPOC [aHHOTO pasgena: KakM W3 PacCMOTPEHHbIX MOHSITUA COOTBETCTBYKT CYLHOCT B
PeanbHOCTH, M KakoBa UX NOAYMHEHHOCTb (KaKie NepPBUYHbI, KAKMe BTOPUYHDI).

Yenosek WaeHTUGNLMPYET CBOE «S» Kak CO3HaHMe, KOTOPOE BbIpaXaeTcsi B BOCTIPUSITN OKPYXalOLLEro Mupa.
Mockonbky HE3aBKUCUMOrO ONpeaeneHns OKPYXatoLlero Miupa Mbl He aaBani, byaem noka OTOXOECTBSITb €ro ¢
COBOKYMHOCTbIO OLLYLLEHMIA B BOCTPUSITAN. YacTb 3TOr0 Mupa SIBMSIETCS 3aBUCUMbIM OT CO3HaHWSI, @ UMEHHO,
YeNoBeK MOXET YNpaBnsTb CBOMM TenoMm. MMoaaBnsiollas YacTb MUpa He 3aBUCUT OT CO3HaHWs. Bonee Toro,
[axXe 3aBUCMMasi YacTb UMEET OrpaHUYeHUst Ha yrpaBnieHue: Tak YeroBek MOXET MepemMecTuTb CBOe Tero,
HanpuMep, NOCPeACcTBOM Xofb0bl, HO HE TenenopTauun. To, YTO (XOTs Obl YACTUYHO) HE 3aBUCUT HI OT YbETO
CO3HaHMSI, 1 HA30BEM MaTEPHEI.

/3 TOro, 4to mMaTepusi No OnpeseneHuio B CBOMX MPOSIBMEHUAX HE 3aBUCUT OT CO3HaHUS, eLle He cnegyeT, YTo
CYLieCTBOBaHWE MaTepui HEe3aBMCUMO OT CyLLECTBOBaHUS CO3HaHus. M ogHa u3 npobnem B TOM, 4TO
OnpegennTb camo NOHATUE CyLLECTBOBaHWS BE30THOCUTENBHO CO3HAHWS 4OCTATOMHO CROXHO. [JeACTBUTENEHO,
KaXOMY MOHSITHO CMOBOCOYETaHUE «S CYLLECTBYIO», TaK Xe NOHATHO CyLLEeCTBOBAHUE TOrO, YTO HAaXoauTCs B
owyuieHnn. Ho BecbMa HeTpuBManbHO HafenuTb CMbICIIOM YTBEPXAEHWe «MaTepusi CyllecTByeT cama mno
cebe», He NPOBOAS aHanoruit ¢ COBCTBEHHBIM CYLLECTBOBAHWEM (KOTOPbIE HEKOPPEKTHbI, ECAIN CYNTATb MATEPUIO
HeoayLIEeBNeHHON). /iTak, MOXHO BbIAENWTb NO KPaWHEN Mepe TPU PasiMyHbIX MOHATUS, MAEHTUDULMPYEMbIX
CMOBOM «CyLLECTBOBAHMEY: CyLIECTBOBaHWE «F1», CyLIECTBOBAHWE OLLYLIEHWA W CyLLECTBOBAHME MOLENH, TO
€CTb abCTpakyum (Hanpumep, YNCna), HO HU OHO U3 HUX HE MOAXOAUT AN MaTEPUN.

[ns wHTepnpeTauuu M3NOXEHHOTO B AaHHOK paboTe noaxoda, Haubonee noaxogswleid unocodckoi
KOHLenuuen ByaeT cuntaTb MaTepuio M BOMK MEPBUYHBIMU CYLUHOCTAMM MUPO3AAHUS, KOTOpble HE WMerT
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cMbicna apyr 6e3 gpyra (Mnu SBRAKTCA pasHbIMKA «CTOPOHAMM» OQHOW CYLWHOCTM, KaK KBAHTOBO-BOMHOBOWA
ayanuam B usuke). Toraa cosHaHune byaet apdekTom B3aMMoaencTBns BonM 1 Matepuun. A B obLiem crnyyae
B3aMMOAENCTBUE BOMM W MATEPUN MOXKHO CYMTaTb OMPeSeNieHneM MOHATUS CyLLEeCTBOBaHUS B CaMOM 6a3oBOM
CMbICrie. Takasl KOHLENUWs MOXET CUMTaTbCs MaTepuariMcTUyYeckor, NOCKOMbKY CO3HaHWe 30ecb BTOPUYHO.
lpaBaa, CyLiecTBOBaHWE TakkKe BTOPUYHO, MPWU 3TOM CO3HaHWE SBNSETCA He (POPMON CyLiecTBOBaHWS, a
YaCTHbIM CRy4Yaem, MHa4ye roBOPs, CyLECTBOBAHWE — 3TO HEYTO, aHarorMyHoe CO3HaHWK, HO 6Gonee
YHMBEpCasbHOE.

BBefieHHbIE MOHSITUS MMEIOT NMPaKTUYECKYt0 3HAYMMOCTb W B TOM, YTO NO3BOMSIHOT MPOUHTEPNPETUPOBATL Psif
(heHOMEHOB. B YacTHOCTK, CUTyaLMio, KOrfa MHAMBIA COBEpLUAET Tak Ha3blBaeMoe «BONIEBOE YCUIMEY, MOXHO
00BSCHNTL TEM, YTO NPUHUMAETCS PELLEHME, UMEIOLLEE HIU3KYI0 BEPOSITHOCTb NPY 3a[aHHOI KapTMHE MO3rOBbIX
umnynbcoB. MoxHO BbiaBuraTb 1 6oree CMOpHble TMNOTE3bl, HaMpUMEpP BO3MOXHOCTb AMs YyXOW BOMM
HEMoCpeaCTBEHHO BMELLMBAETCS B YNpaBMEHUE MO3rOBOW aKTMBHOCTBIO, YTO Hampumep Morno 6bl GbiTh
anbTepHaTUBHbIM O0OBACHEHMEM heHOMeHa runHo3a. [logobGHas runoTesa, OAHAKO, He WMEeT HayuYHbIX
060CHOBaHM 11 OTMEYEHa NMULLb KaK Noruyeckasi BO3MOXHOCTb. Takke MOHSATE BOMW MO3BONSIET MPOBECTM
MPUHLMANANBHOE Pa3NnuMe MEXy NOHATUAMI « XOUY» U «MHE XOUETCS», TO 8CTb MEX[y BONEil 1 XapaKkTepom,
4YTO UMEEeT NPaKTUYECKoe CoLMarnbHOe 3HaueHWe (XOTS He AaeTcs OTBETA, Kak OTNNYMUTL COBCTBEHHYIO BOMIO OT
NPYOGPETEHHBIX UMK BPOXAEHHBLIX MOTUBOB, B YAaCTHOCTH, CTepeoTunos). CBoboaa Anst BOMN B 3TOM KOHTEKCTE
03Ha4yaeT He OTCYTCTBME HEOBXOAMMOCTY, @ HaNMYMe UHAMBUAYANbHOCTY.

Kpome Toro, cornacHo BBefjeHHOMY OrnpefeneHnto Bons 6eccmepTHa (ToUHee roBopsi, MOHATME CMEPTU K Heil
HenpuUMeHUMo). ECTECTBEHHO, YTO 3TO He UMEeT HUYero obLLEero ¢ Teopueil «nepeceneHns Ly, nocKombky
[ONyCKaeTCs NUWb TO, YTO [Ba MOCNENOBATENbHO XMBYLMX WHAMBMOA «YNPaBMSTCA OAHUM W TEM Xe
reHepaTopoM MCEBAOCYYalHbIX YCEN», HO HE Nepeaaya kakoi-nubo HAOPMALMM MEXAY HUMM.

3aknioyeHue

OcHoBHas naes AaHHo paboTbl 3aknyaeTcs B hopmManmsaLm NoHATUS CMbICA BbiCKa3blBaHUS NOCPEACTBOM
BBEZEHMS NPOCTPaAHCTBA Mofenen. B 4acTHOCTM 3TO NO3BONSET ANs aHanM3a TEKCTOB HAa ECTECTBEHHOM S3bIKE
BbIOpaTb MaTeMaTUYECKMIA annapart, KOTopbii Obi Obl 4OCTATOYHO CTPOMMM, HO Gonee rMbKUM 1 HarnsaHbLIM Mo
CPaBHEHWIO C TEOPMAMM (hopMarbHbIX A3bIKOB.

[MocKonbKy MCMONb30BaHWE SA3bIKOBbIX CPEACTB SBMAETCA BaXHEMWMM aTpuOYTOM MHTENNeKTyanbHOM
[EeATeNbHOCTU, eCTeCTBEHHbIM 06pa3oM B pacCMOTPEHME OKalancs BOBMEYEH LUMPOKMIA KPYr COMYTCTBYHOLLMX
MOHATUN.
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PACLUMPEHHASA MOJENb ,,CYLUHOCTb-CBA3b”: TUMbI CYLLHOCTEN
CYNEPKINACC U NOAKNACC, TUN CBA3W CYNEPKNACC/NOAKIMACC

Omutpun byi, Mogmuna CunbBencTpyK

AHHOMauyus: Paccmampusatomess U (hopMarnu3ylomes makue OCHOBHbIE NOHAMUS pacliupeHHol Mmodenu
,CYWHOCMB-C8A3L": mun CywHoOCMU cynepkiacc, mun cywHocmu nodknacc, mun ceasu cynepknacc/nodknacc,
mun cesi3u isa. B mepmuHax meopuu omHoWeHUl YMmOYHSIIOMCS 02paHUYeHus, Komopble Haknadbigalomes Ha
mun CywHOCMU Cynepknacc u e2o munbi cywHocmel nodknacc.

Knroueebie cnoga: mun cywHoOCmuU cynepkace, mun cyuwHocmu nodknace, mun cesisu cynepkmacc/nodknacc,
mun cessu isa.

ACM Classification Keywords: E.4 Coding and information theory — Formal models of communication.

Conference: The paper is selected from XIVt International Conference "Knowledge-Dialogue-Solution" KDS 2008, Varna,
Bulgaria, June-July 2008

BBeaeHue

B pab6otax [by#, Cunbeeiictpyk, 2006; Byn, CunbsencTpyk, 2007] paccMaTpuBanmcs M hopManin3oBanmch
OCHOBHble MOHATUS MOZenu ,CyLHOCTb-CBA3L” (entity-relationship model): Tunbl cywHocTen, TUNbI CBA3EH,
OrpaHNyYeHNs TUMOB CBA3EN, POMK, CUNbHbIE 1 CNabble TUMbI CYLLHOCTEN, CUMbHbIE U Criabble TUMbl CBA3EN.

B 80-x rogax nOHSTWA MOZENU ,CYLLHOCTb-CBSA3b” CTano HEeAOCTAaTOMHO AN TOro, YToObl Co3aaBaTb MOAENM
JaHHbIX. Takasi cuTyaums nocryxuna CTUMyrom K paspaboTke OOMONHUTENbHBLIX KOHLENUUA CEMaHTUYECKOro
MoaenupoBaHus. Takum 06pasom, MoAenb ,CYLHOCTb-CBA3b” Obina  MOMonHeHa  AONOMHWTEMbHLIMU
KOHLienUMsmMu 1 nonyynuna HaseaHue pacwupeHHol modenu ,cywHocmb-ces3s” (Enhanced Entity-Relationship
model) nnn EER-modenu.

PacwupeHHas mogenb ,CyLIHOCTb-CBA3b BKMOYAeT BCE KOHLENUMM MOZenu ,CYLIHOCTb-CBA3b', a Takke
cOOCTBEHHbIE KOHUenuuu. [Ins paciuMpeHHOn MOAEnK ,CYLIHOCTb-CBA3L, KaK W Ans MOAENM ,CYLIHOCTb-CBA3L”,
He CyLlecTBYET eAMHOro 0bLLEenpuHATOro CTaHgapTa, HO MMeeTcs Habop 0BLLMX KOHCTPYKLWIA, KOTOPbIE Nexat B
OCHOBe 6OMbLIMHCTBA BapUaHTOB (MHTEpnpeTaLuin) Moaenu.

B nmaHHOM paboTe paccmaTpuvBatOTCs WM YTOYHAKTCA (Ha OCHOBE TEOPUM OTHOLIEHWIA) Takue MOHATUSI STOM
MOZENM: TUN CYLLHOCTW CynepKnacc, TN CyLLHOCTM NOAKMacC, TUN CBA3M Cynepknacc/nofknace, TMn CBs3u isa,
cornacHo [Fapcua-MonuHa, YnemaH, Yugom, 2004, rn. 2; Oeint, 1998, vacte I, rm. 14; KonHonnu, berr,
CrpayaH, 2003, yacts I, rn. 12; KpéHke, 2003, yacte II, rn. 3; Elmasri, Navathe, 2004, yacts IV].

CneayeT OTMETUTb, YTO MOHSATUSI PACLUMPEHHON MOAENM ,CYLUHOCTL-CBA3L” HE MMEKOT OOLLENPUHSTON U YETKOM
WHTepnpeTauuu; 6onee Toro, CyLIECTBYET CYLIECTBEHHLIN TEPMMHOMOTMYECKMIA pa3Hoboit; nosTomy B Tabn. 1
npuBedeHbl BapnaHTbl, BCTPEYAKOLLMECS B PYCCKOA3bIYHOM nuTepaType [lapcua-MonuHa, YnbmaH, Yugom, 2004;
[ent, 1998; KonHonnw, berr, Ctpavan, 2003; Kpéxke, 2003].

Takon TepMUHOMOMMYECKUA pa3HoBoi MOXET ObiTb 0BYCMOBNEH HETOYHOCTAMM MEpPeBOAa COOTBETCTBYHOLUMX
NCTOYHMKOB. Ecnn npupoepxuBaTtbes TepMUHONOrMK, koTopas Bbina npuHsTa B pabotax [byin, CunbBencTpykK,
2006; byn, Cunbseictpyk, 2007], uenecoobpasHo Cymepknacc HasbiBaTb TWMOM CYWHOCTM Cynepknacce,
noJKknacc — TUNOM CyLLHOCTW MOAKNAacc, CBA3b Cynepkrnacc/nogknacc — TUMOM CBA3M cynepknacc/nogknacc,
CBA3b iSa — TUMOM CBA3M isa.
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Tabn. 1 — KntoueBble NOHATVS paCLUMPEHHO MOAENM ,CYLIHOCTb-CBA3L” W UX HA3BaHUS

MoHsaTune 1 BapuaHT 2 BapuaHT 3 BapuaHT 4 BapuaHT
Cynepknacc Cyneptun BasoBbIi knacc Cynepknacc HagTvn
Modknacc Mogtun NMogknacc Mopknacc Mogtun
Ces3b _ _ Cesisb _
cynepknacc/nodknacc cynepknacc/noaknacc
Cesnsb isa Cessb isa Cessb isa ~ Ces3b TMna

,ECTb”
[dewnr, 1998, | [Fapcvna-MonuHa, | [KoHHONM, Berr, | [KpéHke, 2003,

MNcToYHMK vactb lll, rn. 14] | YnemaH, Yugowm, | CtpavaH, 2003, | vactb I, rn. 3]

2004, rn. 2] yactb lll, rn. 12]

Tunbl cywHocTen cynepknacc U noaknacc

[MoHATUS TUNOB CYLLHOCTEN Cynepknacc u nogknace Obinu fobaBrneHsl B paclUMpeHHyd MOAenb ,CYLLHOCTb-
cBsi3b " nocne nybnukayum pabotbl Ix. Cmuta u [ Cvuta [Smith, Smith, 1977]. MpuunHon ctanu cnydam, koraa
TUN CYLLHOCTW COLEPXMT OnpefeneHHble CYLUHOCTW, UMEeKLLMe cneumanbHble CBOMCTBA, KOTOPble HE UMET
ApYyrve CyLHOCTW AaHHOro Tuna. Mo3ToMy NonesHo pa3aensiTb TakoM TUM CYLLHOCTU Ha HECKOMbKO cnelnanbHbIX
TUNOB CYLIHOCTEN, KaXObl U3 KOTOPLIX HasbiBaeTCs munom cywHocmel nodknacc (subclass entity type), a
MCXOAHbI TMN CYLLHOCTY Ha3bIBAETCS MUNOM CYWHOCMU Cynepknace (superclass entity type).

Tun cywHOCMU Cynepkmace — TWM CYLLHOCTM, KOTOPbIA BKMIOYAET OfHY WIM  HECKONbKO  pasHbIX
BCNOMOraTerbHbIX COBOKYMHOCTEN €ro CYLLHOCTEN, KOTOpble AOMKHbI ObITh NPeaCTaBNEHHbIN B MOAENN AaHHbIX.

Tun cywHocmu nodknacc — BCNOMOraTeNbHasi COBOKYMHOCTb CYLLHOCTE HEKOTOPOro Tuma CyLUHOCTW (Tuna
CYLLHOCTM CynepKracc), kotopast A0MKHa ObiTb NPEACTABNEHa B MOAENN JaHHbIX.

YTOYHEHME OfHOrO M TOTO Xe Tuma CyLUHOCTM MOXeT NPOBOAMTLCS Ha OCHOBE PasHblX OTIMYUTEMbHBIX
0CODEeHHOCTEN, TO €CTb OAWH TWUM CYLWHOCTW CynepknacCc MOXET MMETb HECKONbKO COBOKYMHOCTEN TUMOB
CYL|HOCTEN MoaKnacc, KoTopble (COBOKYMHOCTM) OTOGpaxatoT pasHble Crnocobbl rpynnMPOBKA CYLLHOCTEN
NCXOZHOTO TUMA CYLLHOCTY Cynepknacc.

Kaxpgas CyWHOCTb TMMa CyLWHOCTM MOAKNMACC SBNSETCS CYLHOCTBIO COOTBETCTBYIOLIENO TUMA CyLIHOCTY
CynepKnace, HO CYLLHOCTb TUMa CYLLHOCTM Cynepkrnacc He 06s3aTeNnbHO SBNSETCS CYLHOCTBIO HEKOTOPOro TUNa
CYLLHOCTM NogKrnace. 3aMeTiM, YTO TUM CYLLHOCTM NOAKIACC AOIMKEH COLepXaTh, Kak MUHUMYM, OOHY CYLUHOCTb,
NHaye HeT CMbiCna Co3aaBaTh AaHHbIN TWM CYLUHOCTM noaknacc. OAUH U TOT Xe TUM CYLLHOCTW He MOXET ObiTb
0ZHOBPEMEHHO TUMOM CYLLHOCTM CYNepKIace 1 TUMOM CYLLHOCTM NOAKNACC AAHHOMO TUMa CyLHOCTM Cynepkrace.
Tunbl CYLLHOCTEN CynepKracchl U nofKnacchl Oynem HTepnpeTUpoBaTh kKak MHOXECTBA, a CYLLHOCTM yKadaHHbIX
TUMOB — KaK 3MeMeHTbl AaHHbIX MHOXECTB. [ycTb MHOXecTBO E COOTBETCTBYET TUMY CYLHOCTW Cynepkrace, a
HenycTble MHoxecTBa Eq,E,,...,E, - COOTBETCTBYIOWMM TWUMAM CyLUHOCTEA MOAKNAcCC [aHHOTO Tuna

n
CYLLHOCTU cynepknacc, Toraa UE,- cE.

i=1
[anee paccmatpuBaeTcs TUM CYLIHOCTW CYNepknacc M COOTBETCTBYIOWME TWUMbl CYLYHOCTEN nogknacc,
OTBEYaloLMe HEKOTOPOMY (hMKCMpOBaHHOMY Crnocoby rpynnMpoBKM CyliHOCTen cynepknacca. Mpu cosgaHum
TMNa CYLLHOCTW CynepKknacc U COOTBETCTBYIOLMX €My TWMOB CYLUHOCTEM MOAKMAcC Ha 9TW TWMbl CYLLHOCTEN
HaKMaabIBalOTCS OrpaHUYeHms. PaccMOTpUM Ba OCHOBHbIX BUAA OrPaHNYEHNIA:

— OepaHu4yeHue yyacmus (participation constraint);
— 02paHuyeHue HenepeceyeHus (disjoint constraint).
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OrpaHquHme ydactna onpenenaeT, Kaxaasa N CyWHOCTb Tuna CyLWHOCTU CynepKnacc OTHOCUTCA K HEKOTOPOMY
Tuny CylWHOCTM NoAKnacc.

OrpaHuyenne yyactus MoxeT ObiTb o0b6sisamenbHbiM (mandatory) wnu HeobsisamenbHbiM (optional). TMpu
0053aTeNbHOM y4acTUi Kaxgas CyLWHOCTb TUMa CYLLHOCTU Cynepknacc AOMKHa ObiTb CYLLHOCTBIO HEKOTOPOro
TMNa CyWHOCTM nogknacc. Mpu Heobs3aTenbHOM y4acTW HEKOTopas CyLIHOCTb TUMa CyLIHOCTW Cynepknace
MOXET He BbITb CyLLHOCTbLIO HA OBHOTO TWMA CYLLHOCTM NOAKNACC.

OrpaqueHme HenepeceyeHna OonucCbIiBaeT CBA3b MexAy CyLWHOCTAMU TUNOB CyI.LLHOCTeIZ noagknacc (KOTOpre
CBA3aHbl C O4HUM TUIMOM CyLI.tHOCTGIZ cynepKnacc) M YKa3blBaeT, MOXET N1 CYLWHOCTb TUMNa CYLLHOCTU Cynepknacc
NPUHaAnNexatb TONbKO OAHOMY UMW HECKONbKUM TUNaMm CyU.lHOCTeVI noaknacc.

OrpaHuyenre HenepeceyeHuss MOXeT ObiTb Henepecekarowum (disjoint) unu nepecekarowum (nondisjoint). B
NepBOM Cyyae Kaxaas CyLIHOCTb TWMa CYLLHOCTU Cynepknacce MOXeT ObITb CyLIHOCTbIO He 6ornee oaHOro Tuna
CyLLHOCTM noaknacc. Bo BTOPOM — CyLIHOCTb TN CYLYHOCTM CYnepKnacc MOXET BbiTb CYLUHOCTBIO HECKOMbBKNX
TMMOB CYLLHOCTE Noaknacc.

[MoHATHO, YTO OaHHoe OorpaHnM4yeHne MOXHO NPUMEHATb, eCnin TUn CYLLHOCTU CynepKnacc nmeet Bonee opgHoro
Thna CyLHOCTK nogknacce.

Tak Kak YKa3aHHble [OBa OrpaHun4eHna ABNAeTCA NOorM4yeckn He3aBUCUMbIMW XapaKTepUCTUKaAMU 06paaoBava
TNoB CyI.I.lHOCTeIh cynepknacc M noaknacc, 1o npu UX COBMECTUMOM MWCMONb30BaHUN BbIAENAOT YETbIPE
cnefywmx pasHblxX siaa orpaHquHMM:

obs13aTenbHOE (OrpaHnYeHe yuacTus) 1 HemepecekaroLlee (orpaHnyeHe HemepeceyeHus);

Heobs3aTenbHoe U HenepecekaroLLlee;

06s13aTeNbHOE 1 NepecekaroLLee;

Heobs3aTenbHOe U nepecekaroLlee.

Mpu 0bsi3aTENbHOM W HenepecekatoLleM orpaHnyeHnn niobasi CyLLHOCTb TUMa CYLLHOCTM Cynepknace AOMKHa
NpyHaaNexaTb OAHOMY 1 TOMbKO OAHOMY TUMY CYLHOCTY NOAKNACC [AaHHOrO TUNa CYLLHOCTY cynepknace.

Mpu Heobsi3aTENbHOM M HEmepecekatoLweM OrpaHUYeHUM Kaxpaas CYLLHOCTb TUMa CyLIHOCTM Cynepknacc nubo
NPUHASNEXUT E€OUHCTBEHHOMY TMMY CyLIHOCTM MOAKMNAcC AAHHOMO TWUMA CyLWHOCTM cymepknacc, nubo He
NPUHANEXUT HU OOHOMY TUMY CYLHOCTM MOAKNACC [AHHOrO TUNa CYLHOCTH cynepknacc.

Mpu o6si3aTenbHOM M nepecekatoliemM orpaHuyeHun niobasi CyWHOCTb TWMa CYLHOCTW Cynepknacc AOrKHa
npuHagnexaTb HEKOTOPOMY TWMy CyLIHOCTM nogknacc (HeoGs3aTenbHO OAHOMY) AaHHOTO TUMA CyLHOCT
cynepkracc.

Mpu Heobsi3aTENbHOM M MEpecekalolleM OrpaHNYeHUn Kaxaasl CYLHOCTb TuMma CYLIHOCTM Cynepknacc nubo
MPUHASNEXUT HEKOTOPOMY TUMY CyLIHOCTM nopknacc (Heobs3aTenbHO OAHOMY) AaHHOTO TUMa CyLHOCTH
cynepknacc, nbo He NPUHAANEXMUT HA OAHOMY TUMY CYLLHOCTW NOAKMACC AaHHOTO TWMa CYLLHOCTM CynepKrace.

Paccmatpuas ofssaTenbHOE OrpaHnyeHne yyacTisi, MPUXOAMM K TEOPETUKO-MHOXECTBEHHbIM MOHATUAM
MOKPbITUA 1 pasbueHnss MHoxecTBa. OueBWAHO, YTO 0BA3aTENbHOE M MEepeceKaloliee OrpaHuyeHne MOXHO
n
YTOYHUTL C MOMOLLbIO MOKPbITUS MoAMHoxecTBamu Eq, Eo, ..., E, MHoxectBa E, 10 ectb E =[JE; 1
i=1
E;=J,tpei=12..,n.

MoamHoxectsa Eq, Ey, ..., E,, 0bpasylor pasbuenne mHoxectBa E , ecrn paccmatpusath obssatensHoe u

n
Henepecekaiolee OrpaHuyeHue, TO €CTb E=UE,-, Ei=0 n EinE; =0, me i#j n
i=1
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Ecnn  paccmatpuBaTb HeoBsi3aTernbHOe OrpaHMyeHne yyacTus, To HeobsisaTenbHoe W nepecekatoliee
OrpaHuyeHre MOXHO YTOYHUTb MOCPEACTBOM NOKPbITUS noaMHoxectBamyu E4, Eo, ..., E,, MHoxectBa E unu

n
€ro CoOCTBEHHOro NOAMHOXeCTBa, TO eCTb UE,- cEwE; #J,rpei=12..n.
i=1
HakoHel, Heobsi3aTenbHOE M Henepecekalollee OrpaHMYeHne MOXHO YTOYHUTL MOCPEACTBOM pa3sbueHus
n
noamHoxectBamn Eq, Eo, ..., E,, MHOXecTBa E nnu ero cobcTBEHHOro NOAMHOXECTBA, TO €CTb UE,- cE,
i=1
E, =0 wn E,-mEj =@g,rpei=fjwni,j=12,...,n.

B pabote [byn, Cunbeenctpyk, 2006] orpaHuyeHus KapanHanbHOCTW, KOTOPbIE HaKNadbiBanuch Ha OMHApHbIE
TUMbl  CBA3EW, YTOYHANUCL MOCPEACTBOM CBOWCTB COOTBETCTBYIOLIMX OTHOLUEHMA  (CDYHKLMOHAMBHOCTb
OTHOLUEHWS W BKIKOYEHWE NPOEKLMM MO NEPBOI KOMMOHEHTE OTHOLLEHMS B MHOXECTBO, Ha KOTOPOM OTHOLIEHWE
3apaBanoch). MoaToMy Mo aHanorum YyTOYHAKTCS OrpaHUYeHUs HENEPECEYEHMUS U YYacTus.

Paccmotpum  mHoxectBo E'=E U {E4,E,,..., E,} ¥ 3agagum Ha Hem OWHapHoe OTHOWeEHWe ~<:

def
e <E; < ecE;, 10 ectb MHOoXecTBOE;, i =1,2,..., n (TMN CYyWWHOCTA NOSKNACC) COAEPXMT SNIEMEHT €

MHOoxecTBa E (Tun cywwHoCTH cynepknacc).

OrpaHuYeHne HenepeceyeHnsl MOXHO YTOYHWUTb MOCPEACTBOM (DYHKUMOHANMBHOCTM OTHOLIEHWUSI < €Cru
OTHOLUEHME < (DYHKLUMOHANbHO, TO OrpaHW4YeHMe HerepeceyeHus siBnseTcs HenepecekaowwmM. Ecnm xe
OTHOLLIEHME < HE (hYHKLMOHANBHO, TO 3TO OrpaHNYeHME SBNSETCS NepecekatoLum.

AHanorMyHo Anis OrpaHMYeHns y4acTust: ecnu 7[12(-<) =E, 10 orpaHuyeHne yyactus obssaTencHoe, B Cryyae

7[12(<) c E orpaHuyenus yyactus HeobssaTenbHoe.

B Tabn. 2 nokasaHbl Bce BuAabI OfpaHM‘-ieHI/Ilh, KOTOpble HaKnadblBaldTCA Ha TUN CYLIHOCTW Cynepknacc W ero
TnNbI CyLIJ,HOCTeI;I noaknace, a Takke AaHo yTOYHEHUA 3TUX OrpaHI/I‘-IeHVIVI.

Tabn. 2 — YTOUHEHMs OrpaHuYeHnin, KOTOpble HAaKNagblBaKTCS Ha TUM CYLLHOCTM CYNepKnace U ero Tumbl
CYLLHOCTEN NogKnace

< (pyHKUMOHaNbHOE

< He (hyHKUMOHaNbHOE

ObsizaTensHoe n Henepecekawoulee | ObssatensHoe " nepecekaroLiee
orpaHuyeHne orpaHuyeHe

(<) =E , :
(Tunbl cywHocTei  nogknacc  0BpasyloT | (TWMbl  CywHOCTe  nogknacc  obpasytT
pa3bueHne TUna CyLHOCTM Cynepknacc) MOKPbITUE TUNA CYLLHOCTH CynepKnace)
Heobs3satensHoe 1 Henepecekatowee | HeobsizatensHoe n nepecekatolLee
OorpaHuyeHne orpaHuyeHne

2 . N

7i (<) <E | (mnbl  cywHoctedt nogknacc  0BpasylT | (TMMbI  CywHOCTEA  mogknacc  oBpasyioT

pa3bMeHne Tuma CyLWHOCTM Cynepknacc wmm
ero cobCTBEHHOTO NOAMHOXECTBA CYLLHOCTEIA)

MOKPbLITUE TUMa CYLLHOCTU CynepKrace Unu ero
cOBCTBEHHOrO MOAMHOXECTBA CYLUHOCTEN)

OrpaHuyeHus, KOTOpble HaKNaablBalTCH Ha TWM CYLWHOCTU Cynepknacc M ero Tumbl CyLIHOCTE! Moaknacc,
NPUMEHATCS ANS Kaxaoro cnocoba rpynnmpoBKM CYLLHOCTEN TUNA CYLHOCTK cynepknacc. O4eBMaHO, YTO HeT
CMbiCNa NMPUMEHATb [aHHble OrpaHWYEHNst K TWMaM CYLHOCTEN NOAKNMACC PasHblX FIOTMYECKM HEe3aBUCUMbIX
CnocoBoB rPyNMMPOBKM CYLLHOCTEN TUNa CYLHOCTW Cynepknacc, Tak kak B AaHHOM CryYae OrpaHu4eHust He
HECyT NONe3Hyto MHGOpPMaLMIO.

PaccmaTtprBas TR CyLLHOCTM CynepKnace 1 ero TUnbl CyLYHOCTEN NOAKNACC, UHTEPECHO PacCMOTPETL Crocobbl,
KOTOPbIMM OHM MOTYT 3aJaBaTtbCs. B nutepatype (cmMoTpy, Hanpumep, [Elmasri, Navathe, 2004, yactb IV, ¢. 103])
npeanaraetcs cnocob onpedensrowe2o npedukama (defining predicate) n onpedenstoweeo ampubyma (defining



International Book Series "Information Science and Computing" 153

attribute). To eCTb ANs Kaxgoro hUKCMpOBaHHOrO crnocoba rpynnuMpoBKK CYLLYHOCTEN TUMA CYLLHOCTM Cynepknace
BbIJENAT HEKOTOpble Onpeaenstolme aTpubyTbl, a A9 KaXLOro TWMa CYLWHOCTM MOAKNAcC HEKOTOpPbI
OnpeaensLLMn NpeankaT, 3adaHHbIn Ha 3TUX Onpedensowmx atpubyTtax (TouHee Ha 3HauYeHusIX aTpubyToB).
[ns Toro, YT06bI ONPEAENNUTL NPUHALNEKHOCTb CYLLHOCTY TUMA CYLLHOCTW CYNepKnacc COOTBETCTBYHOLLEMY TUMy
CYLLHOCTV NOAKNacc HeobXxoaMMO NpoaHanuavupoBaTh 3HAYEHWe NpeankaTa AaHHOro TUNa CYLHOCTM NOAKNace:
€CIN 3HaYeHne UCTUHHO, TO NPUHAANEXHOCTb UMEET MECTO, ECIN NIOXHO, TO HE UMEET.

BosHukaeT 3agaya: MOXHO N 3aaaTb HEKOTOPOe OTHOLLEHWE Ha MHOXECTBE, UHTEPMPETUPYIOLLEM THM CYLIHOCTH
cynepknacc, 1 no Hemy Nony4nTb MHOXECTBA, MHTEPNPETUPYIOLLME TUMbI CYLLHOCTEN NoaKnacc.

[aHHas 3afjaya WMeeT pelleHue AN 4acTHOrO cnyyas — ANS Tuna CyLHOCTW Cynepknacc U ero TurnoB
CyWHOCTen nogknacc ¢ 06s3aTenbHbIM W HenepecekalowyM BMAOM  OFPaHWYEHWN, KOTOPOE Ha  HKX
HaknagbiBaetcs. Kak oTMevanoch paHee, AaHHbIN BUA OrpaHUYeHnii MOKHO YTOYHUTbL C MOMOLLbIO pasbueHns.
OcHOBbIBasiCb Ha KIacCUYECKUX TEOPETUKO-MHOXECTBEHHbIX pesynbTaTaX, OTHOLEHWE 3KBMBANEHTHOCTU
NO3BONSET OAHO3HAYHO Pa3buBaTb MHOXECTBO, HA KOTOPOM 3a[aHO OTHOLLEHWE, Ha HenepecekaroLe Knaccel,
CoAepxallme aKBMBaNeHTHble Mexay cobon anemeHTbl (cmoTpu, Hanpumep, [Wpengep, 1971]). 3Tn knaccel
9KBMBANEHTHOCTU W UHTEPNPETUPYIOT TUMbI CYLLHOCTEN Nogknace.

Mpu 3TOM CreayeT OTMETUTb, YTO MPW MOCTPOEHUW TUMOB CYLYHOCTEN MOAKNIACC HEKOTOPOro TWMa CyLHOCTY
Cynepknacc NpoekTaHT B MOAENM SIBHO YKa3blBaeT KOMMYECTBO COOTBETCTBYIOLLIMX TUMOB CYLLHOCTEN NoaKnacc.
B 7O Bpems kak OTHOLUEHWE OKBMBANEHTHOCTM, B OOLiEM Cryyae, He MO3BONSIET 3afaBaTb KONMYECTBO
HEOOXOAMMBIX KITaCCOB SKBMBANEHTHOCTM (TOYHEE FOBOPSI, OLIEHUTb MOLHOCTb (haKTOp-MHOXECTBa).

lMepeigem OT yacTHoro cnydvas k 6onee obliemy, TO €CTb CHMMEM YCMOBUE TPAH3UTMBHOCTM M 060BLLMM
MOHATME OKBWMBANEHTHOCTW A0 NoHsTWS TonepaHTHocTu [LWpengep, 1971]. Xopowo M3BECTHO, UYTO MEXAy
OTHOLUEHWUSIMW TONEPAHTHOCTU M MOKPBITUAMM MHOXECTBA CYLLECTBYeT TeCHas CBSA3b (HAMOMHUM, 4TO C
MOMOLLBbKO MOKPbLITUS BbIWE YTOYHAMCA TWM CyLLHOCTM Cynepknacc ¥ €ero Tumbl CyLHOCTEN nogknacc ¢
00si3aTeNbHbIM 1 MepecekatolMmM BUgamMu orpaHindeHuin). OgHako Ha 3TOM MyTW BO3HWKaeT npobrnema mpw
MOCTPOEHWUN KIacCoB TONEPAHTHOCTU (ANIEMEHTOB MOKPbLITUS): €CAM MO MOKPLITUIO OTHOLIEHWE TONEPaHTHOCTY
CTPOUTCSH OOHO3HAYHO, TO obpaTHas 3adaya MOCTPOEHWS MOKPBITUS MO OTHOLIEHWIO TOMEPaHTHOCTW MMEET,
Boo6LLE roBopst, Heckonbko peluenuii [penaep, 1971]. Takum obpasom, Npu 3agaHUM NOKPLITUA OTHOLLEHUSIMM
TONEPaHTHOCTM HY>KHbI JOMONHUTENbHbIE CPEACTBa.

Tunbl cBA3W cynepknacc/noaknacc u isa

Tun cessu cynepknacc/nodknacc (superclass/subclass relationship type) — 370 TN CBA3WM Mexay TUMOM
CYLLIHOCTW CynepKnace ¥ ero TMnami CyLLHOCTe: Noaknace.

HekoTopble aBTOpbl AaHHbIA TUM CBA3M Ha3bIBAOT TUMOM CBSA3WM Knacc/nogknacc (class/subclass relationship
type) [Elmasri, Navathe, 2004, yactb IV, ¢. 87].

JlaHHbI TUN CBSA3M UMEEeT Takine 0COBEHHOCTH:

— OH sBnseTca (N +1)-apHum TUNOM CBA3W (TO €CTb 3TO TUM CBSA3W MEXZY OOHWM TWUMOM CYLLHOCTW
CyMepKnacc v ero N TUMamu CyLHOCTEN noaknacc), rae n > 1;

— mMOp NPOCTOA KapAMHANMbHOCTM BCEX TWMOB CyLWHOCTEA MNogknacc B 3TOM  TWME  CBA3M
cynepknacc/nogknacc obsizatenbHoe (o TepmuHonorun pabotsl [Byit, CunbencTpyk, 2006] cteneHb
y4acTus Kaxgoro Tuna CyLLHOCTM NOAKIAace B TUNE CBA3M Cynepknacc/nogknace nonHas (mantandory)).

Tun ces3u isa (isa relationship type) — 310 TN CBA3M Cynepknacc/noaknacce MexXay TUNOM CyLLHOCTU Cynepknace
W €ro TUMOM CYLLHOCTW noaknacc.

JlaHHbI TUN CBSA3M UMEET Takue 0COOEHHOCTY:
—  OH ABNSieTCS OMHAPHbBIM TUMOM CBSA3M ,0AMH K ogHOMY” (1:1);
— MOp NPOCTON KapAMHANBHOCTY TUMa CYLLHOCTW NOAKNAcC B 3TOM TUNe CBA3W 0Bsi3aTenbHoe.
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Cnepys pabote [byn, CunbeicTpyk, 2006], GWHapHbIA TUN CBS3W YTOYHAETCS NOCPEACTBOM OMHApHOMO
OTHOLLEHNS, NpuyeM BuHapHBIN TUN CBA3KM ByaeT BuAA ,04MH K OQHOMY”, KOrAa COOTBETCTBYHOLLEE OTHOLIEHWE U
0bpaTHOe K HEMY OTHOLLEHUE (hyHKLMOHANbHOE. TWM CBA3MN iSa MOXHO YTOYHUTb NOCPEACTBOM TOXAECTBEHHOTO
OTHOLUEHWS, B JaHHOM Cllyuae Bufa Ag, = {<e,e>ecE } (amaroHanb Ha MHoxecTBe E;). TpusmansHo,

YTO TOXAECTBEHHOE OTHOLIEHWE M 0BpaTHOE K HEMY (KOTOpOe COBMaAaeT C MCXOAHBIM OTHOLLEHWEM) SBMAKOTCS
(OYHKUMOHAMNbHBIMM, TO €CTb TUN CBSA3M isa — 3TO AECTBUTENBHO OUHAPHBIA TN CBS3W ,00MH K OAHOMY”.

OTMETUM, YTO B JOCTYMHON PYCCKOSI3bIYHOM NUTEPATYPE HET YETKO OYEPYEHHBIX AaHHbIX TUNOB CBSA3eN [[apcua-
MonuHa, YnbmaH, Yugom, 2004; Heunt, 1998; Konnonnu, Berr, CtpavaH, 2003; Kpénke, 2003], npuyem B
[KonHonnm, Berr, CtpayaH, 2003] ynotpebnsietcs TEPMUH ,TUN CBA3W Cynepknacc/noaknace” Ans Tuna Cessm isa.

BbiBOAbI

Tunbl CYLLHOCTEI Cynepkace 1 Noaknace LenecoobpasHo BBOAUTL B MOAENb ,CYLLHOCTb-CBSI3b:

— BO-NEpPBbIX, OHW NO3BONAKT HE ONUCLIBATb HECKOITbKO pa3 aHanorMyHble CYLIHOCTH, 6narop,ap$| yemy
9KOHOMUTCA BPEMA NPOEKTUPOBLUMKAE, @ AnarpamMmmbl CyLLlHOCTeVI 1 cBA3en cTaHOBATCA Bonee y,El06HbIMI/1
Ana BOCNPUATUA,

— BO-BTOPbIX, OHW NO3BONSIHOT BBOAUTb B MOAEMNb 3HAYMTENbHbIA 0OBEM CEMAHTMYECKON WHGOPMaLUMK B
copme, npremnemMon ansa nonb3oBaTenen Mogenwu.
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«MHOXECTBA U PACCTOAHUA COOTBETCTBUA»
B 3AAAYAX KINACTEPU3ALUW: TUNEPMNNOCKOCTH

Hukonan Kupuyenko, Bnagumup [loHueHko

AHHOmauyus: Paccmampusatomes obujue npobremsi knacmepusayuu. [pednoxeHa KOHUENUUsT «MHOXECme»
U «paccmosHull coomgemcmeusiy 8 NOCMPOEHUU Kacmepos, paccMompeHbl MOOenu Knacmepusayuu, 8
KOMOPbIX «MHOXecmeaMu coomeemcmeusi» SI8NISOMCS 2Unepniiockocmu, a «paccmosIHUSIMU COOM8emcmeusi»
— pa3fu4HbIe 8apuaHmbl paccmMosHUL 8 C8s3U C coomeememeyrwuMu 2unepniiockocmamu. Pasgum annapam
ncesdoobpauwjeHus no Mypy — [leHpoy3y: npueedeHbl pPeKyppeHmHbie opMynbl 8O3MyweHUs Ons
0pMO20HanbHbIX NPOeKMopos U R-onepamopos, cesisaHHbIX ¢ ncesdoobpalyeHueM. PekyppeHmHbie ¢hopmyrbl
803MyLEHUS UCNo/b308aHbi 0719 NOCMPoeHUs aneebpauyeckoeo sapuaHma Jack Knife'a. [pusedeHa cbopka
8aXHbIX 0N NPUNOXEHUL pe3yrbmamos, Kacaouwuxcs ncesdoobpalleHus.

Knrouesnie cnosa: knacmepusayusi, knacmepusayusi no aunepnmockocmsam, ncesdoobpaweHue no Mypy -
Merpoysy, cuHeynspHoe npedcmasneHue (SVD), opmoeoHarbHble npoekmopsl, ncesdoobpauieHue Ons
803MYyWEHHbIX Mampuu, npeobpasosaHue Xoka.

ACM Classification Keywords: G.3 Probability and statistics, G.1.6. Numerical analysis: Optimization; G.2.m.
Discrete mathematics: miscellaneous.

Conference: The paper is selected from XIVt International Conference "Knowledge-Dialogue-Solution" KDS 2008, Varna,
Bulgaria, June-July 2008

Bctynnenue

Cratbsa nocesiLeHa anrebpanyeckum acnektam 3agaqu knactepusauuv (cM., Hanpumep, [Kohonen, 2001]) kak
3ajauvm rpynnupoBaHusa WHgopmauun. B ganbHenwem Bypet obeyxaaTtbcs BONPOC 0 pas3bueHun nMetowmxes
9NEMEHTOB Ha [iBa Knacca C TeM, YTo NpoLeaypy Takoro pa3brueHns MOXHO 3anyckaTb PeKypeHTHO.

BaxHbIM, kak NpeacTaBnsieTcsi aBTopaM, BO BCeX METOAAX KracTepusauun sBNSeTCs NpeAcTaBrneHue o
«MHOXECTBaX COOTBETCTBUSI» W «PACCTOSHUSIX COOTBETCTBUSY. TUMMYHBIM NPELCTABUTENEM NEPBbIX SBASIOTCS
npoToTUNbI-NpeacTaBuTenn (prototypes) knaccoB B MeToae K-CpegHux. YTo Kacaetcs  «pacCTOsHMIA
COOTBETCTBMS», TO, 3TO Mepbl COOTBETCTBUSI «MHOXECTBAM COOTBETCTBUS», B COOTBETCTBUM C KOTOPbIMU
3MIEMEHT OTHOCST K TOMY UMW MHOMY Kraccy: Kak NpaBuio, — N0 MUHUMATbHOMY 3HAYEHMIO «paccTosHUS». Kak
NpaBuno, TaKUMM PACCTOSIHUSMWA COOTBETCTBUS SBMAKTCH, E€BKMWAOBbI PACCTOSHUS B COOTBETCTBYHOLNX
MPOCTPAHCTBAX NMPU3HAKOB.

3ameTuM TaKxe, 4To MpoLieaypbl Knactepusauun NoCTPOeHbl Ha MPUMEHEHUU  CTaHOApPTHON PEeKYpPPEHTHOM
npoLeaypsl: nocnegoBaTensHoro obbeanHeHuns (merging), pasduenns (splitting) unu yTouHsoLWmMX apyr apyra
pasbueHui.

PasgenstoT Takke npoueaypbl knactepusaumm ¢ yuutenem (obydveHne ¢ yuutenem — supervised learning) u —
6e3 yuntens (unsupervised learning). B nepeom cnyyae umetowmecs aNeMeHTbI yKe pasgeneHbl Ha Knacchl, BO
BTOPOM — CneayeT BblAenuTb KNacchl Ha OCHOBE aHanM3a BHYTPEHHEN CTPYKTYpbl COBOKynHocTU X(1),...,x(n)

BEKTOPOB W3 NPOCTPaHCTBa npuaHakos R

B 3apavax knactepusauuv cnegyet Takke BblAENsATb dTan 0byyeHus: NOCTPOEHUS COOTBETCTBYHOLMX KNAcCOB-
knacTepoB (3Tan 00y4eHus), U 3Tan WCMONb30BaHUSI MOCTPOEHHOTO Pa3bUEHWS: OTHECEHWS! KAXOOr0 HOBOTO
BEKTOpa NPU3HAKOB K OOHOMY M3 MOCTPOEHHbIX KNAcCoB.

B npeunaraemoﬂ BHUMAHWIO YUTaTENHO pa60Te peyb uoét 06 ucnonb3oBaHumn FVII'IepI'IJ'IOCKOCTeVI B KayectBe
«MHOXECTB COOTBETCTBUA», O «PaCCTOAHUAX COOTBETCTBUA», MOCTPOEHHbIM B CBA3WM C rMNepnyiockoCcTaMn, a
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Takke 00 obecneyeHnn pekyppeHTHOCT NPUMEHEHNS npoLeaypbl 06y4eHns 6e3 yunTens; O CornacoBaHHOCTM
obyyeHust ¢ yuutenem n 6e3 Hero; 06 annapate ncespoobpaieHus no Mypy — [enpoysy ([Moore,1920],
[Penrose,1955]); 0 BaxHOM MPOABIKEHUM W paCLUMPEHMM BO3MOXHOCTEN annaparta ncesaoobpalyeHus: o
Teopuun BO3MYLLEHNS nceBaoobpatHbix MaTpuy ([KupuyeHko, 1997]), a Takke — 0 €€ COBEPLIEHCTBOBAHUM U
NPMMEHEHUN B 3afavax Knactepusauumn (cMm. Takke [Kupuuenko, [oHueHko, 2007 a),b)]). 3ameTum, 4TO BaxHble
NpUMepbl MPUMEHEHUs  Teopun nceBaoobpalleHns K WCCredoBaHUo Kaccuyeckux NpuKnagHbIX 3adad,
OTNMYHBIX OT 3afau Knactepusauun, MOXHO HailTu B pabotax [KupuueHko, Jlenexa, 2002], [KupuueHko,
[oHyeHko, 2005] .

3ameTnM Takxe, YTO BaXHbIMI BEXaMi B pa3BUTUM annapaTa nceoobpalleHns), B 4acTHOCTH, B obecneyeHnn
3(h(EKTUBHOCTM MOCTPOEHUST COOTBETCTBYIOLUMX PEKYPPEHTHBIX MPOLEAYP W BbIYUCHEHMS  PacCTOsHUIA
COOTBETCTBUS B HUX, — ABNSOTCA: npsmble [Anbept, 1977] n obpatHble [KupnyeHko, 1997] chopmynbl 'pesuns;
thopmynbl  ncespoobpalyeHus Ans 3ameHbl CTpoku unm ctonbua matpuupl [Kupuuenko, Jlenexa, 2002,],
[KnpunyeHko, [JoHueHko, 2005]; Takke dopmynbl BO3MYLLeHUs ana Z - u R-onepatopos [KupuyeHko, [JoHYEHKO.,
2007 b)]. OtmeTeMm TaKkxe, 4TO 3adaya Knactepusauum Mo runepniockoCTAM, NOPOXAEHHLIM NPOCTPaHCTBAMM
3HAYEHWN NOAXOASALMX adWHHHBIX OMepaTopoB, Kak BapuaHT NpUMeHeHWs npeobpasoBaHus  Xoka,
paccmatpuanach B pabote [Donchenko, 2003].

B nepBoit yactv npeanaraemoit paboTbl NPUBOAUTCS NMOAOOPKa Pe3ynbTaToB, BaXHbIX B TEXHWUKE NPUMEHEHUS
annapara ncesgoobpalleHus.

Bo BTOpOit YacTu paccMmaTpuBaeTcsi COBCTBEHHO 3ajaya knacTepusaluu: paccMaTpuBalOTCs NOAXOAsLMe
rMNEpnrocKOCTY B KAYECTBE «MHOXECTB COOTBETCTBUAY, CTPOSATCS MOAXOAALIME «PACCTOSHUA COOTBETCTBUS» B
CBSI3W C BBEOEHHbIMM B PacCMOTPEHMe TUMEPMocKOCTSMM, paccMaTpuBatoTcs npobrema obecneyeHus
PEKYPPEHTHOCTM B BbIYMCIIEHMIN «PACCTOSIHWI COOTBETCTBUSY Kak BHYTPU PEKYPPEHTHOTO Wara, Tak U Mexay
Pa3HbIMM LLAramu.

OtmeTum, yTO annapat nceBgoobpalleHns NO3BOMSET BbIMUCHIBATL SABHbIE DOPMYIb, KaK ANs «pacCTOSHUIA
COOTBETCTBUS», TaK U SIBHO OMUCbIBATb «MHOXECTBA COOTBETCTBUS» B TEPMUHAX CMELLEHUS U SBHOTO ONMUCAHMUS
OPTOrOHarbHbIX MPOEKTOPOB  COOTBETCTBYIOLUMX JIMHEMHbIX NOAMNPOCTPAHCTB (CP. C  BbIYMCIUTENbHLIMU
npoueaypamu [Vapnik,1998] ona craTucTMYeCKUX BapUaHTOB KnacTepusauuu Ha OCHOBE KOBapWaLMOHHbLIX).
BbluncnutenbHble anroputMbl AN PAacCTOSHWA OT TMNEPMIOCKOCTEN WCMOMb30Banuch, K NpUMepy, Takke B
pabote [Haykin,1999].

MocTtaHoBKa 3agaum

CobcTBEHHO, MCMOMb30BaHKe MMNEPMIOCKOCTEN Kak annapata pelueHns 3agad rpynnupoBaHus MHGopMaumn B
CTaTUCTUYECKOW MOCTAHOBKE, BOCXOOMT K METOAY rnaBHbIX KOMMOHEHT: [Pearson , 1901] (apyrve HaseaHus
metog XértennuHra (Hotelling), meton KapyHeHa-flosBa (Karhunen-Loeve)) n WMeeT B OCHOBE MAEH TaKOro
OPTOroHanbHOro npeobpasoBaHus WMetowerocs Habopa CnyvanHbIX BENW4YMH, KOTOpoe Obl  MpUBOAWNO
MaTpuly KoBapuauuin K rnaBHbIM ocam. Eweé pas obpatum BHWMaHWe uuTaTens Ha cneuudguyecku
CTaTUCTUYECKU BapuMaHT MOCTAHOBKW U MPUMEHEHUs MeTofa KnacTepusauuum B BuAE MeTOAa rNaBHbIX
KOMMOHEHT, CBSA3aHHbIA C aHanM30M EeCTECTBEHHOT0 MaTpuyHOro o6bekTa, KakoBbIM SBMSETCS Martpuua
KoBapuauuii, W NMPUMEHEHUIO Knaccuyeckoro pesynbtata Cunbsectpa [Sylvester, 1889]. MNMcesnoobpalyerne
NO3BONSET aHaNM3NpoBaTb MaTPULbl MPOU3BONBHON Pa3MEPHOCTH, a He 0Bs3aTenbHO KBagpaTHble; N03BonseT
3(h(EKTUBHO CTPOUTL OPTOrOHamnbHble MPOEKTOPbl, OTBEYAlOLME «ECTECTBEHHbIM MOAMPOCTPAaHCTBAMY
NMHEHOrO onepaTopa: MOAMPOCTPAHCTBY 3HAYEHWA U SApY OnepaTopa;  OnUChIBATb  MNEPMIIOCKOCTMH,
OTBEYalLLMEe BCEM PELUEHUAM  CUCTEMbI NMHENHbIX anrebpanyeckux ypasHeHui (CI1AY), a Takke onucbiBaTh
Heobxogumble W [JOCTATOYHbIE YCNOBWS CYLLECTBOBAHWUS TaKMX PELIEHWA:  OMUCHIBATb  «HaWUMyuLwue»
npubnuxeHHble peleHus (ncesgopeleHus) CIAY; SBHO OMUCbIBaTb HEBSA3KY COOTBETCTBYHOLLErO
NpUONMKeHus.
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B nocrenyiowem 6ygem paccmatpuBaTh 3ajadvy knactepusauum B oByyeHun 6es  yuutens ans
[UXOTOMMYECKOrO  BapuaHTa NOCTAHOBKA 3afaun: Ans pa3dueHus umetowlencs coBokynHoctn X(1),...,x(n)
BEKTOPOB:M3 NPOCTpaHCcTBa npuaHakoB R™ Ha fiBe YacTi. B kauecTBe MHOXECTB COOTBETCTBUS NS KaXOOro 13
KnaccoB-knactepos  bGygoyT  paccmaTpuBathes [Be  TUNepnsiocKoCcTu T'(k)SR" k=12:
I'(k)=x;+L, €R" k=12, x - 6yaeM Ha3biBaTb CMeLLEHNe r1nepnnockocTy, . L —NoanpocTpaHCTBOM
runepnmnockocTy. Takum 0bpa3oM, peLleHre 3aaadum KnactepusaLmy B Takoil NOCTaHoBKe BKIlOYaeT B cebs

® [IOCTPOEHME «MHOXECTB COOTBETCTBUA» B BUAE FI/II'Iepl'IJ'IOCKOCTeVIZ onucaHne ux CMeLI.leHVII7I n
COOTBETCTBYHOLLMX NOANPOCTPAHCTB;

e ONUCaHME «PAcCTOSHWIA COOTBETCTBUSY;
e pasbueHune BekTopoB X(7),...,x(n) obyyatowlen BbIGOPKM HA ABE YaCTW B COOTBETCTBUM C MUHUMYMOM
«pPacCTOsHNS COOTBETCTBUSA» Ha AABE YaCTy:

X(I'1),...,X(X(in1 )e (1), X0'1),...,X(X(['n2 )el(2):
{i1,...,in1 }U 01,...,],,2 } = {1,2,...,”} , n1 + n2 =n,;
e [IOCTPOEHME peLlalollero npasuna, B COOTBETCTBUM C KOTOPbIM cneayet OTHOCUTb 06beKT, He

NpeacTaBNeHHbIA B BbIOOPKe, K OAHOMY U3 ABYX KIACCOB.
EcTecTBeHHbIM 119 PEKYPPEHTHON MNpouedypbl NOCTPOEHUS KNAcCOB-KNAcTepPoB SBMSETCS MOMyYeHue |
NCMONb30BaHNe pesynbTaTos, 06eCNeYNBaAIOLLNX PEKYPPEHTHOCTD.
3ameTum, 4TO BapMaHTOM YKa3aHHOM 3adayy KracTepusauuu SIBMSETCA TakoW, B KOTOPOM AOMOMHMTENbHO
(huKeupyeTcs obLyas pasMepHoCTb S: s<m- runepnnockoctent (k) =x, + L, ,k=12.

HanomHMM, 4TO  «rMNepnocKkoCT COOTBETCTBUSY NOANEXAT ONpeeneHnto Ha OCHOBE BHYTPEHHEN CTPYKTYpbI
nmetoLerocs Habopa BektopoB Xx(1),...,x(n).

BcnomoratenbHble onpeaeneHnAa u yreepxaeHus

MceBpooGpalenne n cunrynsaptoe (SVD -) npeactaBnenme. MNcesnoobpallenne — ob6osHavaetcs A — no
Mypy - MeHpoy3ay ([[Moore,1920], Penrose,1955], cm. Takke [Anbept, 1977]) ans mxn matpuubl A MoxeT
ONpeaensTbCa OAHUM U3 HECKOMbKUX SKBMBANEHTHbIX CMOCOBOB, Cpean KOTOPbIX OTMETUM OnpefeneHne Yyepes
CUHrynspHoe npeactaeneHve Mmatpuy (SVD-pasnoxeHue), korda ncespoobpalleHne  onpegensieTcs
COOTHOLLIEHNEM:

B
A =2y a7 (1)
i=1
KoTopoe onpepenseTcs anemeHTamu SVD-npeacTaBneHns UCXO[HOM MaTpuLb!:
r
A= yxl Ay (2)
i=1

B KOTOPOM: /1? > /15 > () — 0BLuMit HaBop HeHyneBbIX cOBCTBEHHbIX Yncen Matpuy AA”, AT 4, yi,i=1rn

X;,i= 1,r, COOTBETCTBEHHO, — OPTOHOPMUPOBAHHbIE HAaBOPbI COBCTBEHHBIX BEKTOPOB STUX MaTpuLl, a r = rank
A= rank AT,

Yalle BCEro CUHIyNspHOE pasfoxeHue Matpuupl A MNpeacTaBnseTcs B BuUge, ONpedensieMoM chneaytoLlen
neMMON.

Nemma 1. [Ons nwboit mxn wmatpuupl A paHra rcywecmByT Y —-mxr U X -—-rxn C
OPTOHOPMWPOBAHHbIMKA  CTONBLUAaMM W CTPOKaMM COOTBETCTBEHHO, a TaKke [AMaroHanbHas MaTtpuua
A=diag(;,... A, ),A; 2...2 A, > 0 TaKue, 410
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A=YAX. 3)

MpenctaeneHne (2) ABNSIETCS SKBMBANEHTHBIM BapuaHTOM npeactaeneHust (3), ecnm uvepes x,,i=1,_r

—_

00o3HauuTb  cTONGUbI  (OPTOHOPMMPOBAHHLIE)  MaTpuubl X, a  4epes y,-T Ji=1r— CTpOKN
(opTOHOPMMPOBaHHbIE) MaTpULbl Y . B Takux 0603HauYeHNsIx cnpaBeanuBa cneaytowas nemva.

Nemma 2.MpoussepeHne YAX matpuy B (3) MoxeT ObiTb NpeacTaBneHo yepes «crtonbuosoe» ana Y u
«CTPOYHOE» AN X npeAcTaBreHne MoxXeT ObiTb NPEACTaBIEHO € B BUAE

XAY =2, yx! A, .
i=1

CobCTBEHHO, yka3aHHOe HECTIOXHOE YTBEPXAEHWE BbITEKAeT U3 TOro, YTo npousseaeHne BC ABYX MaTpUL cO
«CTONBLOBLIMY NPEAOCTABNEHNEM ANS NEPBOWA 1 «CTPOYHBIM» NPEACTaBMNEHNEM ANs BTOPOIA::

B=(b(1), b(2), ... b(p)), C=(c(1), ¢(2), ..., e(p))] (4)

JonyckaeT npefcTaBneHue B B1ae
p

BC=(b(1), b(2), ..., b(p)Ne(1), ¢(2), ... o(p)) =X b(i)f; (5)
i=1

B panbHeliwem npeactaenenue (4) Gyget mcnonb3oBatbes M Ansg apyrux matpud. Mpu 3tom 0603HaveHne
obo3HaueHuss b(i), c(T,- ) i=1,p, ByayT ucnonb3oBaTbCcs ANs 0B03HAYEHUs COOTBETCTBEHHO CTPOK M

cTon6LoB HEOOXOOUMBIX MATPUL,
OcHoBHble OpTOroHanbHble NPOEKTOPbI: P-npoekTopbl, Z-npoekTopbl. lceBaoobpalleHne no3sonseTr B
SBHOM BUMZe BbINWCATb Mapy OPTOroHanbHbIX npoektopos (OM), — o6osHauum ux P(A),P(A” ), v Gynem

HasbiBaTb  P- npoektopamu, -— Ha noanpocTpaHcTBa L(AT ),L( A)3HayeHnn  onepaTopoB

AT A cootsetcTeenHo: P(A)= AT A, P(AT )= AT AT = A4*. OpToroHanbHble MPOEKTOPL, KOTOpbie
Gynem obosHavatb Z(A),Z( A’ ) W HaswiBaTh Z- NpOEKTOpaMM — OMPEAenAM  COOTHOLLEHUAMM:

Z(A)=E, —P(A),Z(AT) =K, —P(AT)COOTBeTCTBeHHO. OueBnaHbIM  06pas3oM, Z- NpOEKTOpbI

SBNAKTCA  OPTOTOHANbHbIMWA  MPOEKTOpaMM  Ha  MOANPOCTPaHCTBA Ljf, /., OpTOrOHambHble K

nognpoctpaHcTBam L AT ), L(A) COOTBETCTBEHHO. 3aMeTuMm, 4To LLAT =Kerd, L = Kerd™ .

COOTBETCTBEHHO, Z(A),Z(AT )SBNAOTCA  OPTOrOHamnbHbIMKM  NPOEKTOpaMM  Ha  MOANPOCTPaHCTBA

Hyneit Kerd, KerA” onepatopo A4, A’ cooTBeTCTBEHHO.

3ameyaHue 1. ObBpaTum BHUMaHWE TaKke Ha TO, YTO Kaxgoe W3 NOANpPOCTPaHCTB L( A ), L( AT ) ABnsetca
NIMHENHO 060MO0YKON COOTBETCTBEHHO BEKTOPOB-CTONBLIOB 1 BEKTOPOB-CTPOK MaTpuLbl A .

R-onepatopbl. BaxHbIM B CBSA3M C ONpeseneHneM pacCTOSHUM COOTBETCTBUSA U PEKYPPEHTHbIMU (hopMyiamm
ncesaoobpalleHus: opmynami noO3BONAIOWMMI 3anNMCbiBaTb COOTBETCTBYIOLWMA onepaTop npu AobaBneHun
WK BbIYEPKMBAHMM CTPOKM MAM cTONBLA MaTpuLbl, — SBMAKOTCA Takke onepatopbl, KOTopble ByAemM HasbiBaTh
R - onepatopbl. Mx bygem onpegensitb COOTHOLIEHUAMM:

R(A)=AAT" R(AT)= AT A"

BaxHyto ponb B peanusauun annapaTta nceBpoobpalleHns B MpUKNagHblX 3agadax WrpatoT npsimbie (CM.,
Hanpumep, [AnbepT, 1977]) u obpatHble [Kupnyenko 1997] dopmynel Mpesuns(Greville), a Takke opmynbl
BO3MyLLeHus nceBpoobpallenus [Kupuyenko, 1997]. 1 B ToM 1 B Apyrom cryyae peub MAET O chopmynax,
cBsi3bIBalOWMX ncesaoobpalleHme npeobpa3oBaHHOM MaTpuubl C nceBaoobpalleHnem ucxogHon. B nepeom

cnyyae (NpsiMbIx unn obpaTHbix opmynax [pesuns) peyb MAET 0 NpeobpasoBaHUK MaTPULbI BBEAEHWUEM WIK
BbIYEPKMBAHINEM AOMOMHUTENBHOTO CTPOKW Ui ctonbua. Bo BTopom — 0 npeobpasoBaHuy UCXOLHOM MaTpuLb
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anAnTMBHON fo6aBkoit ab’ . Takum 06pasom, B hopmynax ncesaooGpaLLeHms Ash BOMYLLEHHBIX MATPUL| pedb

MAET 0 BbIPaXEHWM NICeBAO0GPALLIEHNA BO3MYLLEHHON MaTPULb! ( A+ab’ )" yepes A,A",a,b.

Mpsmble 1 obpaTHble hopmynbl [peBuns NpuBeaeHs! Hke. opMynbl BO3MYLLEHNS NCEBLOOOPALLEHNS MOXHO
HaNTW B yxe uuTMpoBaHHon pabote [KupnueHko 1997]. Huxe npuBeeHbl NOMyyYeHHbIE HAa UX OCHOBE POpPMYIbl
BO3MYyLLEHUs Ans Z- u R-onepaTopos.

3ameTum, 4TO KOMOMHALMS npsAMbIX W 0BpaTHbIX opmyn [peBuns no3BoNsSeT MONYYUTb  POPMYIbI
nceeaoobpalleHns Npy 3ameHe CTPOKM unn ctonbua uexogHon matpuubl. COOTBETCTBYHOLME NpeacTaBleHUs
MOXHO HauTh B pabotax [Kupuuenko, Jlenexa, 2002], [KupuueHko, [oHueHko, 2005]. Tam e npuBegeHsl
copmynel, onpeaensiowme Bug, Z - U R - onepatopoB npu 3ameHe CTPOKW Wnm ctonbua matpuubl, Ans
KOTOPOW OHW paccMaTpUBaIOTCA.

Mpameie chopmynei Mpeuns (Greville).

HanomHum, 4To npsiMble hopmynbl ['peBuns — 310 hOpMyIbl, ONpeaensitoLme Big NceBaoodpalleHun MaTpuLbl
Npu €€ JONOMHEeHUU CTPOKoM unu cTonbuyoM. OHM ONpeaenstoTcs COOTHOLIEHUSMI, B KOTOPbIX MCMOMb3yeTCs
BroyHoe npefcTaBneHne ncesaoobpalleHns pacluMpeHHoN MaTpuLbl: Yepes P —m xn - Matpuuy u, g -nx 1 -

BEKTOP [/151 pacLUMpeHUs MaTpuLbl CTPOKOI

E;j =(P:q) (6)

nyepes Q —nxm-Matpuly u,q -mx 1 - BEKTOp

(4ia)’ {QTJ (7)

q
npn AonoJIHEHNN MaTpuLbl CTOJ'I6U|0M.

3ameyaHue 2. OBpaTum BHUMaHWe uyuTaTens, YTo BekTop a B (6) 1 (7) MMEeT pasHble pasMEepHOCTY:
Pa3MepHOCTb 72 x / B NEPBOM M — m < I BO BTOPOM.

Teopema 1.(npsmble dopmynbl Greville— gononHeHue cTpokoi). B npeacTasnexnm (6)
P=(E—-qa")4"
Z(Aya
—————.,a" Z(A)a > 0(ue3.
a'Z(A)a (d)a>0es) : ®)
R(A)a

S T —
TR Z(A)a = 0(3az.)

Teopema 2(npsmble dopmynbl Greville— gononHeHue ctonbuom) B npeactasneHum (7)
Q==A"(E~aq")

Z(AT)a T T
. —aTZ(AT)a’a Z(A )a>0(ue3.) | @)
R(AT)a T TN
To T ROAT TR )a ,a Z(A )a=0(3aB.)

3ameyaHue 3. Bug Bektopa ¢ B npambix opmynax peBuns onpefensietcs NMHENHON 3aBUCUMMOCTbIO

BBOAVMOTO BEKTOPa @’ WM @ OT, COOTBETCTBEHHO, CTPOK MMM CTOMBLOB MaTpuupl A. JuHeitHas
He3aBNUCUMOCTb 00ECneYMBaeTCs HyneBbIM 3Ha4YEHNEM KBaAPaTUYHOK hOpMbI (C COOTBETCTBYHOLLEN MaTPULIEN -
Z-0nepaTopoM) Ha BEKTOPE « .

O6patHble copmynbl peBunA. Kak u B npsiMbix opmynax [peBunsi, BUL BbIPaXeHWI, CBA3bIBAOLLMX
nceefoobpallieHns UCXoAHoW W npeoBpasoBaHHOM  MaTpuubl, BbINUCHIBAETCS B pamkax 6ro4Horo
npeactasnennem (6) v (7), U Tak e — OnpeaenseTcs NUHEMHON 3aBUCUMOCTLIO MMM HE3aBUCUMOCTbLIO
BbIYEPKMBAEMON CTPOKW MnM cTonbua: COXpaHeHWeMm WnW nafeHueM paHra npeobpa3oBaHHOM MaTpuLibl.
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M3meHseTcst TONbKo B/ COOTBETCTBYHOLLEro yCnoBuA. Tenepb yCrnoBMEM HEe3aBUCUMOCTU ABNAETCA yCnoBue
T
aqg=1.

Teopema 3. (0bpatHble hopmynbl [peBuns — BbIYEPKMBAHKWE CTPOKK) B 0603HaueHusx (6) umeeT mecTo
COOTHOLLEHME

T

[In - qu|2 Jp,aTq =1,(ue3.), paHr majaer
q

A" = . (10)

T
[ln - JILTJ P,a" g <1(3aB.), paHr coxpaHseTcs

Teopema 4. (0bpatHble chopmynbl [peBuns — BbluEpKMBaHWe cTonbua) B 0603HaveHusx (7) umeeT mMecTo
COOTHOLLIEHME

T
Q[lm - quqnz J,arq =1,(ne3.), PaHr nmagaer
A" =

T
Q[Im 7 49 - j,aTq <1(3aB.), paHr coxpaHsercs

Teopema 5 ((hopmyribl Bo3MyLLeHst Ansi Z- 1 R- onepatopos). Mpu BO3MYLLEHNN MaTpuLbl A MaTpuLei a x b’
Z- n R- onepatopbl ANt BO3MYLLEHHOW MaTpULbl ONpeaenseTcs Creayowmmm COOTHOWEHUAMM, BUS KOTOPbIX
onpedenseTcs NUHENHON 3aBUCUMOCTBIO MMM HE3ABMCUMOCTbLIO BEKTOPOB - COCTABMSOLLMX BO3MYLLEHUS OT
COOTBETCTBYHLLMX COCTABMNSIOLMX MATPULbl A, @ Takxke OT TOro, COXPaHSeTCA Unu nagaeT paHr BO3MYLLEHHON
MaTpuLbl:

1) [Ins BEKTOPOB a W b” NUHEIHO He 3aBUCUMBIX OT, COOTBETCTBEHHO, CTON6LOB 1 CTPOK MaTpuLbl A, T.e. Mpy

BbINOMHEHMM yenosuit @' Z(AT Ja>0,b7 Z(A)b> 0, cripaBeanvBbl CrieayHoLMe COOTHOLLEHNS

T
Z(A+abT)=Z(A)+w.
b7 Z( 4)b
T T T
Z(A+ab J1)=Z( AT +ba” )= Z( AT )+ (A 209 2(A),
a Z(A" )a

bb'Z(A)  Z(A)bbT
b'Z(A)b  bTZ(A)b

R(A+ab’ )=R(A)-R(A) R(A) cA*ab’Z(A) cZ(A)ba A* +

T 2
A+ TA+ T T T T 4+
Alaa LB R(A)ba"Z( 4 )a+(]+b A a) ZeABTZ(A),
a'Z(A )a T 70 4T 1ol T ’
a'z(4 )a[b Z(A)b]
. 1+b"A"a
a’Z(AT )ab"Z(A)b

2) [Ans BeKTOpa a NWHEIHO 3aBMCMMOrO OT CTONBLOB MaTpuLbl A, a BEKTOpa b — NMHENHO He 3aBMCUMOrO OT
CTPOK MaTpuubl Takum 0bpasom, YTo, — Ans YNPOLEHNs NpeacTaBneHns pesynbtata, — b1 L T.€. NpU

roe

AT [}
BbINONHEHN yeriosuit a” Z( AT Ja = 0,bT Z( A)b =|| b||?, cnpaBeanvBbI COOTHOLLEHNS:
T

ko ik T
Z(A+abT):Z(A)+ 4ab A,a,Zb bb .
1K gapl [|b]]
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roe: kyop=A"a

o1
Z((A+ab" )T )=7(A" +ba” ),

kT kkT
R(A+ab” )= (1,1 - ]R(A )(In - J .
k17 13ls

3) [lns BekTopoB a u b’ OHOBPEMEHHO JIMHEINHO 3aBUCUMbIX OT COOTBETCTBEHHO CTONOLIOB M CTPOK MaTpULibl
A, Npu yCnoBUM NafeHust paHra BO3MYLLEHHOM ManMubl:rank(A+abT) =rankA — 1, 7.e. PN BbINOMHEHWUN
yerosuit: a’ Z( AT )a=0,bTZ( A)b=0,b" ATa =- 1, cnpaBeanBbI CriEAYIOLLME COOTHOLLEHMS:
Ataa (4t)T
Z(A+ab" )=7Z(4)+ "L
(A+ab” )=Z2(4) A R(AT )a
(A" )T bbT A*

T\T\— T Ty-
Z((A+ab" )T )=Z(AT +ba’ )=Z(A)+ SRS

R(A+ab” )= A" (a,b)A* (a,b),
Ataa R(AT) R(A)bbTA++CA+abT 4 o bTR(A)A"a
a’R(AT)a  b'R(A)b " aTR(AT JabTR(A)b

4) [Inst BEKTOPOB @ M b’ OJHOBPEMEHHO MMHEHO 3aBUCMMBIX OT, COOTBETCTBEHHO, CTOMGLOB M CTPOK
MaTpuLbl A, HO NPX YCMOBUM HEN3MEHHOCTM paHra BO3MYLLEHHOM MaTPMLbI MO CPABHEHWIO C PaHroM A, T.e. npy
BbINOMHEHMU YCIIOBUIA

a’Z(A" )a=0b"Z(4)b=0,b" ATa*-1,
cnpaseannebl cnenyowime COOTHOLLEHNA:
Z(A+ab" )=Z(A4), Z((A+ab" )T )=7(4” +ba” )=z(A" ),

rne: A" (a,b)=A"

T
A*ab"R(4) R(A)ba” A* +bTR(A)b Araal 4T

R(A+ab" )=R(A)
1+b"4%a 1+b"4%a  1+b"4%a

OCHOBHbI€ 3N1EMEHTbI Knactepusauuu no runepnnocKoCcTam — MHOXeCTBa COOTBETCTBUA

Kak yXe ynoMuMHanocCb, NOCTPOEHWE «MHOXECTB COOTBETCTBMA» B BWOE rmnepnnocmcml?l npegnonaraet
KOHCTPYKTUBHOE ONnnUcaHne Ux CMeLLleHMVI 1 COOTBETCTBYHOLLMX NNHENHbIX NOANPOCTPaHCTB.

CmeLueHMe runepnnocKocTei.

CmelueHns npegnaraetcs OnpefenaTb Kak CPedHUe BEKTOPOB, MPUHAZANEXalMX K Kaxaoh W3 Yacten
pa3buenmns. MoXHO Takke BbIOpPaTb B KAYECTBE CMELLEHWUS OOMH U3 SNIEMEHTOB PasbueHus.

MoanpocTtpaHcTBa runepnnockocted. [lpu Hamuuuu CMELLEHWA NOANPOCTPAHCTBA  MUMEPNSIOCKOCTEN
ONpegensTcsa Kak MOAMPOCTPaHCTBA, HATAHYTble Ha LEHTPUPOBaHHble CMeLleHnem (npeobpasoBaHHble
BblYMTAHWEM ONPEAENEHHOr0 BEKTOpa) BEKTOPbl Kaxaon W3 uvacTeil pasdbueHus. B panbHemwewm 6yget
npeanonaratbCs, YTO LEHTPUPOBAHWE KaXaoW YacTu pas3bueHus Npou3BOaNUTCS COOTBETCTBYHOLLMMU CPESHUMM
xx,k=12.

KOHCTPYKTUBHOE OMMUCaHWe NOANPOCTPAHCTB, HATAHYTHIX HA KAKOY W3 LEHTPUPOBAHHBIX COBOKYMHOCTEM
BEKTOpPOB, 0DecrneynBaeTcs MOCTPOEHMEM ANA  KaXAOW W3 TMNEepriiockoCTM  MOAXOAAWeNn  maTpuubl
Ak = 1,2 1aK, 4tobbl NOANPOCTPAHCTBO - MHOXECTBO 3HAYEHWA L, .k = 1,2 Kaxpou U3 HWX coBnagano
NOANPOCTPAHCTBOM  COOTBETCTBYIOLIEN  TUNEPNNOCKOCTM, T.e. C  JIMHEMHOW 0BOMOYKOM  Kaxaon U3

LIEHTPUPOBAHHBIX FPYNN BEKTOPOB. B COOTBETCTBUM C 3aMeyaHueM 1 B KaYeCTBE Takux MaTpuL, MOXHO BblbpaTh
MaTpuUbl, CTONOLAMK KOTOPbIX SBMSOTCA LEHTPUPOBAHHbIE BEKTOPbl KaXOOA M3 yvacTeil pasbueHus
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COOTBETCTBEHHO. B 9TOM Cnyyae opToroHanbHbIMU MPOeKTopaMu P, Jk = 1,2 Ong KaXporo 13 noanpocTpaHCTB
rnepnnockocTen byayt P - NPOEKTOpbI Ans TPaHCNOHMPOBAHHbIX K COOTBETCTBYHOLLMM MaTpuLam:
_ T _
PLk =P(A; )k=12.
Takum obpasom, runepnnockoct 7,k = 1,2 onpefensiorcs napamu ( }k,Ak )k=12:

I =T(xk, 4 ) k=12 (11)

OCHOBHbI€ 3N1EeMEeHTbI Knactepusauuu no runepnnocKoCcTsamM — pacCToaHUA COOTBETCTBUA

B kayecTBe  «pacCTOSHWA  COOTBETCTBUS»  BEKTOPOB A0  KAXAOr0  «MHOXECTB  COOTBETCTBUS»
I, =T (xk, A, )k=12 npeanaraetcs paccMaTpuBaTb €BKNMZOBO  PacCTOSHUE — BEKTOPOB [o
runepnnockocteit 7, = I"(xk, Ay ),k = 1,2, KakoBbIMI 3TV «MHOXECTBA COOTBETCTBUS» sBNsOTCS. CpescTBa

ncesgoobpaLleHns NO3BONSIOT KOHCTPYKTMBHO OMWCaTb COOTBETCTBYIOLLME PACCTOSHNSA. Takoe KOHCTPYKTUBHOE
OnucaHWe BO3MOXHO W B TOM Cnyyae, korfa 3apaércs pasmepHocTb s: s < min(rankA, k=12) -

MOAMPOCTPAHCTB  UnepniockocTeil. GopMynbl, ONpefensiolle COOTBETCTBYIOLMNE PACCTOSHUS, SBRSHOTCS
NpeamMeToM CresytoLlen NemMmbl.

Nemma 1. Ans I, = ["(xk, A, ),k =1,2 paccrosHusi cootsetcTaust o x, 1} ),k = 1,2 NPOU3BONLHOIO

BeKTopa x € R™ [0 kaxaoi u3 [Byx runepnmockoctent 7,k = 1,2 onpesensiotcsi COOTHOLIEHNEM:

p(x, Iy )=(x= xx))" Z(U] (k))(x- xx)k=12, (12)

A = v (k)xl (k)A;(k) daci s id cadaia
Foe U (k)= S r=1.2.

Dovi(k)xI (k)A (k) dagis  ¢adaia
i=1

KHaCTepVI3aL|VIVI no runepninocKoCTsAM — OCHOBHbI€ LWaru anroputma

AnropuTMm Knactepusauuu Mo rMNepniockoCTsIM COCTOMT B MOCMELOBATENbHOM, —PEKYPPEHTHOM YTOYHEHWM
«MHOXECTB COOTBETCTBUSI», KaKOBbIMI SIBIIIOTCS MMNEPNOCKOCTU. Ha KaxaoM pekyppeHTHOM Luare NpouMCXOAUT
yTOYHeHMe Habopa 9NeMeHTOB,  MOPOXOAMLWMX  «MHOXECTBA  COOTBETCTBUSY,  MOCTPOEHME  nap

(xk,A, ),k =120TBEYaOLLNX YTOYHEHHOMY pa3bMeHuto, MOCNe YEero MPOWUCXOAUT HOBOE «YTOYHEHHe

p836V|eHI/IF|» 0T60p0M B KaXOYyl0 4acCTb p836MeHVIFI BEKTOPOB MCXOOHOro Ha6opa no MUHUMYyMY paCCTOFIHMIZ o
BHOBb MOCTPOEHHbIX FVII'IepI'IJ'IOCKOCTeVI. B O6LU|eM, anropntm COCTOUT B BbINONHEHNN CreayoLWKnX LWaros.

1. Ha nepsom Liare npon3BoamTCs pasbueHne Ha ABe COBOKYMHOCTY NPOU3BOMbHbIM 06pa3om.
2. Ha BTOpOM Luare 4ns Kaxaow 13 yacTeil pa3bueHns BEIMUCTISKOTCS:
e CMeweHns xi,k = 1,2, KaK CpeaHu1e No BEKTOpPaM KaxaoM U3 YacTen pasbueHus;

o MaTpuupl 4,k = 1,2, kKak MaTpuLibl, NOCTPOEHHBIE U3 LIEHTPUPOBAHHbIX COOTBETCTBYIOLLMMM CPEAHAMMU
BEKTOPOB KaXoii 13 rpynn kak U3 CTonbLoB.

3. Ha TpeTbeMm Luare NpOMCXOAMT «YTOYHEHUE» Pa3bUEHMS: BBLIYUCIAKOTCA  «PACCTOSIHUS COOTBETCTBUSY
KaxJoro u3 BeKTopoB X(1),...,X(n) KO KaXOoro U3 ABYX MOCTPOEHHbIX «MHOXECTB COOTBETCTBUA»: 10 KaX0N U3
JBYX TUMepniocKkocTeN, — W NPOUCXOANT OTHECEHME KaXoro n3 BeKTopoB X(71),...,x(n) k Toi YacTv pasbueHus,
K KOTOPOW OH OKa3arcs brvxe no «paccTosHUI0 COOTBETCTBUSAY (12). B pesynbTate nponcxoant hopmmpoBaHmne
HOBOTO, «YTOYHEHHOrO» pa3bueHuns BekTopoB X(1),...,x(n) Ha OBe yacTu.

4. Ha l-IeTBépTOM lwary npoucxoanT Bo3BpallieHne KO BTOPOMY Lary anroputMa.
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KnacTtepusauus no runepnnockoctam — moaudmrkaumua paccTosH1in

PaccTosHust 4o rMnepniockocTern B nemme 1 onpegensioTca 3Ha4YeHUs MU KBagpaTUYHbIX hopM ¢ MaTpuLamm
S
T
2yi(k)xi (k)k=12
i=1
Wx MOXHO paccmatpuBaTb Kak B3BELIEHHOe cpeaHee matpuy y;(k )xiT (k)i=1rk=12 c Becamu

1/s,i<s

0i=s+1r

1i<s
w; = . , COOTBETCTBEHHO, B HOPMUPOBAHHOM BapunaHTe w; =
0,i=s+1r

PaccMOTpeHue B3BELLEHHbIX BapuaHTa CyMM W3 yi(k)xf(k),izﬁ,kzl,Z C HOPMUPOBAHHLIMW BecaMu

/1,-2 (k), i=1r, k=12 paér cnepyloLmi BapaHT pacCTosHUA o, A0 «MHOXECTB COOTBETCTBUs. OHN ANst
3TOr0 Cy4as onpeenstoTcs COOTHOLLEHNEM:
1

= (x— xx)TR(A )(x-xx)k=12. 13
WR(AkT(k)Ak)(x xk )" R(A; )(x-xk) (13)

Pr(x1})
/cnonb3oBaHMe B KauyecTBE «PacCTOSHWM COOTBETCTBUS» PACCTOSHUIA, OnpefensieMblX COOTHoweHnem (13)
NPUBOAMT K O4EBUOHOMY U3MEHEHMIO anropuTMa KnacTepusaLmnm: B HEM «yTOYHEHWE» pa3bueHns TpeTbero Wwara
MPOMCXOOMT HA OCHOBE «PAaCCTOSIHUIA COOTBETCTBMSY, ONpeaensieMblx COoTHoLeHuamm (13) BmecTo — (12).

PekyppeHTHble hopmynbl gna anrebpanueckoro Jack Knife'a

[Mpu NpoBepKe 3MeMEHTOB COBOKYMHOCTEN Ha COOTBETCTBUE BbIYWUCIEHUEM PACCTOSHUIA No dopmynam (12) unm
(13) TecTpyemble 3MeMeHTbl MPUHUMAIOT y4acTie B (POPMMPOBAHWUM TMNEPNIOCKOCTEN, MPEACTABMNSIOLMX
knacTepbl. Pe30HHON SIBMSETCA Takke NMOCTPOEHWE TakoW MpoLedypa NpoBEpPKUM COOTBETCTBUS, MPU KOTOPOM
TECTVUPYEMBIN 3MEMEHT KracTepa, MUCKMYaeTcs U3 yncna obbekToB, KOTOpbIE ero onpedensiot. B cratuctuke
Takas npouedypa WCKMYeHus HocuT HassaHwe “Jack Knife'(cknagHon Hox) [OdopoH, 1988]. Moatomy
npoueaypy TeCTUPOBaHUS Ha MPUHALNEXHOCTb KNacTepy C WCKIIOYEHWEM TECTUPYEMbIX JMIEMEHTOB W3
onvcaHus knactepa byaem HasbiaTh anrebpaundeckum Jack Knife'om.

3aMeTuM, YTO eCTECTBEHHBIM SIBMSETCA BapuUaHT KnacTepusaumu, Korga WUCKIYEHUe 3arnemeHTa npuBOAMUT K
nageHuto padra matpuubl A(k),k =1,2((n.3 Teopembl 5)). McesnoobpalueHne AAET KOHCTPYKTUBHYKO SBHYHO

(hopMy”ny NPOBEpPKW COOTBETCTBYHOLLETO YCMOBMS.

VckrioyeHne TeCTMpyeMbIX 3NIEMEHTOB M3 KracTepa U3MEHSIET Kak CABUM (LEHTP Knactepa), Tak U JMHenHoe
noanpocTpaHcTBO  knactepa.  ®opmynbl  (12),(13) npu  TakoM  UCKIMIOYEHUW, OYEBMOHBIM  0Bpa3oM,
NepenucLIBatOTCA B BUAE, ANA UBMEHEHHbIX CMeLLeHNA (Byaem cunTaTb UX CPESHUMU) U UMEHEHHBIX MaTpuL;:

X;((o),A(O)(k),k =1,2 COOTBETCTBEHHO.

Nemma 1 paét BO3MOXHOCTb 3(P(IEKTMBHOM OpraHu3aLuu npouedypbl «OTCEMBAHWA», B KOTOPOW KpUTEpUi
3aMeHbl CTPOUTCS Ha OCHOBE NEMMbI 1 1 UMEET BUA, onpeenseMbli CneayioLlei TEOpeEMON.

Teopema 6. B ycnosusx nageHus paHra (n.3 Teopembl 5) pacCTosiHMA 4O MMNEpnriocKocTed, mocne
WUCKIKOYEHNS 3ieMeHTa M3 Y1cna NopoXaatoLLMX SNeMEeHTOB, ONPeaenseTcs CNeaytLwLmMM COOTHOEHNEM ANS
O[IHOTO W3 3Ha4YeHun k=1 nnn k=2

ny

q;(k)q’ (k) 5 5
ST gk )|
g, (kP J

p(x (k). (" (k))= j=In k=12,

1 £y
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0 T . .
Foe x;(k), I j( J (k) j=1,n,,k =12 - ncknoyaemble aNeMeHTbI Kaxgon U3 COBOKYMHOCTEN U runepniockocTy,
OTBEYaloLLME «YCEYEHHBIMY COBOKYNHOCTSM, @ q;(k), j=1,n,k =1,2cTonBLbl C HOMEPOM j, j = 1,1 B Kaxaoi

3 matpuy 4, k= 1,2

3aknioyeHue

B pabote paccmoTpeHbl 3ajauu KnactepusauMM Ha OCHOBE KOHLENUMW «MHOXECTB» M «PacCTOSIHUIA
COOTBETCTBUSA», MNPEANOXeHbl BapuaHTbl anropuTMOB KracTepusauuu, Korga «MHOXECTBaMU COOTBETCTBUS»
ABNAIOTCA MMNEPIIOCKOCTH, @ «PacCTOSHUA COOTBETCTBUS» NOCTPOEHbI HA OCHOBE BApWaHTOB PacCTOSHUM [0
Hux. [pumeHeHne annapaTta nceBgooOpalleHnst MO3BONSET OnuUcaTb BCE JMIEMEHTbI  COOTBETCTBYHOLLMX
MOCTPOEHNI SIBHBIMI hOPMYNamK, BKMtouas BapnaHTbl anrebpanyeckoro Jack Knife'a
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TPEX3HAYHbIE NOrUKW KNUHW U TPEXINEMEHTHbBIE LIENA

Omutpun bywn, Enena LLinwaukas

AHHomayus: PaccMompeHa cunbHasi u crabas mpexaHayHble noeuku KnuHu. [lokazaHo 803HUKHOBEHUE
CUMbHOU  1o2UKU U3  0BbMHOU Gyneeoll J102uKU nymeM npuMeHeHus obue3Hadumoll  KOHCMpYKUyuU
pacnpocmpareHusi onepayuli ¢ 371eMeHMo8 Ha MHOXecmea 3/ieMeHmos 6 MmepMuHax nomHo2o obpasa.
[MpounntocmpuposaHo KoMnakmHoe 3adaHue onepayuli 060ux no2uk KuHU mpexaneMmeHmHsIMU Uensimu.

Kntoyesnbie cnosa: cunbHas noauka Knunu, cnabas noauka Knuku, yenb, nonHbIt 06pas.

ACM Classification Keywords: F.4.1 Theory of Computation — Mathematical Logic and Formal Languages -
Mathematical Logic.

Conference: The paper is selected from XIVth International Conference "Knowledge-Dialogue-Solution” KDS 2008, Varna,
Bulgaria, June-July 2008

BBeaeHue

PaboTa nocasleHa CunbHOM 1 cnabomn TpexaHayHbIM norukam KnvHu, MCnonb3ytoLmxcs B TEOpUM pekypeun [1,
c. 296-303]. CunbHas noruka UCnonb3yeTcs B cUcTEMaX anroputmudeckux anrebp Myuwkosa [2, ¢. 117; § 4.2, c.
127], coBpeMeHHbIX SQL-Noao6HbIX A3blkax pensauMoHHbIX 6a3 AanHbIX [3, ¢. 169-170] 1 coBpeMeHHbIX A3blkax
cneumndmkaumin UML/OCL npu pabote ¢ GyneBbiM TUMOM, MOMOMHEHHbIM TPETHUM CheLManbHbIM 3Ha4YEHEM [4,
5]. 3ametum, uto cnabas norvka KnuHu BO3HMKAET MyTeM ECTECTBEHHOTO PaCLIMPEHWSt B MOHWMMaHWM [6]
CTaH4apTHbIX GyneBbix onepauuii, 3TOT NOAXOA MONHOCTbIO OTBEYAEeT MpuHUMNaM paboTbl CO crneunanbHbIM
3HayeHnem (UNDEFINED) ctaHgapTa 06bekTHbIX 6a3 gaHHbix ODMG, B YactHocTH, f3bIky 3anpocoB OQL [7, 8].
[anee nog cunbHo 1 cnaboit norvkoi Knunu bygem noHUMaTh CUnbHYI0 1 cnabylo TpexaHauHyo noruky KnuHu.

MocTpoeHue cunbHoW norukn Knuum Ha ocHoBe 06bLIYHON ByneBOI NOrUKK

MpumeHUM 0BLLE3HAYNMYIO KOHCTPYKLMIO pacnpOCTpaHEHUs OnepaLuin ¢ 3NEMEHTOB Ha MHOXECTBA 3/IEMEHTOB
B TepMMHax nomnHoro obpasa; UMEHHO Takas KOHCTPYKUMS npumMeHsnack B [3, €. 23-24] npu uccnenoBaHum
onepauuit TabnnyHbix anrebp, MOCTPOEHHbIX Ha OCHOBE M3BECTHbIX pensunoHHbX anrebp Kopaa; obwmm
CBOJCTBaM NofHoro obpasa nocesiieHa pabora [9].

lMonHblA 06pa3s No3BONAET €CTECTBEHHO PACMPOCTPaHSATL YHapHble (GMHApHbLIE) onepauun Ha YHUBEPCYME Ha
OyneaH yHuBepcyma. Yepes [f] 0603HauMM yHapHYI0 TOTanbHy onepauuio Ha byneaxe P(D) yHusepcyma D,

def
KoTopas MHAYLMPYETCs YaCTUYHO onepauuen f Ha yHUBEpCyme v 3apaeTcs paseHcTBoM [F](X) =f[X]; TyTu

def
panee f[X]={y|3Ix(xe X Ay =f(x))} — nonHbiin obpa3 mHOXecTBa X OTHOCWUTENbHO onepauun f, rae,

~

YUMTbIBAs YaCTUYHOCTb (DYHKLMK, = — 006006LLEeHHOE paBeHCTBO. AHAMOrMYHO, MyCTb F — BuHapHas YacTuiHas
onepauus Ha D ; oHa Takke nopoxgaer BUHApHYK TOTanbHYK onepauuio [F] Ha OByneaHe yHueepcyma D,

KoTopasi 3agaeTtcs paBeHCTBOM [F](X ,Y)dzefF[X xY].

MpUMeHUM yKa3aHHYl0 CXeMy pacCLMpeHUs K CUrHaTypHbIM onepauusm anrebpbl CTaHgapTHOM  NOTUKK
<{T,F};n,v,— >, roe T,F — nornyeckme sHa4eHNs UCTUHbI U MKW COOTBETCTBEHHO. Pe3ynbTaT paciumpeHus
onepauun KOHBIOHKUMM A W OTpULaHWs — Ha byneaH P({T,F}) npueegeHbl B Tabnuuax 1, 2 (paclumpenue
AM3BIOHKLMAW CTPOUTCS aHaNornyHo).
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Tabrnuua 1. Onepaumsi [A] Ha Byneane P({T,F})  Tabnuua 2. Onepauus [—] Ha byneaHe P({T,F})
%, {T} {F} {T,F} apryment | < {T} {F} {T,F}
%] %, %) %) %) 3HayeHne | I {F} {T} {T,F}
{T} “ {T} {Fy | {T.F}
{F} & {F} {F} {F}
{.F} | @ | {T.Fy | {Fy | {T.F}

B tabnuue 1 nepeomy apryMeHTy OTBeYatoT CTONbLbl, BTOPOMY apryMeHTY — CTPOKM. Paclumperus BuHapHbIx
onepauuin KOMMYTaTWBHbI; NO3TOMy Tabnuua 1 “cumMmeTpuyHa” (OTHOCWUTENBHO [MaBHOW AMaroHanu), W
COMOCTaBneHNe aprymeHtam CTONOLOB WKW CTPOK B AEMCTBUTENbHOCTUM HecyllecTBeHHO. CBoMCTBA
KOMMYTaTMBHOCTU U aCCOLMATUBHOCTW PACLUMPEHUIA KOHBIOHKUMM U OU3BIOHKUMM HAcNeayTCs (YTO crneayeT us
obwwmx pesynbTatoB [3, ytBepxaenue 1.3.1; 9, yrepxaoeHue 5]). MockonbKy AeKapTOBO NPOWU3BEAEHME W
NOMHbIN 06pa3 CoXPaHSIOT NyCTOe MHOXECTBO, TO M onepaumn [A], [Vv], [—] COXpaHSKT NyCTOe MHOXECTBO.

MoaTomy B Tabnuue 1, Hanpumep, NPUCYTCTBYIOT KOHCTAHTHbIE CTPOKA M CToNGeL|, 3anonHeHHble & .
Paccmotpum otobpaxenune y :{T,F,w} — P({T,F}), rAe @ - TpeTbe NOrnyeckoe 3HaueHne norukn KnuHu
(copepxatenbHO MHTEpnpeTupyeTcs Kak HeonpepeneHHocts): w(T)={T}, w(F)={F}, w(w)={T,F}.

OueBnaHo, 0TOGPaXKeHMe MHBEKTUBHO, HO HE CIOPBEKTMBHO (Bedb MYCTOE MHOXECTBO He BXOAMT B 06racTb
3HaueHuit oTobpaxeHust ). Onepauuu anreGpbl cunbHoM norvku KnuHu Gyaem ob6osHavaThb Kak onepamu

anrebpbl CTaH4APTHOW NOTMKM, BBOAS TOMbKO HWKHUIA WHAEKC K ; 4OroBOpUMCS 06 OOHOMMEHHBIX Onepauusx:
onepaumam A, , Vv, W —, COMOCTaBMAOTCA COOTBETCTBEHHO onepauun [A], [v] u [—].

Mpeanoxenne 1 (noctpoeHne anrebpbl cunbHOM norvkn Knuuu). OToBpaxeHne w — OOQHO3HAYHbIN
romomopcuam  anrebpbl  cunbHO  norvkM  Knvem <A{T,F, 0}~V =y > B anrebpy
<P{T,F});[AL[v],[—]>, TO ecTb aT0 oTOBpaxeHue SBNSETCS BROXeHWEM anrebpbl CUbHON NOrvkK KrnHu
Banrebpy < P({T,F});[ALIV].[—]>.0O

Lokasamenscmeo. [leiicTBUTENBHO, 3ameHsia B Tabnuuax 1-2 3Hadewuss {T},{F},{T,F} Ha T.F,w
COOTBETCTBEHHO (COrMacHo OTOOpaXeHus ) W yganss KOHCTaHTHble cTonbey W CTPOKY, 3anofHEHHble

3HayeHeM &, NpUxoguM K TabnMYHOMY 3afaHui0 onepaumii KOHBIOHKLMM U OTPULAHUS anreBpbl CUMbHOM
norvku KnuHu. Criyyai cunbHON AN3bIOHKLMM paccMaTprBaeTCst NOMHOCTbI0 aHaNoMyYHO. o

Takum o0bpasom, anrebpy cUnbHON Noruk1 KnnHu MOXHO Nony4YuTb NyTeM NPUMEHEHNS K anrebpe Knaccu4eckoi
OyneBo MoKy KOHCTPYKLMM pacLUMPEHs (B TEPMUHAX NOMHOro obpasa) ee CUrHaTypHbIX onepawuii.

KomnaktHoe 3agaHune onepauui cunbHon noruku Knuxu

Wnes saknovaetcs B nepexoge oT anrebpbl < {T,F,®};A,V,,—, > K COOTBETCTBYIOLENA CTPYKType

(oTMeTUM, 4TO cervac vawle ynoTpebnsercs TepMuH “pelueTka’, ofgHako Oyaem nonb3oBaTbCA TEPMMHOM
‘CTpyKTYpa”, NOCKOMbKY CCbinaemes Ha pesynbtartbl [10], rae ncnonb3yeTcs UMEHHO 3TOT TEPMUH).

[leAcTBUTENBHO, HEMOCPEACTBEHHO MPOBEPSIETCS, YTO 3TU  CUHATYpHbIE OMmepauuu  KOMMYTaTWBHbI,
accoumaTvBHbl U MOEMNOTEHTHbI; KDOME TOTO, BbIMOMHAKTCS [Ba 3aKOHA MOMMOLEHUS: X v, (X A, Y) =X W

XA, (Xvey)=x pgna scex X,ye{T,F,o}. CneposarenbHo, no CraHgapTHOW npoueaype, MOnoxus

def def
X Sk Yy < X=X~ Y (SKBVIBaJ'IeHTHO X Sk yey=xvey ), MOXHO I'Iepel7ITVI K CTPYKType, TOYHble rpaHu

[BYX3IEMEHTHBIX MHOXECTB KOTOpOW HaxoasTes no dpopmynam: inf{x,y}=xn, y, sup{x,y}=xv,y [10,
Teopema 3, ¢. 154]. OTHoweHne <, B obLUeM cryyae fBnseTcs YacTuyHbIM nopsgkom [10, Teopema 1, c. 151-
152). Ansa anre6pbl CMnbHON NOMVKW KnuHW OHO MPOMANKOCTPUPOBAHO B Tabnuue 3 (3Ha4eHUsM apryMeHTa X
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OTBEYAIOT CTPOKY, y — cTonbubl; B CreaytoLmx Tabnuuax byaem npuaepxmeaTbes 3TOr0 e CornalleHns); 3Hak

“+" B AlYeiike 03HAYaeT, YTO COOTBETCTBYIOLLME ANIEMEHTbI HAXOMATCS B OTHOLLEHWM, 3HAK ‘- — HE HAXOMATCS.

Tabnuua 3. Mopsgok <, Ha {T,F,w}

X=XN Y y=Xxv,y X=X~y y=Xxvyy X=XN Y | Y=XVviy
X T F @
+ + - - - -
.
+ - -
+ + + + + +
F
+ + +
+ + - - + +
®
+ - +
@ —@ (J
F 0] T

Puc.1. NlnHeiHbIn nopsapok <, Ha MHoxectse {T,F,w}
[na cnyyas CTpyKTypbl, OTBevatoLlei anrebpe cunbHOM norvky KnuHu, ee nopsigok SBMSETCS NIMHEMHBIM (CM.
puc. 1, NOCTpOeHHbIN Ha ocHoBe Tabnuubl 3), a UMeHHO F <, w <, T (ANs KOMNakTHOCTU Ha puc. 1 He

npuBeaeHa ofHa CTpesika, BO3HWUKAOLLAs BBULY TPAH3UTUBHOCTM, U TPU METIW, OTBEYaloLLme pedriekCMBHOCTH
nopsigka). Takum 00pa3om, obLas CUTyauusi CYLLECTBEHHO YMpOLLAeTCs: CTPyKTypa B [eiCTBUTENbHOCTY
SBNSETCA LENblo N X A, y SIBMSETCS HaUMeHbWUM (X v, y — HaubomblunMM) U3 SMEMEHTOB X,y [OMs BCeX

X,y €{T,F,w} . AHanu3 npoueaypbl NOCTPOEHMST CTPYKTYpPbl MOKa3biBaET, YTO IMHENHOCTL B 06LLeM cryyae
YaCTW4HOrO nopsaka 06ecreymBaeTCcs TakWM  CBOWCTBOM  CUMbHbIX KOHBIOHKUMM U OWUSBIOHKUMM -
XA Y.X Vv, ye{x,y} anascex x,y e{l,F,w}.

Ccpopmynupyem obwmin pesynbTaT Ans KOMMYTaTWBHbIX WAEMMOTEHTHbIX nomyrpynn. B copmynuposke
Cnedylolero  yTBEPXOEHUS CuATaeM  U3BECTHOM CBA3b  Mexay KOMMYTaTWBHbIMA  MAEMMOTEHTHbIMU
nonyrpynnamu n HWKHAMK nonyctpyktypamu [10, Teopema 1, ¢. 151-152).

MpeanoxeHne 2 (KpUTEPWUA JIMHEMHOCTM MOPsiAKa MOMYCTPYKTYPbl, MOCTPOEHHOA NO KOMMYTATUBHOM
naemnoTeHTHoW nonyrpynne). Myctb < D,+ > — KOMMyTaTUBHAs MAEMMNOTEHTHAs NOAYrpynna, a < — YaCTUYHbINA

def
nopsifoK, COOTBETCTBYIOLLEN HUKHE NOMYCTPYKTYPE, TO €CTb X <y <> X =X+ . Mopsgok < nuHelHbIi (T.e.

<D,<> aBnsieTcs Lenbto) TOrAa W TONbKO TorAa, Korga X +y € {x,y} anaBcex x,y e D. o

[Hokazamenbcmego. HeobxoaumocTb. MycTb Nopsigok < nUHeeH, YCTaHOBUM MPUHAANEXHOCTb X + Y € {X, '}
ans Bcex X,y eD. MNycTb X,y — Npou3BOSbHblE 3MEMEHTbI; MOCKOMbKY MOPSLOK NIMHEEH, TO X <y WK
HaobopoT y < x . B nepeom cnyyae x =x+y, BO BTOPOM — ¥ =y + X . [ockoribky onepauusi KOMMyTaTuBHa,
T0 B 000NX CIly4asix BbIMONHSIETCS NPUHAANEKHOCTb X + ) € {X, Y} .
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[octatoyHocTb. ycTb X +y e{x,y} pNs BCeX X,y ; NOKaXeM, YTO NOpsdoK NuHeeH. [lyctb X,y -
NPOU3BOMbHbIE 3MEMEHTbI, TOTAA N0 NPEANONOXEHNO X +y =X WIn X+y =y . B nepeom cnyyae x <y no
OonpeaeneHunio nopsaka, Bo BTOPOM — ¥ < X (OENCTBUTENBHO ¥y =X+ Yy =y + X ). O

/3 3TOro nNpemnoxeHus u criegyet NMHENHOCTb NOpsiaka CTPYKTYPbl, acCoLMMpYeMOn C anrebpoit CUmbHOM
norvku Knuxu. Kpome Toro, 1o, 4to ctpyktypa <{T,F,w};<,> SABNAETCA LeNnblo, MOXHO Nokasatb 1 Apyrum

aneMeHTapHbIM nyTeM. [1eiCTBUTENbHO, yKadaHHast CTPYKTypa KOHEYHa, 3Ha4nT, OHa UMEET HauMEHbLLMIA (HyIb)
W HanbOMbLUMA (EOMHULY) 3NEMEHTLI, KOTOpble

obosHaunm 0,, 1, COOTBETCTBEHHO. [loCKONbKy Tabrvua 4. Onepauns A, Ha{T,F, @} , coxpansiowas o

CTPyKTypa TPEXanemeHTHas, TO, O4eBWUOHO, YTO
0, <1, W [4na TpeTbero anemeHta z No y 3 @
(OTNMYHOrO OT HaMMeHbLUero U Haubonbluero T T F @
3NEMEHTOB) BbIMOIHAETCH CTPOroe HEepaBeHCTBO

0, <c 2<,1,. CneposatenbHo,  CTpyKTypa F @
<{T,F,w};<,> 9Bngetcd uenbio. Takum w w w w

06pa3oM, MNUHENHOCTb  nopsaka  CTPYKTYpbI,
accouyuvpyemoit ¢ anrebpoin  CUMbHOW  NOrUKM
KnuHu, cnepyeT, ¢ OAHON CTOPOHBI, U3 CBOMCTB OnepaLuii (M3 NPUHALNEXHOCTEN X A, V,X Vv, ¥ € {X,y}), &, C

APYroi CTOPOHbI, MPOCTO U3 TPEX3NEMEHTHOCTU CTPYKTYpbl. IMEHHO TPEXaneMeHTHOCTb 3AECh CYLLECTBEHHA,
n6o Kaxpaas N -anemMeHTHas CTpykTypa OyAeT Lenbto npu n=1,2,3, 4To He BbIMONHSIETCs, B 06LLEM Criyyae, npyu

n>4 (cambln NpocTon npumep — ByneaH ABYXANEMEHTHOTO MHOXECTBA CO CTaHAAPTHbIM MOPSAKOM < ).
[1o4bITOXUM BbILLENpPUBELEHHYIO MHAOPMALMIO.

Mpeanoxenue 3 (komMnakTHoe 3afaHne BrHapHbIX onepauuin anrebpbl cunbHON oruk Knunm). OTHOLeHre <,
npespatyaet MHoxecTBO {T,F,} B Lenb (a, 3Ha4uT, 1 B CTPYKTYPY), MPUYEM X A, Y SBMSETCH HAUMEHbLUUM
(COOTBETCTBEHHO, X \/, ¥ — HaubomnblWM) W3 3MeMeHTOB X,y Ans Bcex X,y €{T,F,w} cornacHo 3Toro
(MMHenHoro) nopsaka. o

[loka3aTenbCTBO BbITEKAET M3 OBLMX Pe3yNnbTaToB TEOPUM CTPYKTYP (MHTEpRpeTaLmu CTPyKTYpbl Kak anreGpbl,
Kaxzaas U3 AByX CUrHATYpHbIX onepaLuii KOTOPO MOEMMNOTEHTHA, KOMMYTATUBHA 1 acCOLMATMBHA, @ Camil 3Ty
onepawymn Ces3aHbl 3aKoHaMy MOTTIOLLEHNS) U IMHEHOCTI COOTBETCTBYHOLLEro nopsiaka (cM. puc. 1). o

CuMNTOMaTMYHO, YTO MO CYTW Takoe KOMMAKTHOE 3ajaHue onepauwn (anrebpbl) cunbHOM norvkn KnuHu
“cnonb3ayeTes B NOMyNSpHON NPOrpaMMIUCTCKOR nuTepatype no a3biky SQL: F uHTepnpeTupyeTcs kak yucno 0,

1 .
T —kak 1, @ - KaK E; TorAax A, y =min(x,y), xv,y=max(x,y) npu eCTeCTBEHHOM MopsaaKe —

0< % <1; 6onee Toro —x =1-x (cm., Hanpumep, [11]).

Cnabas normka KnuHu, Bo3HUKaloWwan npyu eCTECTBEHHOM pacLumMpeHn 6yneBon Normkm

Paccmotpum cnabyto noruky Knuun u Haynem ¢ anrebpel (rpynnoupa) <{T,F,w};A, >, roe onepauus

KOHBIOHKLM OTNIMYHA OT PACCMOTPEHHOM BbILLE CUMBHOM KOHBIOHKLMW KNk 1 3agaHa cnegytowmm obpasom: B
Ccnyyasx, korga xotsi Obl OAMH apryMeHT paBeH TPETbEMY (HOBOMY) 3HAYEHWNIO @, pe3ynbTaToM OyaeT MMEHHO
3TO 3HaYeHWe; BO BCEX APYrMX Cryyasx onepauus Beget cebs kak onepauns A CTaHAapTHOW norvku (Tabnuua
4). Takyto onepaumio A, ByAem HasbiBaTh criaboit KoHbloHKLmen Knunm [1].

CnepoBaTenbHo, peyb MOET O paclUMpeHUM CTAHAAPTHOW KOHBIOHKLMM, COXPAHSIOLLEM TpeTbe MOr14YecKoe
3HaveHne. Onepauum KOHBIOHKLMM W AU3BIOHKUMK anreGpbl CUMbHOM NMOrvku KnuHk, B OTRM4Me OT onepauymu
OTpULIaHNS 3TOM e anrebpbl, TPETbE MOTUYECKOE 3HAYEHME @ HE COXPaHSItOT (CM. Tabnuubl 1, 2; HanpuUmep,
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Tvo=T, FAw=F, HO —w=w). Tak onpefeneHHas onepaLus accouuaTuBHa, KOMMyTaTMBHA U
WOEMNOTEHTHA (Y4TO NPOBEPSeTCA HerocpeacTBeHHo); To ectb < {T,F,w};A, > — KOMMYTaTUBHas
WOEMNOTEHTHas MONyrpynna M MOXHO MPUMEHUTb O6LLy0 npoueaypy NOCTPOEHUS MO HEW MONYCTPYKTYpbI

(BEPXHEN UMK HIKHEN).

def def
Onpefenum fABa OWHApHBIX OTHOWEHUA X <(A,)Y < X=XA, Y W X=(A,)Y < Y=XA,y. bynem

1cnonb3oBaTb 0603HAYeHMe BMaga < (/\w), Xenas noAgYvepkHyTb, YTO OTHOLIEHMEe < WHAYLMpYeTCs OI'Iean,VIeVI
N » QHANOMMYHO, ANA UHBEPCHOIO OTHOLUEHUSA. WHorga B Takux 0003HaYeHmsIX onepauuio ABHO yKasblBaTb HE

Oynem. Torga kaxgoe W3 3TUX OTHOLUEHMI
SIBNSETCA NOPSAAKOM, U MHOXecTBO {T,F,w} ¢ Tabnuua 6. Onepauus v, Ha {T,F,w} , coxpaHsiowas o

nopsagkoM  <(A,) (c nopsgkom =<(A,)) v T F -
FIBJ'IFIeTCFI. HWXHeR (BEpXHeit) MomnycTpyKTypou, Tw T T o
npudem inf_{x,y}=x A, y (COOTBETCTBEHHO
sup_{x,y}=x~, y)[10, c. 152, Teopema 1]. i T F

[ (4] (4] w

OuyeBugHo, nopsgkm  <(A,) M =(n,)

B3aMMOWHBEPCHbI, TO €CTb X<y < Y=< X.
CnepoBaTenbHO, COrMacHo MPUHLUMNA [BOCTBEHHOCTM, HE CyTb BaXHO, KAaKOM MMEHHO MOPSAOK W3 3TUX [BYX
paccmatpueats [12, ¢. 10]).

Mopaakn < (A,) M <(A,,) NPOUNMICTPMPOBaHDI B Tabnuue 5 1 Ha puc. 2.

Tabnuua 5. Mopsakm < (A, ) n <(r,) Ha {T,F, o}

def def

XS(ALY © X=XA, Y XNy S Y=Xn,Y
X T F 10} T F 10}
T + - - + + +
+ + - - + +
@ + + + - - +

1 3/ 2T 4 6 | 5 u
X~ y=inf, {xy} XA, Y =sup, . {xy}

Puc. 2. Mopsakn < (A,) (cnesa)u <(A,,) (cnpasa) Ha {T,F,w}

Ananornyto, rpynnous < {T,F,@};v, >, onepauus KOTOpPOro ecTb paclUMpeHnem CTaHAapTHOW onepaLuu
OM3BIOHKUMN M COXpaHsieT TpeTbe MOrMyeckoe 3HaveHne o (Tabnuua 6), SBNSETCS KOMMYTaTWUBHOW

WAEMNOTEHTHOI nonyrpynnoit. CHoBa MOXHO NPUMEHUTb OBLLY0 NPoLeaypY NOCTPOEHMS MOMNCTPYKTYPbI.

def def
Onpepenum [iBa OTHOWEHUS X < (V)Y < X=XV, ¥y W x=(v,)y & y=Xxv,y (kaK 1 gna cnyyas

KOHBIOHKLMM 3TU [Ba OTHOLIEHWS B3aUMOWHBEPCHbI). TOrAa KaOoe M3 9TUX OTHOLLEHWUIA eCTb NOPSAKOM, U
MHoxecTBO {T,F,w} c nopsgkom <(v,) (=(v,)) ABNSAETCA HWKHEN (BEpXHemr) NOmyCTPyKTYpol, npuyem
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inf_{x,y}=xv,y (cooteetctBenHo sup_{x,y}=xv,y) [10, c. 151, Teopema 1]. [opsigku
NPOMANIOCTPUPOBAHEI B Tabnuue 7 Ta Ha puc. 3.

Tabnuua 7. Mopsaakm < (v, )n <(v , ) Ha {T.F, o}

XS(Vp,)y & X=Xxv,¥ X2(V,)y S Y=xXVv,y
X T F ® T F ®
T + + - + - +
- + - + + +
) + + + - - +
7 9 8 F 10 12" 11«
X Ve y = infS(vw){X'y} X A .y zsupf(vw){x!y}

Puc. 3. Mopsgkn < (v,) (cnesa) n < (v,,) (cnpasa) Ha {T,F,w}

Ananua npoLiefypbl NOCTPOEHWUS MNOMYCTPYKTYP (HANMOMHUM, YTO, Hampumep, X <(A,)Y < X=XA, Y),
rnokasblBaeT, YTO NUHENHOCTb, B 0bLEeM Cnyyae, 4acTWYHOrO nopsiaka obecneynBaeTcs TakMM CBOWCTBOM
cnaboit KOHbIOHKUMM W cnaboit AMSBIOHKUMM — X A, Y,XVv, ye{x,y} Aana Beex X,y e{T,.F,o}.
CnepoBarernbHo, CUTyaLus C NMHENHOCTLIO MOPSLKOB aHaNorMyHa CUnbHON noruke KnnHu v gaxe ynpoLlaercs:
NPUHAANEXHOCTU X A, Y, XV, Y €{X,y} B cnydyae, Korda xots Obl OQMH U3 apryMeHToB X, y €CTb @,
aBTOMaTUYECKN CREdylT U3 COXpaHeHUst 3HaveHus @ onepauusamu. OTnMYMe 3aKnyaeTcs B TOM, YTO
YCTAHOBWUTb NIMHEMHOCTb MOpsiAKa Kak CrefcTBMEe TPEXINEMEHTHOCTM Hernb3si, NOCKONMbKy paboTaem B
NOMyCTPYKTypax (3aMeTuM, 4TO CyL|eCTBYET MPOCTOA MpUMep TPEXdNEeMEHTHOM MONYCTPYKTYpbl, KOTOpas He
SBNSAETCH LeNblo; BMECTE C TEM MOHATHO, YTO ABYXANEMEHTHbIE NOMYCTPYKTYPbI ABMSKOTCS LIENSAMM).
MoabITOXMM MH(OPMALMIO O NOMYCTPYKTYpax (B AEUCTBUTENBHOCTH, CTPYKTYpaX, MOCKOMbKY NOPSAOK NIMHEEH),
WHAYLMPOBaHHbBIX ABYMSI PACCMOTPEHHBIMU KOMMYTaTUBHBIMI MOEMMNOTEHTHBIMI NOMYrpynnamy.

Mpeanoxenue 4 (CTpyKTypbl, WHAYLMPYeMble cnaboi KOHbIOHKUMER U cnabon amsbioHkumen). OTHOWeEHMS
<(A,) WM =<(n,) npespaLaoT MHOXecTBO {T,F,m} B LeMb (a, 3HAYUT, N B CTPYKTYPY), NPUYEM X A, ¥
ABNAETCH HaUMeHblUMM (HanborbluMM) U3 3MEMEHTOB X,y cornacHo nopsaka < (A,) (COOTBETCTBEHHO
=(n,) ) Bnascex X,y e{T,F,w} . OTHoweHns <(v,) u <(v,) TaKkke npespaLyalt MHoxecTBo {T,F,w} B
Lenb (a, 3Ha4nT, 1 B CTPYKTYPY), MPU4EM X v, ¥ SBNSETCH HaUMEHbLUMM (HanbonbLUMM) U3 SNEMEHTOB X,y
cornacHo nopsgka <(v,) (cooTBeTcTBeHHO <(v, ) ) anaBeex X,y € {T,F,w} .0

[oka3aTenbCcTBO crefyeT M3 ykasaHHbIX Pe3ynbTaToB TEOPUM NOMYCTPYKTYP (B3rnsaa Ha NOAYCTPYKTYPY Kak Ha
KOMMYTaTMBHYIO MAEMNOTEHTHYIO NOMNYrpynny) U IMHEMHOCTY COOTBETCTBYIOLMX NOPSAKOB (CM. puc. 2-3). O

OueBngHO, YTO B NOCMEOHEM MPEASIOXEHUM [Ba (B3aMMOWHBEPCHblE) nopsigka Ans cnabon KOHBHOHKLMN
OTNMYalOTC OT ABYX (B3aMMOMHBEPCHBIX) MOPSAKOB AN cnabon ausbioHkumu. CrefoBaTtenbHo, cpeau
yKasaHHbIX YETbIPEX MOPSAKOB HET MOpsiaKa, OTBEYAlOWEro OfHOBPEMEHHO Craboit KOHBLIOHKUMM W criaboi
AM3BIOHKLMW (B OTNIMYME OT CUMbHOM NOrukK Knuuu, rae Takoi “obuymin nopsgok” cywecTsyet, cM. puc. 1). [ns
anrebpbl <{T,F,w};A,,v,> chopmynupyem oBLIMA BOMPOC: CyLleCTBYeT nu Ha MHoxectBe {T,F,w}
nopsiaok (0603HauYMM ero <), NpeBpaLLakLLMiA ero B CTPYKTYPY, NpUYEM A1s IPOU3BOMbHBIX X, Y BbINOSHAKTCA
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paserctea x A, y =inf_{x,y}, xv,y=sup_{x,y} (mbo, cormacHo NpuHUMNA ABOICTBEHHOCTM, B
9KBMBAmNEHTHOM (hopme X/\wy=sup<{x,y}, XV, Yy =inf4{x,y})? [onyctum, YTO TakoW nopsLoK
CyLLecTByeT, Toraa LOMKHbI BbINOMHATLCSA 3aKOHbI MOFMOLEHNS Ans onepauuii cnabon KOHBbIOHKLMM 1 cnaboi
ansbtoHkumm [10, c. 152-153, Teopema 2]. Ho pesynbTaTbl HEMOCPEACTBEHHOW MPOBEPKW 3TWUX 3aKOHOB,
npvBedeHHble B Tabnuue 8, nmokasbiBaloT, YTO B Chyyasx, korga TOMbKO y COBMajaeT ¢ o, oba 3akoHa

NOrMOLLEHNA HE BbINONHAKTCA. Cne,qoaaTeano, TaKoro nopsagka He CyLecTByeT.

Tabnuua 8. BbInonHMMOCTb 3aKOHOB MOTTOLLEHUS 515 onepauuin v, ,A,

XV, Y)A, X=X XA, YV, X=X
X T F W T [5 @
T + - + + -
F + + - + + -
w + + + + + +

HeBbInornHeHe 3akoHOB MOIMOLLEHINS BMOSIHE eCTECTBEHHO. Beab CyTb 3TWX 3aKOHOB 3aKOYaeTcs B TOM, YTO
3HAYEHMs BbIPaXEHUA, (X v, Y) A, X, (XA, ¥) Vv, X HE 3aBUCST OT 3HAYEHUs y , @ ONPeAensIoTCs TONbKO

3HaveHnem X . lNoHATHO, 4TO 3TO Tpe6OBaHI/Ie HE BbINONHAETCA, eCnun onepaunn COXpaHAaKT 3Ha4YeHNe w, y
coBnagaet C HAM, a X, HaO60p0T, OTNMYHBIN OT @ .

3akniouyeHue

Ha mHoxectee {T,F,w} cywectByeT 6=3! BOIMOXHbIX NIMHEAHbIX MOPSAKOB, CBA3b KOTOPLIX C Onepalusamu
AM3BIOHKLMN 1 KOHBIOHKLMK ABYX PaCCMOTPEHHbIX noruk KnuHu npuseaeHa B Tabnuuye 9.

Tabnuua 9. BceBoamoxHble Lenu Ha {T,F, @} v 1x cBA3b ¢ norukamn KnuHu

1. . . . 2. . — .
F w T T w F
XA,y =min(x,y) X Ay Y =max(x,y)
XV, y =max(x,y) XV y=min(x,y)
s ] ) s, . .
F T w w T F
XV, y=max(x,y) Xv, y=min(x,y)
5. Y ® o 6 [ @ { ]
w F T T F w
X/\(z)y:min(x’y) X/\(,)y:maX(X,y)

Mopsigok 1 (MHBEPCHBIA emMy NOPSIAOK 2) OTBEYAET OAHOBPEMEHHO AWN3BIOHKLMM U KOHBIOHKLMM CUSIBHOM NOTUKM
KruHu. 310 nopsaku CTPYKTYpbI, accouumpyemoit ¢ anrebpoi cunbHon noruku Knuku. Mopsgok 3 (MHBEepCHbIN
eMy nopsgok 4) oTBevaeT OM3bIOHKUMM, HO HE KOHbIOHKUMM cnabon norvku Knunw. [dyanbHo, nopspok 5
(MHBEPCHbI eMy NOPSAOK 6) — OTBEYAET KOHBIOHKLMW, HO HE AM3BIOHKLMW cnabomn noruki KnuHn. 310 nopsiaku
NOMYCTPYKTYpP, acCoLMMpyemblx C ABYMS MOnyrpynnamu cnaboi norvku KnvHn (curHatypa OgHOM nomnyrpynmbi
COCTONT 13 criaboii AN3bIOHKLWW, CUTHATYpa APYrom — 13 crnaboil KOHBIOHKLMN).
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ABTOMATHOE NPELCTABJIEHUE OHTONOMUIA U ONEPALIUM HA OHTONOMUAX
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AHHOmauus. pednazaemcsa nodxod k npedcmasneHurw oHmonoaull 8 8Ude KOHeYHo20 asmomama. Takoe
npedcmassieHue no3gosisiem 88ecmu onepayuu Ha OHMOI02USIX, UCNOMb3ysl Onepayuu Ha pe2ynspHbIX A3bIKax.
Onepauuu Ha OHMoMoO2UAX 0alm B03MOXHOCMb asmoMamu3upogamb NPOUECC aHanu3a U cuHmesa
OHMoroaull U Ux cocmasnsowux yacmed.
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Conference: The paper is selected from XIVth International Conference "Knowledge-Dialogue-Solution” KDS 2008, Varna,
Bulgaria, June-July 2008

BBeaeHue

B nocneaHee Bpems B eCTECTBEHHbIX Haykax W, B YaCTHOCTW, B TEOPETUYECKOM NPOrPaMMUPOBaHNM NOSBUIIOCH
CTOMbKO Pa3nYHbIX HanpaBfeHuMi, TEYEHNUN N TEOPETUYECKMX PE3yNbTaToB, YTO CTAHOBMTCA NpobneMaTuyHbIM
OXBaTUTb XOTS Obl Manyt YyacTb MO Hay4HON LEATENbHOCTY Jaxe B OTAENbHO B3ATbIX obnactax. OgHuM 13
NOAXOAO0B K MOHUMAHMIO B3aUMOCBS3EN MEXAY PasnnYHbIMU TEYEHUSMU U TEOPUSMU ABMSETCH OHTONOMUYECKUIA
nogxog [1,2]. Kpome Toro, B CBSI3W C BO3pPACTaHMEM CIIOXHOCTM MPOrPaMMHOIO M TEXHUYECKOro obecneyeHus
BbIYMCIIUTENbHbIX NMPOLECCOB TPEDBYETCH WHTENMEKTyanu3aums aTux NpoLeccoB M Takon MHTENneKTyanusaummn
MOXHO [OCTWYb, MO MHEHMO MHOMMX CMeLManucToB, MyTeM WUCMONb30BAHUS OHTOMOMO-YNpaBfsieMbIX CUCTEM
noucka, m3eneyveHns n obpaboTkn 3HaHWiA, copepxawyuxcs B OHTonormsx. OHTOMOrMYeckun nogxog Ans
NOCTPOEHNS CBSA3EH MEXZY NOHATUSMWA HEKOTOPOW NpeaMeTHOM o6nacti, kak npaBuno, OCHOBLIBAETCA Ha
onpegeneHnn OTHOWEHUs «npedMemHasi obracme — ceolicmea - MoOenu — npunoxeHusi». B fanHon pabote
paccmaTpuBaeTcst Cnocob npeacTaBneHUst OHTONOMA C MOMOLLbIO KOHEYHbIX aBTOMATOB C OAHOWM CTOPOHbI, 1
OTHOLLIEHWI, NEXALLNX B OCHOBE KaKOO0M OHTOMNOrMM. JTOT NOAXOZA MO3BONSET BBECTW ONEpaLun Ha OHTOMOMUSIX
ncnonb3ys onepauuy Ha s3blkax M asTomartax. [lpu TakoM nogxoge TWMbl OHTOMOTMA M UX Wepapxus He
JeTanuaupyetcs C  LUenblo  MoAYepkMBaHus  OBWHOCTM  paccmaTpuBaeMblx —onepauui.  Onepauuw
UNMIOCTPUPYIOTCS HA NPOCTLIX MPUMEPAX OHTONOMIA, OTHOCALLMXCS K KOMMbIOTEPHON MaTeMaTuke [3].

ABTOMaTHOE NpefcTaBneHne OHTONOIUIA

Bynem npegnonarath, 4TO OHTOMOMW NpeacTaBnalTCa B Buge oprpada G = (V, E), roe MHOXeCTBO BepLUMH V
NpeacTaBnseT MHOXECTBO NpeaMeTHbIX 06nacTen, a MHOXecTBO pebep E — G1uHapHOE OTHOLLEHME MEXaY aTUMU
npeameTHbIMM obnactamu. C kaxaeiM Takum oprpadom G = (V, E) Byaem accoummpoBaTh KOHeYHbIN (BoobLue
rOBOPS) YaCTUYHBIA LEeTepMUHUPOBaHHbIA aBTomaTt 6e3 BbixogoB A = (V, X=V, f, S, F), rae V — MHOXeCTBO
COCTOSIHWN, KOTOPOE TaKKe CMYXWT BXOAHbIM andaBUTOM LaHHOrO aBToMarta, S — MOAMHOXECTBO HayarbHbIX
COCTOSIHWN, F — NOAMHOXECTBO 3aKMOYMTENbHBIX COCTOSHUIA (KOTOPOE, B YaCTHOCTW, MOXET ObITb NyCTbIM), a
(hYHKUMS NEepexofoB AaHHOMO aBToMaTta onpeaenseTcs cnegywmm obpasom: f(u,v) = v Torga v Tonbko Torga,
korga (u,v) € E v He onpefeneHo B 0CTanbHbIX Cryyasix.

PaccmoTpumM npumMep npeacTaBneHnst pparMeHTa OHTONOMM Anst npeaMeTHoit obnacTi «KombuHaTopukay.

Mpumep 1. MycTb 3afaHa OHTONOMMS, OTpaXaloLas Manylo YacTb npegmeTHoln obnactu «KombuHatopukay, B
BUZE creaytoLlero oprpada:
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F om e A TOpEE 4
| @ @ | @
Teopex T Teopex
TR &4 FIC T RECEEL it EOEIET YD ALCEEL
¢ © ®
E oenemTe ¥ @
TTOE SO SEEET & Teopex
TEO e CTEA, EOHD O EAHELT
DILIETEF
Obras anrebpa

Puc. 1. Oumonoaus O

COOTBETCTBYIOLUMIA [aHHOA OHTOMOrMM KOHeYHbld aBTomaT umeeT Bug A = (V = {12, 3, 4,5 6,7}, X =
{1,2,3,4,5,6,7}, f, {1}, {7}), roe f 3agaHa Takum rpadpom nepexosos:

Puc. 2. KoHeyHb1ii asmomam A dns O

310 3HauuT, uTo f(1,2) = 2, f(1,3) =3, f(1,4) =4, 1(3,5) =5, f(5,7) =7, f(4,6) =6. OcTanbHble nepexogsl B JaHHOM
aBTOMaTe HeomnpeaeneHHbI.

Onepauvm Ha OHTONOrMAX B aBTOMaTHOM npeAcTaBlieHUN

MpefcTaBneHne OHTONMOTMIA B BWAE KOHEYHOro aBTOMaTa 0Ge3 BbIXOAOB MO3BONSIET BBECTU Onepauuy Ha
oHTOnorusix. Onepauuy Ha aBTOMaTax O3HaYaloT onepauun Ha PEerynspHbIX si3blkax, KOTOpbIE aKLenTUpyoTCs
3TUMM aBTOMaTamu. OCHOBHbIMY TaKMU ONepaLMsIMU SBISAKOTCS CNEAYHOLLME:

- obbeduHeHue - TEOPETUKO-MHOXECTBEHHOE 00beanHeHne MHOXECTBA COCTOSIHUI U MHOXECTBA nepexoaos
AaHHbIX aBTOMaTOB-apryMeHTOB;

- hepeceyeHue — TEOPETNKO-MHOXECTBEHHOE NnepeceveHne MHOXeCTBa COCTOSIHMI M MHOXeCTBa nepexoaos,
NONONHEHHOE TPaH3UTUBHbIM 3aMblKkaHWEM OTHOLLEHNA OOCTUXMMOCTU Ha aBTOMaTax-apryMmeHTax;

- KOHKameHayusi Wi YMHOXeHUe [ByX aBTOMaTOB — YaCTHbIA Cnyyail onepauuy oObemuHeHus, Koraa
00beAMHEHNE BbINONHAETCSA TOMNBKO MO MHOXECTBY HayasbHbIX COCTOSIHUIA BTOPOro aBToMaTa;
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- umepayusi — NOBTOPSIEMasi KOHEYHOE YMCIIO Pa3 onepaLns YMHOXEHUS, NpUMeHsieMasl B pamkax OAHOM
OHTONOTUM C LiEMNbl YTOYHEHUS W MOMONHEHUS! 3TOM OHTOMOTMM (3Ta Onepauust MpaKkTUYecku O3HadaeT
MoLLAroBOE YTOYHEHE M NOMOSTHEHWE OHTOOTMIA);

- ob6paujeHue — opueHTaumMst B NPOTVUBOMONOXHOM HanpaBfieHM NepexonoB B aBToMaTte, NpeacTaBsatoLeM
AaHHYK0 OHTONOTUIO, T. €. NOCTPOEHWE YHKLMM NEPEXOTOB g(V,U) = u Torga W TonbKo Toraa, korga flu,v) = v
1 HEOMPeaeNeHHO B OCTalbHbIX CITy4asix.

Mpumep 2. MNycTb AaHa OHTOMOMMA BIUda

@

Teopea
4ETONATOE

® | @
FomfiemaTopes: s 0ELas arrefp a Marentamere g | ” Teopes

B

4 HarmnHo
TERPHETL ol | per :
Ty HET B

Puc. 3. Onmonozus O,

Puc. 4. Aemomam A, dns oimonoauu O,

rae A=({0,1,7,8,9,10,11},{0,1,....11},g,{0}, {11}).

Torga BBEAEHHbIE Bbille Omepauuy [AKT Takie pesynbTaThl, €CrM UX MPUMEHUTb K aBToMaTtam A; n A u3
npeablayLLero npuvepa.

0O6neduHeHue:

Puc. 5. Aemomam A A,

lMepeceyeHue:
G—hg

Puc. 6. Aemomam A() A,
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Mmepayus: ymoyHeHue oHmonoauu O;:

— DlarenaTire oam

ozt cme Bene g e
TREMEE-ATOE o ERICEATEIEAHEE
-
¢ @9 13
Morame ecErag [ T
TIOTHE:A TRPEOTO " L
- TIOTHEE
TIOp STECA

Puc. 8. Aemomam A , dnsi onmonozauu O,

KoHkaTenupys asTomatel A, ¥ A, N0 HayambHOMy cocTosHMio 8 aBTomata A,, nonyyaem aBTOMAT,
MPeACTaBNAOLMA YTOUHEHHYI0 oHTorornio O *0O , .

O6palLeHue: NpuMeHsis 3Ty onepaLuio k Ay, Nofly4aem aBTomar:

Puc. 9. Aemomam o6pauweHusi Ons1 oHmonozuu O
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KpaTkas xapakTepucTuka onepawuii

Anrebpanyeckne CBOICTBA BBEAEHHbIX OMEpaLMin Ha OHTONOTMSX BbITEKAIOT M3 COOTBETCTBYHLIMX CBOWCTB
onepauuit anrebpbl perynspHbIX A3bIKOB. OTO 3HAYWT, YTO JaHHbIE Onepauuu YAOBMETBOPSKT ChedytoLmum
3aKOHaM: KOMMYTaTUBHOCTb U acCcOLMaTMBHOCTb onepauuit 0GbeAUHEHNS W NepeceyeHmns, accoumaTuBHOCTb
YMHOXEHUs!, MCTPUOYTUBHOCTL OnepaLn YMHOXKEHWNS OTHOCUTENBHO onepaLuili 06beanHEHUS U NepeceyeHus.

[laHHoe MHOXecTBO onepauuin (B cnyvyae HagoOHOCTM) MOXHO pacluMpATb MO KpanHel mepe B ABYX
HanpaBneHusix. OgHUM U3 TakUX HanpaBMEHMIA SBNSETCA paclUMpeHue onepauusMn Ha rpadax (BBeaeHue W
yaaneHue BeplwnHbl 1 pebpa, coeamnHeHne rpadoB, M30MOPGHOMO CoeanHeHNs [6], AeKapTOBOrO NpOuU3BEAEHNS
W 1. 4.). Opyrum HanpaBneHuem sBnsietcs anrebpa OTHOLEHWA. [lOoCKOMbKY Kaxzas OHTONOrUS SBRSETCs
NPEeACTaBNEHNEM HEKOTOPOA COBOKYMHOCTW OTHOLUEHWA (B YACTHOCTU: OAHOTO), TO MOXHO BBOAUTH OnepaLuun
pensumnoHHoi anrebpsbl.

Kakoe 13 BO3MOXHbIX Hal'lpaBJ'IeHMﬁ 6y,u,eT BbI6paH0, 3aBUCUT OT MPaKTU4EeCKNX I'IOTp66H0CTel7I 1UCcnonb3oBaHnA
OHTOMOrNA. npOFHO3VIpOBaTb 4TO-NNBO Ha STOT CYET He UMEET CMbICNA, TaK Kak MPaKTUKa OKa3bIBAETCA BCEraa
Goraue ntoboin TEopUN. ABTOpr HaOewTCd, 4YTO NpencTaBlieHHble onepauun Haf OHTOMOrUAMU OKaXyTCA
NnonesHbIMK NpU aHanu3e, CMHTe3e U MaHUNynnMpoBaH OHTONOTMAMU U OHTONOIMYECKUMU obbekTamu.

Mpobnembl peanusauumn onepayum

PaccmoTpuM Tenepb HekoTopble NpoGreMbl, BO3HWKAOLME Ha MyTW peanuaaumn AaHHbIX onepawuil.

MepBast npoGriema (1 BO3MOXHO OCHOBHasi Mpy paboTe C OHTONMOrMSAIMM) CBSi3aHa C TEM, YTO KOPPEKTHOe
BbINOMHEHME OMUCAHHBIX BbilWe onepauuin TpebyeT CO3AaHMs HEKOTOPOro OBLUEero rnoccapust NpeaMETHbIX
obnactel M MOHSTWIA, C TMOMOLLbO KOTOPOrO MOXHO Obino Obl  OJHO3HAYHO —WMAEHTMMLMPOBATL
cooTBeTCTBYtoWMe 00bekTbl. Mo BuAMMOMY, 3Ta npobrema SBNSIETCA He Torbko Npobrnemoid Ha nyTn
peanusauuy BBEAEHHbIX ONepauuii, HO W B HEKOTOPOM cMbicrie obLied npobremoit Ha MyTW MOCTPOEHMS
OHTOMNOTUIA 1 PaBOTbl C OHTONOMMSIMM.

Btopas npobnema, BO3HMKatOLLas Npu peanusauun onepauui, CBs3aHa ¢ UMEIOLENcs nepapxmen obnacten u
NOHATUA. [1eno B TOM, YTO B Pa3fNYHbIX OHTOMOTUSX OOHW U T e MOHATUA U OOBEKTbI MOTYT HaXOAUTbCS Ha
pasHbIX YPOBHAX Mepapxun U 3TO HeoOXOAMMO YuuTbIBATL MPU MPUMEHeHWW onepauwi. B npegnaraemom
nogxoge ata npobrema pelaeTcs C MOMOLLbI0 MOCTPOEHWS TPAH3WUTWUBHOTO 3aMbIKaHUS  OTHOLLEHMS
BOCTWXKMMOCTM Ha COCTOSIHUSIX aBTOMATOB, NPELACTaBNALWMX AaHHbIE OHTONorM. OfHaKo, aBTOPbI HE YBEPEHDI
B TOM, YTO 9TOrO 3aMblKaHUS [OCTATOMHO ANS pelleHus npobnembl. 34ecb, Mo-BUAMMOMY, HEOOXOaWMbI
9KCMEPUMEHTbI Ha pearnbHbIX OHTOMOIMSAX U UX NPEACTABNEHMSIX.

TpeTtbs npobnema cBs3aHa C MOMHOTON 3HAHUIA, UMEIOLWMXCS B MPeSCTaBeHHbIX OHTONOrMAX. 3Ta npobnema
SBNSETCA OCHOBHOW B MpoLecce cneuudukaumi 1 Bepudmkalm nporpaMMHOr0 U TEXHUYECKOro obecneyeHus.
3pecb xe ara npobrnema cBs3aHa C BO3MOXHOCTbIO MOCTPOEHWS B HEKOTOPOM (XOTS Obl) CMbICE MOMHOM
OHTONOro-ynpasnsemon MHHOPMaLMOHHON CUCTEMBI.

3aknioyeHue

Tema gaHHOM paboTbl BO3HMKNA B CBA3M C AOKNagamMu, KOTopble Obinv NpeacTaBneHsl Ha koHdepeHumsx KDS-
2005 n KDS-2007 (BapHa, bonrapus). Pasgen no oHTONOMAM Ha 3TUX KOHDEPEHUMsX Bbin OQHUM W3 CaMbIxX
fonbluMx W Aoknadbl, NPeAcTaBneHHble B 3TWX pasdenax, Obinu cTUMynupylowmuMmn ans paspaboTku
NPEeACTaBNEHNS OHTONMOMIA 1 Onepauyii Ha OHTONOTUSX C LeNbl0 aBTOMaTh3aLMM npoLecca NpOeKTUPOBaHUS 1
MaHUNynMpoBaH1s 3TumMmn obbekTamn. Bo3MOXHO nocne [LaHHOW NOMbITKM BBECTW ONepauyi Ha OHTOMOMMAX
nosiBATCA M Apyrie noaxodbl K MOCTPOeHMto anrebpbl OHTONOMMA, YTo 6bino Obl BECbMa XenaTemnbHbIM 1
NNOAOTBOPHBIM ANS pa3BUTUS 3TO 06nacTi 3HaHUI. Haw noaxoa, No BUAMMOMY, He SBMSIETCH CaMbIM JTy4LLnM,
MOCKOMbKY TPeByeT peLleHns NepeymncneHHbIX Boile npobnem.
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MEPA ONMPOBEPXXUMOCTW BbICKA3bIBAHWUIA 3KCMEPTOB,
PACCTOSIHUA B MHOFO3HAYHOM NTOTMKE U NPOLIECCHI ADANTALIUK

Anekcanpap BukeHTbeB

AHHomauyusi: B pabome onpedensiomcs u Ookasblgaromcsl ceolicmea PacCmosHUll Ha 8bICKa3biBaHUsIX
3KCnepmos 8 MHO203HayHOU 102UKe U U3y4aemcsi Mepa OnposepX)UMOCMU MaKuX 8bickadbieaHull. [1omy4yeHbi
obobuwjeHusi Ha obwul cnydall pe3ynbmamos, A0Kas’aHHbIX paHeee 8 Crydae 2-3Ha4yHo20 U 3-3HayH020
ucyucnenut [1].

Knroueeble crnoea: MHO203HayHble 3KCNEPMHbIE BbICKa3bIBaHUs, Mempuka Ha ebickasbisaHusix (expert
Statements, metric).

ACM Classification Keywords: [.2.6. WcckycmeeHHbil uHmennekm, usyyeHue 6a3 3HaHul, npouyecchl
adanmauuu ( Artificial Intelligence - knowledge acquisition).

Conference: The paper is selected from XIVth International Conference "Knowledge-Dialogue-Solution” KDS 2008, Varna,
Bulgaria, June-July 2008

BBeaeHue

B HacTosilee BpeMeHst NosiBNsieTcsl Bce GOMbLUMIA MHTEPEC K MOCTPOEHMIO MOMMYECKMX PeLLaoLLMX (yHKUMA Ha
OCHOBE aHamnmM3a 3KCMepTHOM MH(opMauuW, 3aAaHHOA B BUAE BEPOSITHOCTHbIX MOTMYECKUX BbiCKA3blBaHMIA
HECKOMbKMX 3KCMEPTOB, peanu3aLymm afanTUBHbIX METOLOB U COTNacoBaHUs BbickadbiBaHuii [1-8] .

B paHHoi paboTe npeanioxeHo 3anuchbiBaTb BbiCKa3bliBaHMS 3KCMEPTOB B BuAe HOPMYN MHOrO3HaA4YHOW NOTUKM
Nykacesuya [3]. Mpu opraHu3auymn noucka NOrMYECKMX 3aKOHOMEPHOCTEN TPebyloTCsa Kak pacCTosiHUS Mexay
BbICKa3bIBAHMAMM SKCMEPTOB M chopmynamu B Moaensx (no 6ase 3HaHWit) B MPOWN3BONbHLIA TEKYLMA MOMEHT
BPEMEHM, TaK 1 Mepa OMpOBEPXMMOCTU. ocreaHss no3BONseT paHXMpoBaTb BbICKA3bIBAHUS MO CTEMEHN MX
HETPUBWNBHOCTH, BaXHOCTW. MnaHupyemas obpaboTka cOODLIEHNN 3KCNEPTOB B Pa3nnyHble MOMEHTbI (Cpesbl)
BPEMEHM MOKa3blBAET, YTO MOCKOMbKY MMNOTE3bl-NPeanomnoXKeHNs Y aKCepToB BOOOLLE roBOPS MEHSIOTCS, TO
paccTosHUSA U Mepa ONPOBEPKUMOCTM TOXE MOTYT U3MEHATLCA. 3HAUUT NPOUCXOAMT afanTauus BO BPEMEHU Kak
CaMOW TEOPWW, TaK 1 PaCCTOSHUIA MeXAay BbICKA3bIBAHUSIMU W UX OMPOBEPKUMOCTEN. Annapat ans obpaboTku
TaKUX 3HaHWit NoAroToBneH B pabotax BukeHTbeBa A.A., HayaTbix coBMecTHO ¢ JT6oBbIM I'.C. 1 KopeHesoit J1.H.,
a COrnacoBaHWs 3HaHWN- BbiCkasbiBaHui B paboTax J160Ba-IepacumoBa [4-6] B knacce NOrMYECcKMX peLlaroLmx
yHKUMA. CurHan o CMeHe Knacca Mogenei (a 3HauuT 1 Teopum) Byaet ucxoguTb NMBo OT cammux 3KCnepToB (Mo
WX W3MEHSIIOLLMMCS 3HAHWAM) UK MU NONYYeHUM HenpaBUMbHbIX PE3ynbTaToB NpU MCMOMb30BaHWW CTapoM
(6a3bl 3HaHuMi) Teopun. B cnyyae n=2, n=3 npoBedeHbl TEOPETUYECKME MCCNIEOOBAHNS MO YKa3aHHLIM BbiLLe
BOMpocam. 34ecb pacCMOTPEH Cryyvai Ans Npou3BonbHOro n . KoHeuHo, He BCe paHee [oKasaHHbIe pesynbTaThl
AN ManbiX N NepeHOCATCS Ha 0BLLYH0 CUTYauuto.

£ICHO, YTO pasnuuHble BbICKA3bIBAHWS AKCMEPTOB (M COOTBETCTBYIOLME UM (HOpPMYIbI) HecyT B cebe pasHoe
KOMMYeCTBO WH(OPMaLMX, @ 3HA4YMT, BO3HWKAET BOMPOC O PaHXMPOBAHWM BbICKA3blBAHWA SKCMEPTOB U
CpaBHEHWN UX MO MHOPMATMBHOCTU (MEpe OnpoBEPXMMOCTH). [ns pelieHns aTux 3agady B pabote 6yayT
BBEAEHbl W HaWaeHbl CBOWCTBA pacCTosiHuA Mexay dopmynamu. [logpobHO paccMoTpeHa Mepa
OMPOBEPKMMOCTM paccMaTpUBaEMbIX OpMy.

Pabota BbinonHeHa npu puHaHCOBOV noaaepxke rpaHta PO®U 07-01-00331a.

Ol'lpe,EIGHGHVIG pacCcToAHNA MeXAy BbiCKa3biBaHUAMU IKCNEPTOB

Onpenenenne 1.1. MHOXECTBO 3neMeHTapHbIX BbiCkasbiBaHUA S (), MCNOMb3yeMblX MPWU HanNMCaHWU
(HOPMYIN MHOTO3HAYHOM NOTUKU ¢ , HA30BEM HOcUumenem hopmyrsi ¢ .
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Onpepenenue 1.2. Hazosem Hocumenem cosokynHocmu 3HaHuli S (%), obbeauHeHne Hocutenen gopmyn,

BxogAlmMx B 2 ,T.e. S"(2) = ;;JZS”(go).

Onpegenenve 1.3. HasoBeM MHOXeCmEOM B03MOXHbIX 3HAYeHUl Hocumesns COBOKYMHOCTM  3HAHW
Q") ={p, lpeSE)k=1,n-1},

n—1

Onpenenenne 1.4. Modenbto M Haszoem nio6oe nogmHoxecteo Q" (X) Takoe, uto M He copepxut
ofHoBpemeHHo @ , M@, Vk#l Ve QX)

n—1 n—1

MHoxecTBO BCcex Mogeneit bynem obosHadate P (S(Z)). Ons ynpolleHus 3anuci, BEpXHWA MHOEKC Y
dopmyn, 03HaYaloLLMIA 3HAYHOCTb BbICKa3blBaHUS, OyaeM onyckaTb KOrAa 3TO He Bbl3blBaeT TPYOHOCTEN.

Nemma 1.1. ( 0 umcne mogenen P*(S(X)))
| PSE)[=n".

[oka3aTenbCTBO: JOKAXEM YTBEPXKAEHIUE NO MHOYKLMM.
Mycts S(2) = {4}: | S(D) l= 1. Toraa P(S) = { {4}, {4, }os 4, )

n-1 n—1

| P(S(Z)) |=n

MycTb BepHo Ana | S(Z) =k —1; S(X)={4",4%,..,4"}; P(S(Z)) =n"*';

Lokaxem ans | S(Z) |=k,1e. S(T)={4",4°,..A"}.

P(S(Z)) = P(S(Z) U {M U{A} | M € P(SE)} UM U4, } | M e PSE)U. UM U4 }]
M e P(S(X))}}

[okaxem a10. O4eBMAHO, YTO

P(S(Z) 2 P(S(Z) WM U{A} M € P(S(E)} UM U{d,,} | M € P(S(X))v..u{M{4" }|

-1 n—1
M e P(S(X))}}
[okaxxem 06paTHOE BKIHOYEHME.
Mycte M € P(S(X")). Torga
ecm A e M ,rpe l e = _i,n_?,..,O} ,Torpa M\ 4' € P(S(2))
n—1 n-
ecnm A ¢ M, 70 M € P(S(Z))
CneposartenbHo,
P(S(Z))  P(S(D) UM U{A Y| M € P(S(E)} UM U{AL,} | M e P(S(2))U.. UM U{4", }]
-1 -l
MeP(SZ))}}
3HauuT,

| PS() = PS(EN |+ PSE) | ot | PISE) = 0| PSE) 2 * ™ = O = 50,
u.T.0.

k
Onpepenenue 1.5. dnemeHTapHas opmyna A npuHUMaeT Ha Mmogenu M 3HaueHue —1 k=1,., n-1,
n —

ecm A, eM,te M|I=4, A4, eM.

n—1 n—1 n—1
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Onpenenenne 1.6. OnemeHTapHas opmyna A npuHumaetr Ha Mogenm M 3Havenme 0, ecru
A, ¢MVk=1.,n-1.

n—1

[lanee, ncnonb3ys onpeaeneHHble Bbille (opMynbl, nonaraem:
IM|=(A4&B), & M|=4A,nMI[=B ) min(p,q) =k

P

n—1 n—1 n—1
HM|=(AvB), ©M[=4, wM|=B,) max(p,q) =k
n-1 n-1 n-1
5) M |: (_lA)L = M |: An—l—k

n-1 n-1

Bo Bcex ocTanbHbIX cryvasx hopMyribl NPUHUMAtOT 3HaueHus 0.
Beenem 0603HaueHus:

Modg; (4) , ={M|M eP(SE),M[=4, }
n-1 n—1
MOdS(z)(Ao):{M|M€P(S(Z)),M WA, Vk=1,.,n—1}
n-1
Takum obpasom, nwbon dopmyne @ Takon, yto S (@ ) < S (X ) COOTBETCTBYET COBOKYMHOCTb
Mod 5 (@)  , k=1,..,n—1 wmopeneit u3 P(S(X)), Ha KOTOpbIX ¢ MPUHUMAET ~3HAYEHMS

n-1

L, k =1,..,n—1 cOOTBETCTBEHHO.
n-—1
Cdhopmynmpyem HekoTopble TEOPETUKO-MOZENBHBIE CBOMCTRA.
Nemma 1.2.

n—1
1) MOdS(Z) ((A&B)i) = U((MOdS(Z)(A)L mMOdS(Z) (B)L)U(MOdS(z) (A)L mMOdS(Z)(B)L);

n—1 p=k n—1 n-1 n-1 n—1

k

2) MOdS(z) ((AVB)L) = U((MOdS(Z) (A)L UMOdS(Z)(B)i)U(MOdS(Z) (A)L UMOdS(Z) (B)Li
n—1 p=0 n—1 n—1 n—1 n—1
3) Modsm (—lA)L :Mods(z)(A)M;
n—1 n—1

n—1
4) UMOdS(Z) (A)L = P(S(X))/ Mod g5, (—A),
k=1 n—1

Onpepenenune 1.7. Hasosem dopmynbl ¢ W '  3K8usareHMHbIMU (panee KOpoTkKO @ =/ ), ecrnu

n—1 n—1
| JMod,s, (@) = | JMod,s, (w) |, T OHN UMEIOT OHO M TOXE MHOXECTBO MOAerei B KoM
k=1 n—-1 k=1 n-1

3HaYeHUN UCTUHHOCTU. JTO OTHOLLIEHWE ABNAETCH OMHOWEHUEM 3K8UBANEHMHOCMU.
Onpepnenenune 1.8. PaccmosHuem mexgy dopmynamm ¢ u y (Takoe, yto S(@) U S(y) < S(X)) Ha
mHoxecTBe P(S(X)) HasoBem BenuumHy (0606LLAKOLLY0 HOPMUPOBAHHYKO CUMMETPUYECKYK) PasHOCTb AMS

MHOMO3HAYHOrO Cryyasi, YTo SBMSIETCH €CTECTBEHHbIM 0600LLEHMEM pacCTOsHMS Ans (Knaccudeckom ) 2- u 3-
3HaYHOW FOTUK):

n—1

n—1
\UModS(z)((pL &1//0)|+|UM0dS(Z)((00 &V/L)‘
n—1 k=1

k=1
Psz) (p,v)= 5@

n-1

CBouCTBa paccTosAHMA

Yreepxaenue ( CBoiicTBa paccTosHus gy )
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[nsa nobbix popmyn @,y Takux, 4to S(@) U S(y) < S(X) cnpaBennmsbl yTBEPKAEHUS:
1)0< py) (@) <1;

2) Py (@:9) = P55y (W5 9)

3) Py ()0 p=y;

—1 n—

n—1
4) pS(Z)((o,l//) :1<:>U
=1

=1 k=

1
(Mod(p) , WMod(y) , )= P(S(X)),r8e U - npsmoe o6beuHeHne
/ 3 i

n—1 n—1

5) Ps)(@:¥) < Py (@, 2) * Py (X-W)
6) Ecnu ¢' = *, 70 Ps(z) (0".v) = Psx) (0>, w);

JlokasaTtenbCTBo:
1) OuesugHo, 4t 0 < pg5 (@, ) <1, MpudeM BEPXHSS U HUKHAS rpaHuLbl AOCTWKMMbI. [MpuBesem
npuMepbI OPMY, Ha KOTOPbIX OHW JOCTUTAKOTCA.

k
Ps)(@,9)=0;Tyctb @ - dopmyna, He MpUHUMAILLASA 3HAYEHIE T k=1,.,n-2, 10108 —@-
n_

k
TaK e He NPUHUMAET 3HayeHne P k=1,.,n=2.Torga pgy, (@,—¢)=1.
n f—
2) [laHHOe CBOWCTBO 04EBUAHO, 13 ONpeLeneHns pacCTOSHUS U CUMMETPUYHOCTY OnepaLyi.
3) [okaxem npsmyto (cneBa HanpaBO) MMMNIMKALMIO.

n—1 n-1
pS(Z)(¢a‘//) 0= 2(|M0d (z)((p) v |+ Mod (z)(‘//) v D— 2ZZ| Mod (2)((P ' &‘// )[=0
n—1 n—1 p=l g=1 n—1 n— 1
n—1 n-1
2(’ MOdS(Z) () Tk |+ MOdS(Z) (¥) ko =2 |M0d5(2) ((/)L & V/L) | (1)
n—1 n—1 p=l g=1 n—1 n—1
I'Io onpeneneHmo
n—1 n-1
Z(| MOdS(Z)(§0) = ZZ|M0dS(Z)(¢L &Wi)“
=1 -1 n—1 n-1
—1 n-1n
Z(| MOdS(Z) (‘//) ko | |M0d5(2) (¢, &y ko )1
_ k=1 s= n—l n— -1
= Z(| MOdS(z)((D) . |+ |MOdS(Z)(l//)L )=
k=1 L

= n—1

n—1n-1

—2ZZ|MOdS(2)(§0 P &y )|+Z|M0d3(z)((0 k &Wo)|+Z|M0dS(Z)(¢’o&'// 0 )| (2)

k=1 s=1 n—1 -1 k=1 n-1
Ecnm 13 (2) BblvecTb (1), TO NonyyaeTcs

n-1

Z(| Mod s, (¢ 'k &y,)|+|Modgy (0, &y N ) |) = 0; oTkyaa cneaytoT MnMKaLmm

-1 -1
n—1 n—1
= 3| Modys) (0, &vy)|=0 = UMod((p) . <UModw) 0
n—1 n—-1 k=1 -
n-1
n—1
| Mod (9, &y ko )=0 = UMOd((o) K= UMOd(‘//) k (4)

=~
1l

1 n—l k=1 n—1 n—1
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n—1 n—
= U3 (3), (4) nonyuaem | JMod(p) , =|JMod ., (y) = p=y

k=1 o k=l ke
n—1

[lokaxewm obpatHoe: ecrm @ =, 10 p(@, ) =0.

n—1

n-1
Mo onpeaenexo ¢ =y osrauaer, uto | JMod,, (9) , =|JMods ()

k=1 n-1 k=1 n-1
UMod(qo) ‘ cUMod(w) = Mod(p , &)= (f
k=1 = - -
|Mod(¢  &w,)I=0 Vk = [ Mod(p, &y , )I=0 Vk
n-1 n—1

n—1

UMOd((P v &)+ UMod(l// . &)
= p((oa W) = ot nIS(Z)\ n-l =0.

n—1
4) p(p,p) =1 MOdS(z)((/’ . &wo) |+ UMOdS(Z)((/’o &y l=n IS(2)| (5)
n-1 n-1

n-1 n—-1n-1

S —|UMod((pk &w0)|+|UMod(wk &)+ JUMod(p , &y , )| +|Mod(p, &y,)|

n-1 n-l1 p=lg=1 n-1 n-1
A3 (5) v BbIMMCTIEHMIN NOMYYaeM, YTO:
1 n-1
1

UUMod(e , &y, )|+| Mod(p, &,)|=0
p=lg=l
T€. @ W ¥ OOHOBPEMEHHO HE NPUHMMaET 3HayYeHue 0. Ecru @ TpPUHUMAET 3Ha4YeHne He 0, O Y

n-1 n—1

n—1 n—1

obssarensio  pasio 0, Te. | J|J(Mod(p) , UMod(y) , )=P(S(2)). Te. wmogem
=1 k=1 -1 -1
Mod(¢p) , Vk=1,n—1un Mod(y) , VI=1,n—1 obpasywT nepecekaioLie MHOXeCTBa, Takie 4To
n-1 n—1

nx o6begmnHeHe 3aI'IOJ'IHﬂeT BCe Halle I'IpOCTpaHCTBO

IUMod((P e &)l +UM0d(<00 &2 )l

n-1 n—1

5) p(¢: Z) - \S(Z)\

|UM0d(§0 k &V/o)|+|UM0d(¢’o &y 3 )|

n-1 n-1

p(¢’ W) - |S(Z)\

n—l1

UMod(z// c &7 +|UMod(t//0 &7 )|

p(¢’ Z) - = n|5(2)‘ =
n—1
Mod(p . &)= x¥ ) =
n—1 =0 n-1 n-1
n-1 n-1 n—1 n—1
= plo, ™ U UMod(p , & 7, &v )|+ IUUMod(p, & 7, & )|
k=11=0 n—1 n—1 k=11=0 n—1 n—1

=1 n-1 -1 n-1

n—1 n—1
ployn > = JMod(p &y, & x )1+ JUMod(p, &y & 7,)]
k=11=0 k=1

n—1 n—1 =1/=0 n—1 n-1
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n-1 n-1 n-1 n-1
Py, n & = JUMod(y |, & xo & o DI+ IUUMod(y, & 2, & )]
=11=0 n-1 n-1 k=11=0 n-1 n-1
n=1 n-1 n—=1 n-1
pp, )n*' = |Mod(p , & xy &y, )|+ | Mod(p, &y &y, )|+
k=1 I=1 -1 -1 k=1 I=1 -1 -1
n-1
+Z|M0d(¢7&lo&‘//o)|+Z|M0d(¢o X &yl
k=1 n—1 k=1 n-1
n=1 n-1 n—1 n-1
p((ﬁ’l//)nmw Z|M0d(¢i &y, &li)|+ | Mod (g, &WL &XL)H'
=1 /=1 n-1 n-1 k=1 I=1 n—1 n—1
n-l1 n—l1
+Z|M0d(¢i&V/o&Zo)|+Z|M0d(¢o&Zi&‘//o)|
k=1 n—1 k=1 n—1
n=1 n-1 n=1 n-1
Py, =3 | Mod(y & xy & | )|+D. D | Mod(y, &y, &p )|+
k=1 1=l n-1 n—-1 k=1 I=1 n-l1 n-1

n-l n—1
+Y | Mod(y , & 7, &p)|+Y | Mod(y, & 2, &9,)]

k=1 n—1 k=1 n—l1

= p(@, 1) < plo, )+ p(W, x);

n—1

6) ¢' =’ obosrauaer, uto [ JMod(p") , = UMod((p )

k=1 1l k=l L

-1

n—1 n—1
= UMod(gpli &y,)= UMod((pZL & w,) 04EBNAHO.
k=1

n—1 k=1 n—1
Yy.T.4.
Cﬂeﬂy}OUJ,aﬂ NeMMa faeT BO3MOXHOCTb YNPOLLEHNA BbIYNCIIEHNUA PACCTOAHUA B HaLuen cutyauuu.

Nemma ( 0 NOKaNbHOCTH BLIYMCIEHNS! PACCTOSHUS 1 NMOBEAEHUN NPU PACLUMPEHNN)
Ans nwboro S(X,) 1. 410 S(@)US(yw) < S(Z,) n moboro S(Z,), T. uto S(Z,) = S(X,) umeer

MECTO PaBEHCTBO: Psao)((/’a )= ps(zl)(go, V).
[okazaTenbcTBO
Paccmotpum S(2,)=S(Z,) Uiy}, reSE,).

Mpuatom P(S(Z))) = P(S(Z,)) (D M Uiy JIM e P(SE )N [ PSE))Fn|PSEy))]

k=1 n—1

Tarxe | UMOdS(z )(C” v &y)l=n| UMOdS(ZO)(¢ v &)l

n—1 n—1

n

ro. P(S(Z,)) = HMZW%ﬁMukaMEHMZm >

1 n-1

1

n-1

|UM0dS(z)(¢ k &WO)|+|UM0dS(ZI)(¢O &y )l

n-1 n—l

= Psi) (p.p) = n|S(zl>\ -
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n-1 n-1
n| HMOdS(Eo)(wi &y,)|+n| HMOdS(ZO)((/’o &V/L) |

= n-1 n—1 _

- - S = Psis,) (@9)
Mycts Teneps | S(Z)\S(Z,) H{4',..., 4"} =m>1.

Torga pS(zo)((pa y)= Psisyyouah (o, w)=...= Pisoyonim (o) = Pses,) (o, ¥).

Y.T.A.

OnpepeneHne U CBOMCTBA MePbl ONPOBEPXKUMOCTH

Moaxon K OnpedeneHnto Mepbl OMpOBEPXMMOCTM OCHOBLIBAETCS Ha ECTECTBEHHOM MPEANONOXEHUM: YeM
Bonblue Mofeneit Ha KOTOpbIX BbickasbiBaHWe NMPUHUMAET 3HauyeHue He paBHOE 1, TeM BbiCkasblBaHMe nerye
onpoBepkuMOo. [OCKOMbKY BO3MOXHbIX 3HAYEHUA HE PaBHbIX 1 HECKOMbKO, TO MpeafaraeM Y4nTbiBaTb WX
MOHOTOHHbIMM Becamil MO BCEM 3TUM 3HAYEHUSM U AN KAKOOrO TaKOrO 3HAYEHWUS WCTUHHOCTY
HOPMMPOBaHHbIMK.

Mepeiimem k 6Gonee dopmanbHomy onpegeneHunto. Mepa onpoBEPXUMOCTY IS(Z)(go) ans copmyn 13

D) ={p|S(p) < S(X)} 3apaeTtcs paBeHCTBOM

. |M0d5(2)(¢’i) |
L) (@) = ZO:“:‘ S =,

0<a, <l

Il
o

rie  «, yaoBneTBOpseT yenosusam: s« + o, =1 Vi
a, 2a;, Vk<i;
INemma ( csoiictea Mepbl /g ) Ans nto0bix popmyn @,y € ®(X) cnpasennvBbl
H0< IS(Z)(go) <l
2) Iy (@) + 155y () = 1;
3) L5y (@ &) 2 max il (@), L s, (W)}
4) Iy (@ v y) <min{l gy (@), s, (W)}

5 Iy @vy)+ s (@&y) =15 (0)+ 155, W),
HokasatenbcTBO:
1) HepaBeHCTBO 04eBMAHO, Tak Kak. Mod S) (¢ , ) nonapHo He nepecekatoTcs, a B 06beANHEHNM JaloT BCE

n-1

mHoxecTBo P(S(X)). CoiicTeo 1 foKa3aHo.

2) I5)(9)+ L5x)(—p) =

|M0d5(2)((0i )|
_ | Modys(9y)| | Mody,(¢1)] +"§( N ) w _[PSE)] .
~ % T e T ) LN T e P05 RETS >

3) Pacnuwem noapoGHo, uto Takoe Iy (@ &)
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i | MOdS(z)(((o & l//)#) |
IS(Z) ((0 & W) = z 0([ n|5(2)‘ = =

i=0

. |M0dS(z)(¢ &y )l |M0dS(2)(¢L&l//L)| |M0dS(Z)(¢L&WL)|

-2
n—1 n— l n—1 n—1 n—1 n—1
+ ) —«, ;
Z(:d . n\S(Z)I n\S(Z)I ! n\S(Z)\

=
i

Pacnuwem nogpo6Ho /s, (¢):

|M0d5(2)((/’ i)

n-2 - n—

— n-1 —
IS(Z) ((ﬂ) - Z 0(1- n|5(2)\ - ai
i=0 i

1

| MOdS(E)((D &y )l

n—1 -1

n\S(Z)I

S5}
L

n—

DM
|

0

P |M0dS(E)(¢L &WLN e MOdS(Z)((DL &(//LH |M0dS(z)((P &y, )|
_ n—1 n—1 n—1 n—1 _ n—1 1
=20, ) + Zolai Z S & PO ’

i=0 k=i
n=2 n-l |M0dS(Z)((0 &Wk )| |M0dS(z)((0;‘&‘//L)\
n—1 n—1

S(Z) ((0 & l//) IS(E) ((0) Z ; a; I’llSZZ;‘ az n|5(2)‘ =

i k=i

|M0d5(z)(§0L&‘// )|

I
[=}
— >
I

N

n=2 n-1

Il
(=}

|M0d5(z)((”i&‘// )|

n-2 i -2 n-1 -
n—1 n—1 n—1 n—1
(ak a; ) S +ZZ“ S - O’
i=0 k=0 n =0 k=i n

Monyunnu, w0 I s (@ &) =I5, (@) . MO CUMMETPUM MONYYMM BHANIOTUYHOE HEPABEHCTBO AN Y
Iy (@ &y) 215 (W)
=> I (@ &y) 2 max{lg (@), L5z (W)}

CBoncTBO 3 AOKa3aHo.
4) Pacnuwem nogpoGtee I (@ Vv y):

wn |M0dS(Z)((¢VV/)L)|

Iz (@Vvy)= Z;‘ai 5 n-1
o [Modgy (@ &y )| [Modgs) (9, &y ;)|

= ;“i(; nwsa = - n\s:z_; )=
LI Modis (9, &y )|

- nlSEl)\ e

i=0
Pacrmwenm noppoGtee [y, (¢):
" |M0dS(z)((/’ )| o |M0d3(2)((0 &y ;)|

n—
_ n-1 n-1 —
Iss) (@) = 2 ,ai S ZO:“!Z ;5 B
= i

PP |M0ag(z)(¢) &y, )| PP |MOdS(z)(¢L &WL” |MOdS(z)(¢L &l’//;')|

n-1 n-1 n—1 n-1 n—1 n—1 .
& ‘ n\S(Z)I +Zaiz n|S(Z)\ 4 nlS(Z)\ ’

N

=

i
I
=
i
(=}

i=0
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Bbluncnum Pa3HOCTb ABYX NOMYy4YEHHbIX BblllE PABEHCTB:
P |M0d5(2)(¢ &V/ )‘ |M0d5(z)(¢i &V/L)‘

_ n—1 n—1 n—1 _
L) (@)= L5y (@ V) = Z a; Z S + Z a; S -

=0 k=i =0 k=0

. |Modys (0, &w )| | Modys, (9, &y ;)| |Mods (9, &y ;)|

i L
:ZZ% n|sgw = _Zo:“f kz(;ai n\sgw = ZZZai nwsgw =
paroi

k=0 k=0 i=0 k=0
Monyunnn, wto I (@ Vv ) < Iy (p). Mo CAMMETPUM NOMYYMM BHANOTUYHOE HEPABEHCTBO ANA i :

]S(Z)((DV W) < ]S(Z) (¥)

=> 55 (pvy)< min{]sa) ((0),13(2) (w)}.

CBoincTBO 4 fOKa3aHo.
5) W3 chopmyn, nonyyeHHbIX npy gokasaTensCTBe MyHKTOB 3)- 4) HenocpeacTBEHHO cneayeT dopmyna:

IS(E)((DVV/)+]S(2)(¢’&‘//) :IS(Z)((/’)"'IS(E)(W)-

FPHTEPHH ABAPHH
TTpodmE o ECge o e e TUCTTHE e
EREOCTH) TI0 T EAEEHE HAITHIIE:
TROMMTEHTEIEHOH paGoTE HaroCoE
H3-74 IO HEOTETIO e HHA BOEREN

HITH
| = |
Flomarma Ha Flomarma Ha
OTEITEO SR HEE (HAC0C ) OTEITEO R HHE (HACOC )
He TIOCTHITHITA HE OCYIIeCTEIEHA
22
CAEPJ He BRgTATA Cimeparop He
HOMAHTED EBIOAN FOMAHTED
[ OTEIFOHRHIA HACOCH) [ OTEIEOYEHIA HACOCH)
TR SR HELT
Hacoca 21
20 CImepaTop He IEITATCE

r_w:I’UTI‘Ii- OTEIIUHTE HACOCE

OMTEAS CpemCTE
Oz cpeneTea BEIAYH CHTHATIOE Omepatop CmepaTop He cMOT
e [ YpOBHA H He CpealTROEAl BHIETIRTSHTE HACOCE
(obBena FO3BI) pacxogorepa’l| | HaoTraz CABJ BOBpPEMA

CABT Oenabmars Onp He TAMET. O-p He IHAT OBpEE
OTHIEI SR HA CHIHATA pa.cxnnon-nepa CEET. HEMFFALL o Heoboomem. xpnmme-rpa TeTIeR
TIO M= A oTkaza CAET OTEIL. HACOCOOE Epe NS EE ¥IIp AET=HELT
OEpEE nemedt CiTras Ciras Onp. He yom. OmepaTop He CITyaz
OT FATYHEFOE W FOTECTR LR HATERA IEYE. FEQUEFALL IAMETEDT Xpo- EEDNTEOHATE LT
obEeNMa mozE CHTHATA YPOEHR oTraza CAE]TT HOM. EPeNEEE Hacooa

Pwuc.1. [lepeso “oTkasa“ 3anpaBoyHON onepauum
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3aMeTiM, YTO CBSI3b MepbI ONPOBEPXIMOCTY C BBEAEHHbBIM BblLLE PAcCTOSIHUEM He Takasi IpoCcTas Kak B Criyvasx
norvk npu n=2 unn 3. [ins BBeAEHUS paccTosiHWs Obino nepebpaHo MHOrO BapWaHTOB, ANS HUX Xenaemble
CBOVICTBA, C TOYKM 3pEHISI IKCTIEPTOB, HE BbIMOMHANNUCH. Tak YTO HAZesTbCs Ha ApYrie Crydan He NpUxoamuTCs 1
MOXHO KOHCTaTMpOBaTb, 4TO B OOLIEM CNyyae HET TECHOM CBS3W MeXay pacCTOsHUEM W Mepoil
ONpPOBEPXUMOCTH!.

PaccmotpeHo fepeBo cobbiTiit (puc.1), Mcnonb3yemoro Ans aHanu3a NpuYuH BO3HWKHOBEHWS aBapWiHbIX
CUTYaLui Npu aBTOMaTM3MPOBAHHOM 3anpaBke emkocTu. CTpykTypa aepesa CobbITUiA BKIIOYAET OAHO rONOBHOE
cobbiTne (aBapusi, MHUMOEHT), KOTOPOE COEAMHSIETCS C HAabOpPOM COOTBETCTBYHOLUMX HUKECTOSLUMX COObITUN
(owmbokK, 0TKa3oB, HeOGNaronpUATHbIX BHELUHMX BO3LEACTBMM), 0Opa3yloWMX NPUUYMHHbIE LENW (cLeHapuu
aBapun).

MpoaHanunanpoBaHbl 13 AepeBa pasfiyHble BbiCkasbiBaHUsS 06 OTKasax 3anpaBOYHOM CTaHUMM W HaWAeHbl
PACCTOSHWSA MEXZY PasnuYHbIMWA (hOPMynami 1 X MEpbl OMPOBEPXUMOCTM MpK PasnMuHbIX N. PesynbTarthl
nokasanu afekBaTHOCTb NpeasfiaraeMoro noaxoda M Ka4yecTBEHHYHD MOXOXKECTb Pe3ynbTaToB Ha chyyan n=2 u
n=3. [ina 6onblwmMx N CUTyauus TakoBa: HamMi PACCMOTPEHO HECKONbKO 3afay MO BbIYMCMEHWNKO PACcCTOSHUS
Mexagy opMmynamu Ans pa3nuyHbiX N. M3 nonyyveHHbix Tabnuy cnegyeT, YTO pacCTOsHUS PasniyHbl Ans
pasnuuHbIX N. M ¢ pocTOM N pacCTosHUS BCE MEHbLUE W MeHblUe OTMINYAKOTCA ApYr OT Apyra. AHamnoruyHas
CUTyaLust CO 3HAYEHUSIMI MEPbI ONPOBEPKAMOCTH.

3aknioyeHue

MpennoxeHHble PaccTosHUS U Mepa OMpOBEPXKUMOCTM MOTYT UCMOMb30BaThCA B W3ydeHUW 6a3 3HaHuiA, WX
MOMONHEHNI, KNacTepU3aLmm, BbISIBNEHNIO NPOTUBOPEYMBOCTM, @ TaK e B BONPOCax pacro3HaBaHus 06pasos
afanTMBHbIX METOAaX MOCTPOEHMS NIOMMYECKMX PeLLatoLLmX (YHKLMIA N0 BEPOSITHOCTHBIM BbICKa3bIBAHUAM.
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AJANTUBHBIE NOAXOAbl K KOPPEKLIUM CTATUMECKUX N KWHEMATUYECKUX
MOMPABOK B 3ALAYE OEPABEOTKW CEUCMUYECKUX JAHHBIX!

TarsaHa CTynuHa

AHHOmauyus: B pabome paccmampusaromes: npobieMb|, 803HUKarouwue 8 Yughposoll obpabomke celicMu4ecKux
OaHHbIX. OcHoBHOU akueHm Oenlaemcsi Ha HeOOCMamKU 8 U3y4eHHOCMU Hecoomeemcmeusi Mamemamu4eckol
u usuyeckol modenu obbekma. He cmompsa Ha mo, ymo fobol epah 0bpabomku celicMuyeckux AaHHbIX
codepxxum npouedypy KOPPeKyuu Cmamuyeckux U KUHeMamuyecKux nonpasoK.,  y4umbiatoujux
Heo0HopodHocmu eepxHell Yacmu cped, 3adaya ocmaémcsi akmyarnbHOU NOCKOMbKY Kayecmeo KOHEYHbIX
pe3ynbmamos, npedcmaeneHHbIX CeUCMUYECKUMU U 2fybUHHbIMU pa3pe3amu U 8 Hacmosuwee epems
ocmaesisiem xenams fy4qweeo. [ns peepeccuoHHolU Modesu Koppekyuu cmamuku 6e3 UCKaXeHUs! KUHeMamuKu
npednazaemes mpu nodxoda K peanu3auuu YUcieHHo20 Memoda, MakCUuManbHO y4Uumbigarueao anpuopHyw0
UHhopMayuto, npedCmagIeHHyH KOIu4eCmaoM ONOPHbIX MOYEK Ha CelicMUYeckoM npogure.

Knroyesnie cnoga: Modesib 0CMamoyHbIX 8pEMEH OMPaXeHuUl, KUHeMamu4yeckue U cmamu4eckue nonpasku,
NuHelHas peapeccusi, Mepa anpuopHol UHgopmayuu.

ACM Classification Keywords: G1.10 Numerical Analysis - Applications, G3 Probability and statistics -
Correlation and regression analysis.

Conference: The paper is selected from XIVt International Conference "Knowledge-Dialogue-Solution" KDS 2008, Varna,
Bulgaria, June-July 2008

BBeaeHue

PesynbTathl 06paboTkM CEMCMUMYECKMX JaHHbIX 3aBUCAT OT TOrO, HACKOMbKO SKCMEpPUMEHTarbHbIE (MoneBble)
[aHHble COOTBETCTBYHOT NPUHATON TEOPETUYECKON MOZENN M3yvaeMOoit cpedpl. Takue UCKaxeHUs, kKak Npasuro,
OTHOCATCA K WCKaXeHUsM BPEMEH npuxofda BONMH 3a CYET HEOQHOPOAHOCTENM B BEpXHEN YacTu paspesa
(cTaTMyeckue NOMpaBKM) W pasnnMuMii BO BpPEMEHax MpUX0Aa MONE3HbIX OTPaXEHHbIX BOMH, BbI3BAHHbIX
HEOAMHAKOBbLIM YaaneHem nyHKTa Npuéma u UCTOYHMKA (KMHemaThdeckue nonpasku). K HacTosLeMy BpeMeHu
B COBpEMEHHbIX 00pabaTbiBalOLLMX NakeTax UCMOMb3YKTCH AOCTAaTOMHO 3hheKTUBHbIE NPOLEAYPLI KOpPEKLMM
CTaTU4ECKMX U KuHemaTudyeckux nonpasok [B.C. KosbipeB 1 Ap] HO, Kak MpaBuio, OHM OCHOBBLIBAKOTCA Ha
NPeAnonOXeHNN 0 BEPTUKANbHOCTI pacnpoCTpaHEHUs fyyern OT YPOBHA NpUBEAEHWS 40 AHEBHON NMOBEPXHOCTU.
Takue NpeanonoXeHWs He BCerda NPUBOAAT K OXWOAeMOMY WnM YOOBMETBOpPUTENLHOMY pesynbtaty [A.M.
CbicoeB], MOCKOMbKY He Y4MTbIBAETCA MOMHas WH(OPMauWs O HeOOHOPOAHOCTU BEpXHel yacTu paspesa,
KOTOPYIO MOXHO OXapaKTepu3oBarthb:

1. 30HOI1 ManbIX CKOPOCTEW,

2. penbedoM AHEBHON NOBEPXHOCTH,

3. NOrpyXeHHbIMU HEOAHOPOAHOCTAMM.

YyeT BCeX 3TWX MapameTpoB B 0OLEed MOJEnu KOppekUuuu OCTaTOuHbIX BpPeMeH MOXeT AaTb Bonee
YOOBNETBOPUTESbHBIN Pe3ynbTar.

Llenb uccnegoBaHnint npobnembl y4eTa MOBEPXHOCTHbIX HEOAHOPOAHOCTEN NS 3adayuu  KMHEMATUYECKOM
WHTepnpeTauun TOYHO onpeaeneHa B HaseaHum paboTbl [B.M. [noroBckuin n ap.] — nonyveHne HencKaXeHHbIX
KMHEMAaTUYECKX NapaMeTpOB BPEMEHHOTO MOMS, NEPECYNTAHHOTO Ha NUHUIO NPUBEAEHUS C YYETOM anpyopHO
WHopmaLun O CTPyKType penbeda AHEBHOM MOBEPXHOCTW. He cmoTps Ha Bonbluoe konnyectBo pabot no
[aHHOM TEMATUKE, HE CyLLEeCTBYET AOCTATOYHO YETKOM MOCTAHOBKM O KOMIMYECTBEHHOM MM KAYECTBEHHON Mepe
anpuopHON MHGOopMaLMK HeoBX0AMMON AN NOMYYEHNS YAOBNETBOPUTENBHOIO pesynbrata. 10 00YCMOBIEHO

" Pa6ota BbinonHeHa npv nogaepxke PedU 07-01-00331-a
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«CNOXHOCTbIO» 3afa4n - 6onblumm Habopom npegonpeaenseMbix akTopos: BbIGOp MOAENM MOKPbIBaOLLEN
TOMLLY U CEACMMYECKON rpaHuLbl, 0606LLEHNE 3HAYEHUIA CKOPOCTEN, cucTeMa HabmiogeHn 1 ap.

B HacTosLen paboTe paccMaTprUBaETCs NIMHENHAs MOAENb OCTATOUHbIX BPEMEH OTpaxeHui [J1. XaTToH 1 ap],
NPOBOAMTCA €€ aHanu3 Ans 3afaqn ¢ (UKCMPOBAHHOM CUCTEMOW HabnogeHui, 3a4aéTcs  mepa anpyuopHoOM
WHopMaLMK, NpeanaraeTcs HECKONbKO afanTMBHbIX MOAXOAOB K YTOUHEHWKO PELUEHWS, T.. YUMTbIBAKOLNX
anpuyopHYto MHAOPMALMI0, OCHOBaHHYIO Ha BBEAEHUN KOMOUHUPOBAHHBIX (DYHKLMOHAIOB KayecTBa.

Mopgenb 0CTaTOYHbIX BpeMeH OTPaeHWiA

CHavana 6ygem paccmaTpuBaTh MOLESb OCTAaTOYHbIX BPEMEH OTPaXeHWUit B CNeaytoLLeM NpeacTaBeHum:
T,'/':S/'*' R+ Gk+MkX,'j2,+ Nj (1)

roe T — ABOWMHOE BPEMS OTPAXEHWs Nocre BBEAEHUS MEPBUYHbIX anpuUOPHbIX CTAaTUHECKNX W KMHEMAaTUYECKMX
nonpaBok, i, Jj, kK — WHOEKCbl MOMOXEHUS WMCTOYHMKA, NpUEMHMKA M oblend cpeauHHoir Toukm (OCT)
COOTBETCTBEHHO, G — CTPYKTypHasi KOMMOHEHTa (4BOVHOE Bpems npobera BOMHbI OT YPOBHS NMPUBELEHWS [0
OTpaXxaloLLien rpaHuLbl B CpegHen ToYKe MeXy UCTOYHUKOM 1 MPUEMHUKOM), S — NOBEPXHOCTHO COrMacoBaHHas
cTaTMyeckas nonpaeka 3a MCTOYHWK (MYHKT BO30YyxaeHus), R — TO xe 3a npuémHuk, M - KoadduuneHT
OCTaTOYHON KMHEMATUYECKOW NONPaBKM, X — yaaneHue NpUemMHMKa 0T MCTOYHMKA, N — KOMMOHEHTa LWyMa.

Mogenb (1) nonyyaetcs U3 ypaBHEHUs OTHOCUTENBHO BPeMeH T OTPaKEHHOW BOMHbI:
T(x,))=a(x—=1)+b(x+1)+ \/tg (x)+41% 1V (x), (2)

onvcbiBatowen rogorpad OCT ans ogHOCMOMHOM MOAENM Cpefbl, NEPECUUTAHHbIA Ha NIMHUIO MPUBEAEHUS B
cucteme koopamHat (x,/): x - koopauHata OCT, | - nonypacCTosiHMe NPUEMHMK-UCTOMHMK. bBnarogaps
BO3MOXHOCTM MOMYYEHUs 1 y4eTa anpuopHoOM MHopMaLK, OCyLLECTBNSIEMON NyTeM BBOAA anpyOpHOI MoAenu
rogorpada Ta(x,)) ¢ napametpamu aa(x-l), ba(x*)), fos, Vs, W COEMaB Npouemypy NMHeapusauum mogenu (2)

(pasnoxeHue B psp Teinopa dyHKUMK +/(®) B OKpecTHOCTM [=0), nonyynm:

t(x,0)=T(x,l)~a,(x—1)~b,(x +1)— \/tga (x)+41%/v2(x) =
& S(x-) + rx+l) + g(x) + m(x)P? (3)

MOLeNb, ONpeaensitoLlylo 0CTaTouHble BpeMeHHble casurit T(x,/) = 7; B Buge (1). OKOHYATEMbHbIM peLleHneM
SBNSIOTCS BPEMEHA OTPAXEHWI

T(x)=Ta(x. )+ 7(x,]). (4)
BoccTaHoBrneHne (hakTopoB, OnNpedensiowmx BnusHue napametpoB BYP Ha BpemeHa npuxoda BOJHbI
OTPaXeHWs, NO HabMoAEHHbIM [aHHbIM 3KBMBANEHTHO PELUEHWNKO CUCTEMbI YpaBHEHUA (1) MMHUMU3aLMENR
(byHKUMOHana £ :||r—? || L OTMETUM, YTO OLIEHKM (haKTOPOB - MHK-OLEHKW, KOTOpblE 06nagatoT CBOMCTBOM

ONTUMArbHOCTW B CNy4Yae He3aBMCUMOCTW OLEHMBAEMbIX NMapamMeTpoB M HEKOPPENMPYEMOCTU Lyma, YTO He
BCerda BbIMOMHUMO Ha NpakTuke. Tak e Nnpu peleHnn 3adad Ha NpakTUKe BO3HWMKAKT [OMOMHUTEMNbHbIE
TPYAHOCTM B peanu3aLym BbIYMCIUTENBHOrO anroputma. Nepenucas ypaBHeHue (1) B onepatopHon hopme:

Ap = T+0T, (5)
MOXHO YBUAETb, 4TO MaTpula A CUnbHO paspexeHHas, coctosawas u3 0,1 n xi2, p = (S, R, Gk, M) T — BekTop
OLEHWBAEMbIX (haKTOpOB, T — BEKTOP HabnwogeHuit, 61 — BekTop nomex. B cBsisn ¢ 6OMbLLON PasMepHOCTbIO
BXOZHbIX NapamMeTpoB W HaMMUMEM MeXOy HUMU ONpefenéHHbIX CBA3EN CUCTEMA YpaBHEHUI SBNSETCS MIoXo
obycrnoBneHHon, a peweHns - HeyctonumsbiMu [AN. Coicoes]. Npu pelieHun Takux cuctem npuberatT k
pasNyHbIM METOdAM PErynsapusauuMm U UTEpaLMOHHBIM METO4AaM pELLEeHUs CUCTEM YPaBHEHWW, a Takke K
MPUBMEYEHNIO [ONONHUTENBHON (anpUOpHON) MHAOPMALMKM, K YNPOLLEHUI0 MOOENei OO MeHbLUero uucna
napamMeTpoB WNK Cyxas Knacc peluarwmx yHkumin. OgHako, pasnuyHble METodbl perynspusauun He Bcerda
ABNATCA  3DMEKTUBHLI B MONYYEHUM YOOBNETBOPUTENBHOTO KOHEYHOrO pesynbTata (BPEMEHHOW Wnu
rmyO6uHHbIA  pa3pe3 Ccpefdbl), MOCKOMbKY MO CBOEM WAee HanpasfeHbl CKOpee Ha YryuylleHue TOMbko
anropuUTMUYECKOit YacTu peLLeHms 3agayn.

Takum 0Bpa3om, He CMOTPS Ha MaTeMaTUYECKyo NPOCTOTY Mogdenu (1), BO3HUKaOT conyTCTByloLMe npobremsl B
€€ MpaKTUYECcKon peanu3auun 1 NoMyvyeHUN KOPPEKTHOrO pesynbTaTta. Buaumo eweé n noatoMy MMeeT CMbIn
yAensTb JOMKHOe BHUMaHWe NPUMEHEHUIO anpropHOi MHopmaumn 06 nccnegyeMom o6bekTe Ha BCex aTanax
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peleHnsa 3agadn, Kotopasa BANAET KaK Ha aaeKBaTHOCTb (*)VI3M‘-{€CKOI7I Mogenn, Tak W Ha peanu3auunto
BbIMUCNNTENBHOrO anropmntma.

OKoHOMMYECKast aKTyanbHOCTb pelueHnst obpaTHbIX 3aay CEecMUKA WU MO HacTosiLee BpeMsi — B paMOTHOM
NCMONb30BaHUN aNPUOPHON MHGOPMALMK B CBSA3N C BONbLUMMI 3aTpaTamMi Ha €€ MnonyyeHue.

OnpegennM 0JHY W3 KOMMYECTBEHHLIX MeEp anpuopHOM WHGOPMALUMM Yepes YMCIO U OMOPHbIX TOYEK,
HeoBXOAUMBIX 151 MHTEPNONMPOBaHUS POPMbI f;(X) penbeda AHEBHON NOBEPXHOCTU. Byaem noka cuntathb, YTo
BCE OCTaNbHbIE MapaMeTpbl MOAENW M3BECTHbI WM UMEKTCA OOCTaTOYHO TOYHble oueHkn. Cdopmynupyem
noeiHble NOAxodbl K peLleHMi0 0B6paTHOM KMHEMAaTMYEeCKOW 3ajadun C YY4ETOM anpyuopHoOW WHdopmaum o
penbede AHEBHOW NOBEPXHOCTMU.

O nopxopax K peweHno 06paTHON KMHEMaTUYeCKOM 3afa4m € YH4ETOM anpuopHO UHopMaLum

[Mpwn peLweHnn cuctTem ypaBHeHUit, NogoBHbIX Mogenu (1) ¢ CUnbHO pa3psiKEHHbIMU MaTpULA@MK Ha NPaKTUKe, Kak
NpaBuno, NPUMEHAKTCA WUTEPaLMOHHbIE MeTodbl. 34eCb BO3HWKAeT AOMONHMTENbHas 3agada — Bblbop
YCTONYMBOrO anroputMa pelueHust B obLieM criyyae HEKOpPEKTHOM 3adauyn. Henmnmoxo 3apekomeHzosan cebs
uTepaumoHHblil meTog aycca-3engens [[J1. XatToH v gp.]. B uensx uccnegoBaHus NpUMEHUM 3TOT METOS C
YYETOM BbINONHEHMS YCMOBUIA Ha PeLLEeHie, koTopoe ByaeT CocTosiTb B TOM, YTOObI B ONpeaenéHHbIX (ONOPHbIX)
TOuYKax, obpasyowmx MHOXeCTBO D, yHKuMs penbeda f coxpaHsana Obl 3HayeHuss OnM3kMe K anpuopHO
3afaHHbIM (Kak NpaBuno, NOMyYeHHbIM B pesynbTaTe npoBeaeHns paboT no MUKpocercMokaparaxy), T. e.

Fy =)~ £, (0], - min.

Mo CcyTW, MOXHO CKa3aTb, YTO 3afaya KOPPEKLUMM CTaTMYECKUX NOMpaBoK Ge3 MCKaXEHMsS! KMHEMATUYECKNX
(haKTOPOB OTPAXEHHBIX BOMH CBOAMTCS K 3afja4e afekBaTHOTO BOCCTAHOBMEHUS! MHOrOIKCTPEMANbHOM (YHKLMM
penbecha no anpyopHoO 3aaHHbIM OMOPHBIM TOUKaM.

Mokaxem, 4TO MUHUMM3ALMSA TOMbKO (yHKUMOHana Fy He BCerga MOXeT MPUBECTU K XenaeMoMy pesynbraty.
O6o3sHaumm yepes g, f (napameTpbl X 1 | ONYCTUM) UCTUHHBIE, MO CYLLECTBY HEU3BECTHbIE hYHKLMM rogorpada n

penbeda, Yepes g, f» — anpuopHble QyHKUMM rogorpada u penbedoa, yepes g, f - KMHemaTtuyeckue 1
cTaTuyeckue nonpaeku. Torga NoAcTaBnss paBeHCTBO (4) B ypaBHeHME (hyHKLMOHana Fy nomnyyYnm oLeHKy

e B < o Ty o = 1 i

n3 KOTOpOI7I BWOHO, YTO OQHOMY 3HAaYEHUIO KPpUTEPUA MOryT COOTBETCTBOBATLb PasfinyHble 3Ha4eHUA BXOOALLNX B
CyMMy Crnaraembix. Haxe npu ycnosun AoCTaTtoO4YHO TOYHO 3aaHHoi anpmopHoﬁ Moaenn cpeabl (,ElBa nepBbIX
charaemblX, KOTOpble TaK XXe MOXHO Ha3BaTb HEYCTPaHUMbIMW MOrPeLIHOCTAMN MO,CleﬂVI) KUWHEemaTuyeckne u
cTatnyeckme nonpaskn MOryT ObITb B3aMMHO 3aMEHSIEMbIMU.

[Ong Toro, 4tobbl CKOPPEKTUPOBATb BO3HWKAMOLLYID HEOOHO3HAYHOCTb MpeafiaraeTcsl HEeCKONbKo WMAeNHbIX
NOAXOQ0B NPU PELLEHUN 3aaauu:
1. TNocrnegoBaTenbHas nNonpaeka anpyuopHOro PELUEHUs Ha KaaoM Lare UTepalnoHHOr0 MeToaa PeLLeHust
CUCTEMBI YPaBHEHNN (5).
2. BeegeHne HOBOrO (PyHKUMOHAnMa KayecTBa, Kak JMHEMHOM KkombuHaumm F; u Fp T.e.
F =) AF, —min.

l--7l<|e" - .

3. TocTpoeHne yCpPeaHEHHOr0 C BECOBbIM (DYHKLUMAM peLieHUs Ha MHOXECTBE «MpOOHbIX» PELIeHM.
BBefeHne BECOBOM (PYHKUMM HA BEKTOPA PeLIeHU C MakcuManbHbIM BECOM B anpuopHO 3afaHHbIX
TOuKax penbeda.

Ona oueHkn obobliatowlen cnocobHOCTM anroputMa NpeanaraeTcs AOMOMHUTENBHO UMCCnenoBaTh HOPMY
HEBSA3KM MO KOHTPOMNbHLIM TOYKAM (MCKIIOYEHHBIM M3 oOyudatowleit Matpuubl A). XOTS Takoi noaxod, Kak
npaBuro, NpUMEHsIETCS B 3a4aYax pacrno3HasaHus 06pa3os, aBTOPOM He OBHapYXEHO ero MCnonb3oBaHue (Mnu
onpoBepxeHne) B paboTax no 0bpaboTke CeNCMUYECKMX AaHHbIX.

B paccvmatpuBaemoit 3ajaye CuNbHas PaspeeHHOCTb OMepaTopHO MaTpuubl MO3BONSIET  BbiNMCATb
uTepaumoHHble POPMYmbl MONMyYeHUs MHK-OLEHOK Ans mogeru (1) He npuberas K HenocpencTBEHHOMY
TPaHCMOHUPOBAHMIO:
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7
g
(

Tk
G, Z#Zk:(TU—Si—RJ—ka%),
)

7;

S, =L>(z; -G, —R,—M,x}),

1 n;

(@)

R, :nL/(Z)(T!, -8, -G, —M,x}),
J

1 &
M, = e Z(Tij_Si_Rj_Gk)7 (6)
Zx% (k)
ij

(k)

roe Nk N, N; 03HAYalT KpaTHOCTb, C KoTopoil k-as OCT, j-blil NYHKT BO3BYXOEHWS U j-bI MyHKT npuéma
NPUCYTCTBYIOT B HabMOAEHNsX, CyMMWUpOBaHWE BedeTcs Mo Tpaccam, B KOTOPbIX OHWM y4yacTBywT. W3
NpeacTaBneHHbIX 3aBucKMocTen (6) BUAHO, YTO HavanbHoe NpUBIIKEHWE BO3MOXHO Mo NloboMy M3 hakTopos
Si, R, Gk, Mk

Crparterus HaxoxXaeHWs UCKOMOTO PeLLEeHUs COCTOMT B peani3aLyn AByX OCHOBHbIX NpoLeayp:

1. TpoBepku YCroBus CXOQMMOCTU UTEPALMOHHOIO NpoLiecca, HanpuMep, No OTHOCUTENBHON HEBSAI3KE Ha N —
ol utepauuu, nMbo no KONMYECTBY AOMYCTUMBIX UTEPALWA n > maxiter.

2. TpoBepKy anpyopHbIX YCIOBHIA, YCTaHABMMBAEMbIX NPEATOXEHHBIMU NOAX0AAMM.
Mycte Ha n-oit  wtepauymn, n=1,2,3... nonyyeHo pewerne p =", g")’  cucrems

" = Ap" = (4., 4,¢™), cO 3HaueHMEM HEBS3KA PaBHbIM e(”)z“r—r("). Pewenne p

koppextupyetcs go p\ = p

+ p, CreaytoLLmm 0bpasom.
1. [ins nepBoro nogxoaa:

“r —TWl< gt 4 & m ”f“’)

< Hf(m

rie &7 + g, S||§z’||.

2. [1ns BTOpOro noaxoga:
F = AqHT—?<’1)“+/12Hf(")H —min, e 4, +4, =1.

Ycrosue A, > A, o03HavaeT boree curbHble TpebOoBaHMS K BbINOMHEHMIO aNPUOPHbIX YCMOBMHN.
3. [Ina TpeTbero noaxoaa:

_m. (n)
O6oaHauum uepes D, = {p 20 < HT—Ap

PELUEHWNA, T.e. MHOXECTBO PELLEHMIA, KOTOpble B Mpedenax HEecKOmbKMX MTepauui yooBeTBOPAIT
[IONYCTUMOMY Ka4yecTBy MO HOPMe HeBSi3KM, TOrga OKOH4YaTerbHoe pelueHne opmupyeTcst kak

ﬁzz/”tn p("), roe Z/ln =1 1 BecoBon psia {/1”} paHXmpoBaH C MakcUMasibHbIM 3HaYeHWeMm Ong
n n

<0, s P 1S nmax} MHOXECTBO «MPOBHbIX»

max® "min —

MUHUMATBHON HOPMbI Hf(”)u.

3KcnepumeHTaanoe nccnenoBaHue yCTOﬁ‘-IVIBOCTVI peLeHuns

Mpu YMCrEHHOM MCCNENOBaHMM 3aa4M Ha YCTOMYMBOCTb BO3HWKAIOT [1BE COCTABNANOLLME, BUSIOLLME B LENOM
Ha pesynbTar:

1. YCTOMYMBOCTb YMCHIEHHOTO anropuTMa, KOrAa XenaTenbHO 3apaHee OLEeHNTb 06YCMOBNEHHOCTb MATPULbI A,
2. YCTOMYMBOCTb caMoi Mofenu (1), Korfa OLEHMBAETCs Mepa OTKNOHEHUS PEeLLEHMS B 3aBUCUMOCTM OT YPOBHS
wyma H&H

Ha npaktuke yacto GbiBaeT TpyAHO OLEHUTb Yucno obycnoBneHHOCTM MaTtpuubl A. MMoatomy npeanaraeTcs
1CNoNb3oBaTb OAMH M3 MPUEMOB, KOTOPbLIA XOTS U HE JAET CTPOrMi OTBET 0B YCTOMYMBOCTW MPUMEHSIEMOrO
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MeToda M MOMYYEHHOTO PELLEHMS, HO BCE Xe MO3BOMSeT caenaTb HEKOTOpble MPeanonoXeHus O XxapakTepe
peLueHnsi. Takol NoAxXon HECKOMbKO HanoMUHAET METOA PerynsipusaLmi peLleHnst 1 3akmiovaeTcs B YTOUHEHUN
MOJY4EHHOTO PELLEHIS M OLIEHKM ero NOrpeLUHOCTY crieaytoLym o6pasom.

MycTb nonyyeHo npubnmkerHoe pelerine cuctembl (1) 7. Bbluncnum Hessisky ypasHeuns & =7 — Ap” .
Ecnv Hopma HeBsiskn & BEnuKa, TO MOXKHO MCKaTb BEKTOP-MIONPaBKy 7 TaKOW, YTO TOYHOE PelLeHie CUCTEM

p=p"+p. Cneposatensio A-(p” +p)=p, otciona Ap =¢ . Mocne 3TOr0 YTOYHSETCS PelLeHue

cuctemsl p = p@ + 5. Ecnm oTHOCUTENbHAS MOTPELHOCTb % BENWKA, TO MOXHO MOBTOPUTL MPOLIECC
p

yTO4HeHus. Ecnv npouecc yTOUHeHNs!, NOBTOPEHHbI ABa TpU pa3a, He MPUBOAWT K MOBbILUEHWNKO TOYHOCTH, TO
9TO TOBOPMUT CKOpPE# BCEro 0 TOM, YTO AaHHas cuctema nnoxo obyCnoBneHa v ee pelieHne He MOXeT ObiTb
HanaeHo ¢ Tpebyemoi TOYHOCTHO.

MpuBELEHHbIA anropuUTM 3KCNEPUMEHTANBHOTO UCCE[0BaHNS YCTOMYMBOCTY PELLEHNS MPUMEHIM KO BCEM TPEM
nogxogam, ChopMynMpoBaHHbIM BbiLLE, MPUYEM Ha 3Tane NocneaoBaTenbHOr0 HOPMUPOBAHMS PELLEHUS.

3aknioyeHue

B HacTosiweit pabote npeacTaBneHa fNMHENHask MOZENb OCTATOMHbIX BPEMEH OTPaXEHMI, YYWTbIBaLLas
CTaTUYECKME M KMHEMATUYECKUE MONpaBkK 3a perbed) ¢ YYETOM anpuopHOM MHGOPMaLMM O Camoit Mogenu.
Bbino oTMeyeHo, YTO Takoro pofda 3afadun OCTaKTCs akTyanbHbIMW B CBA3M C 6OMbLLON 06YCNOBNEHHOCTBIO UX
peLleHnin. TpeanoxeHo TpU afanTUBHLIX NOAX0AA K MOMYYEHUIO peLleHns, T.e. MaKCUManbHO YYUTbIBAKOLLMX
anpuopHyl0 MHGOPMaLMIo, MPEACTaBMEHHYI0 KONMYECTBOM OMOPHbIX TOYEK HA CEMCMWUYECKOM npodune.
lMpeanoxeHHble NOAXOAbl OCHOBaHbl Ha BBEAEHUM KOMOWHMPOBAHHbIX (DYHKUMOHANOB KayectBa MoZenu u
KOPPEKTUPOBKN PELLEHNSI HA 3Tane UTepaLMoHHOTO (POPMUPOBaHNS peLleHns. [ng 0gHOPOAHOW OAHOCOMHOM
M30TPOMHOW Cpedbl 3afaHHOW MOLLUHOCTM, (OMKCUPOBAHHOW CUCTEMbl HabMKAEHWA onpedenéHHON ANWHLI,
NnaHMpyeTcs YCNEeHHOe MOEenUpoBaHne No NpeacTaBneHHoN B paboTe MeToauKe.

B 3akntoyeHun OTMETUM, YTO KpOMe MPUMEHEHWS MaTemMaTUYeckoro anmapata, WCMonb3yeMoro AN YeTKOro
obocHoBaHMs MeTogoB, ntobas npakThyeckas 3ajava Bcerga TpebyeT WHAMBMOYaANMbHOrO nogxoja K eé
PeLLEeHMI0, He CMOTPS Ha 0BLLENPUHATBLIE NOAXOAMbI.
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CUHTE3 YPABHEHW YNPABINEHUA ONA MHTENNEKTYANIbHbIX POEOTOB
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Abstract: The equations of management for intelligent robots are synthesized. The received equations are used
by the robot for optimum transformation of an initial situation to the necessary target situation.
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BBepeHue

Cuctema ynpaBneHus pobOTOM MMEET MepapXMYeckyw CTPYKTYpy. Ha HWKHeM, nepBOM, YpOBHE
OCYLLECTBNSETCS YNPABNEHNE HENOCPEACTBEHHO ABKEHNEM UCTIONHUTENBHBIX MEXaHW3MOB poboTa. Ha BTopom
YPOBHE (DOPMUPYIOTCS CUrHanbl ynpaBneHus. Ha 3ToM ypoBHe YnpaBfieHue pacnpepensietcs no BCEM
NCMONHNTENBHBIM MexaHu3mMam poboTa Ans ocyLiecTBneHns Tpebyemoi anemeHTapHol onepauun. Ha Tpetbem
YPOBHE OCYLLECTBNSETCA pacuneHeHne bonee KpynHOM onepawuui Ha aneMeHTapHbIe onepawui 1 cocTaBnseTcs
MoCnefoBaTeNnbHOCTb  UX  BbIMONHEHUA B COOTBETCTBMM C  HEKOTOpbIM Habopom npasun. CurHan o
HeoOX0AMMOCTM BbINOMHEHUS KAXAO0M 13 ANEeMEHTapHbIX Onepauuii NocTynaeT U3 TPeTbero BO BTOPOI YPOBEHb
CUCTEMbI YnpaBneHus. YeTBepTbi ypOBEHb YNpaBMeHUs peanuayeTcs B MHTENneKTyanbHbiX pobotax. OT1oT
YpOBEHb HEOBXOAWM B Tex Cryyasx, KOraa 3apaHee HeM3BECTHO, KaKyl OnepaLuio HyHO BbINONHMTb. Pobor,
NCXOAS U3 OKPYXalOLLEe cuTyaummn, KoTopas 451 HEro HeM3BECTHA M KOTOpasi MOKET U3MEHSTLCS, AOMKEH cam
NMPUHATL PeLLeHNe Kakyl omepauuto Heobxogumo peanusoBaTtb. CnefoBaTenbHO, YETBEPTLIN YPOBEHb — 3TO
YPOBEHb BbIPAbOTKM M NPUHATUIA peLeHns 0 HEOBXOAMMOCTY BbIMOMHEHNUS TOM UMM MHOW OnepaLyn B 3apaHee
HeonpeaeneHHbIX YCnoBusix. pUHATOE peLleHne nepefaeTcs B TPETUN YPOBEHb CUCTEMbI YNpaBneHus Ans
peanusaumn. B poknage paccmatpusaiotcsi poboThl C YETBEPTHIM YPOBHEM YnpaBneHns. Ha aTom ypoBHe
npeanaraeTcs crnegyiowas npoueaypa ynpaeneHus. PoboTbl CTPOAT maTeMaTtuyeckyio MOLgenb cuTyauuu, B
KOTOPOW OHM HAaXOASATCS U Ha OCHOBE 3TOM MOAENM CUHTE3VNPYKT YPaBHEHUS| YNPaBMNEHUS ANs MOMy4eHus
ynpasnsioLien Hopmaumn. 31a MHGopMaLMs 3aTeM MCMONb3yeTCs AN ONTUManbHOro Npeobpa3oBaHns Mm
NCXOZHOW CUTYaLMN B HYXHYIO LIENEBYIO CUTYaLMIO.

YnpaBneHue poboTami BKMKOYAeT Criedylolme 4eTbipe CTagun: 0OyyeHue, 3anoMWMHaHWe nporpamMbl,
BOCMpOM3BEAEHNE NporpaMmbl 1 oTpaboTky nporpammbl. OO6yyeHne poboTa OCyLEeCTBNSIET YEroBek
pasnuuHbiMKM NyTaMK.  [lonyyeHHas B npouecce 00y4eHWs WMHopmauus 3anomuHaeTcs poboTomM B BuAe
nporpammbl B TEYEHMEe 3adaHHOr0 BpeMeHW. BocnpowsBemeHue nporpamMmbl  OCYLLECTBMISIETCA MyTeM
CUNTbIBAHMS MHOPMALWM U3 YCTPOMCTBA MaMsATV U nepefady YnpaBsloWmMX CUTHamoB K MCMOMHUTENbHbIM
MexaHu3mam pobota. B uHTennekTyanbHbix pob0Tax BO3MOXHO W3MEHEHWe 3anuCaHHOM B namsTi poboTa
WHOpMaLMN B COOTBETCTBUN C KOHKPETHOW cuTyaumen. OTpaboTka nporpaMMbl 3akmioyaeTcst B BbIMONHEHUN
po6oTom pabounx onepauMm NO CurHanam, nepedaHHbIM  ero  UCMOMHMTENbHBIM - MEXaHU3MOM  Npu
BOCMPOU3BEAEHNM NPOrPaMMbI.

Kaxablit ypoBeHb CUCTEMbI YnipaBneHnst poboTa UMeeT obpaTHble CBs3W, N0 KOTOPbIM NepeaaeTcs HopmaLms
0 COCTOSIHUM 11 ABNACTBUM HKHIX YPOBHEIA.

MocTpoeHne mopenu cutyauuu

ABTOMaTHYECKOE YNpaBrEHNe UHTENMEKTYarnbHbIM POGOTOM ByeM OCYLLECTBNSATL HA OCHOBE MOCTPOEHHON UM
MaTemMaTU4eckoil MOZEnM TOW CUTyauuu, B KOTOPO OH Haxoautcs. Mogemnb CTPOMTCS Ha OCHOBE [AaHHbIX,
nony4YeHHbIX poboTOM 3a OnpeaeneHHbIit MPOMeXyToK BpeMeHu. MocTpoeHHast Mogenb NO3BONSET NpaBuIbHO
CMPOrHO3MPOBaTh MocreaytoLme ero AeNCTBUs Anst NpeobpasoBaHnst UCXOLHOM CUTYaLMM B HYXHYIO LieneByto
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cutyauuo. byaem npuoepxueaTbes onpegeneHns cutyauumn, kotopoe npegnoxun B.MN. TnagyH B [1]. Cutyauus
paccmMaTpuBaeTCs MM Kak parMeHT cpedbl. Cpeda onpedensietcs kak Tpowka <V,K,A>, roe V-

MHOXecTBO 00bekToB, K — MHOXECTBO CBOWCTB, COCTOSIHUIA U CBSI3e 00bEKToB U3 MHOXectBa V. A -
MHOXECTBO AEMCTBMI, KOTOPble MOXHO BbIMOMHATL C dneMeHTamu mHoxect8 V' u K. llog cuTyaumen

noHUMaeTca napa <VS,KS>, rae V, v K, —nogMHOXecTBa COOTBETCTBEHHO MHOXECTB V' 1 K .

Byaem cuutaTth, YTO CUTyaLWsi COCTOUT M3 KOHEYHOro Yncna o6beKToB, CBOWMCTBA, COCTOSIHUS U CBS3U MEXIy
KOTOPBIMI OMUCHIBAKOTCS MHOXECTBOM NepeMeHHbIX. Bbiaenum cnegytowime Biabl nepemeHHbIX. MepeMenHbile,
OMUCHIBAKOLLME CUTYaLMIO, M 3HAYEHUS] KOTOPbIX MOrYT W3MEHSTbCA MpW OencTBUsX poboTa C LEnblo
nNpeobpasoBaHMi WM WCXOOHOW CUTyaLuu B LieneBylw cuTyauuto, Oymem HasblBaTb CUTYaLMOHHBIMK U

obosHayatb — (y,,...,y,) . encTsus pobota oCyLeCTBASIOTCS MOA BOAEACTBUEM YNPaBMSIOLAX CUrHAMOB.
lMepemeHHbIe, OMUCBLIBAIOWLME 3HAYEHWS YNPaBNAKWMX CUrHANoB poboTa, Ha3bIBAKOTCA YNPaBNSOWWAMA —
(Uypenstty ). TYCTD £..,65, &5y Gyy— CrlyYalHble BO3MYLUEHMS, HE 3aBUCSLUME OT BPEMEHU M

BO3JE/CTBYIOLME COOTBETCTBEHHO HA CUTYaLMOHHbIE W ynpaBnsitowme nepemMeHHble. bes notepu obHOCTH
NpeanonoXum, YTO ChyyalHble BO3MYLUEHUS, BO3AEACTBYIOLIME HA CUTYaUMOHHble U  YNpaBnsiome

nepeMeHHble, UMetoT Hynesble cpegrune: Mg, =0, i=1,...,0, Mg, =0, k=1,...,K . [lyctb n3sectHa

KOBAPMALMOHHAA MATPULA R CryHaitHbIX OWMEOK &,..,Ep s & seesGy

0-2(51) r(e, &) .. r(e,sy)
R = r(ey,6) 0(&) ... r(&,cy) . ()
r(Gy,€) 1(Sy»>&) - O-z(gN)

Ha guaroHanu 31O MaTpuubl CTOST AuMCnepcun BO3MYLEHWA. [ns nocTpoeHus Mogenn cutyauuu Byaem
npeanonaratb, YTO 3HAYEHWS BCEX pacCMaTpUBaEMblX NepeMeHHbix Habnopanucb poboTOM B MOMEHTHI
BpemeHn ¢t =1,...,n. lNpeanonoxum, YTo B pasnMyHble MOMEHTbI BPEMEHM BO3MYLLEHUS Mexay coboi He

KOppenupoBaHHbl. C Lenblo yyeTa U3MEHEHWUN, MPOUCXOASILLMX B CUTyaLumu Npu ee npeobpasoBaHun poboTom,
Mofienb Gyaem CTPOUTb B BUAE CUCTEMbI PASHOCTHBIX YPABHEHI, B NEBbIX YACTSIX KOTOPbIX CTOST MPUPALLEHMS
CUTYaLMOHHbIX 1 YNPaBMSIOWMX MEPEMEHHbIX, @ B MPaBblX — HEKOTOPbIE (DYHKLUMM OT CUTYaLMOHHbIX U
yNPaBnsoLLMX NEPEMEHHBIX.

B ocHoBy MeToaa MOCTPOEHMS MOZEnM CUTyaluW MOMOXEH NOAXOA, No3Bonstowuin u3bexaTtb GOnbLIOro
nepebopa Mogenei, 1 OCHOBaHHbIN Ha CriedytoleM NpUHUMNE: B MOAEMb [AHHOTO nopsiaka AOMKHbI BXOANUTL
nepemeHHble, MEIOLLME TONBKO 3HAUYMMble 3HAYEHWS YaCTHOTO KO3adhduLMEHTa KOPPENsLMM COOTBETCTBEHHO C
MpUpaLLEHUSIMIA CUTYaLWMOHHOM UMK YNPaBNSIOLLEA NEPEMEHHOM, YTO 3HAYNUTENBHO YMPOLLAEeT Mofenb Mpy
COXpaHeHUN ee KOPPEKTHOCTU. MHOXECTBO Takux NepeMeHHbIX MOMy4aeTcst ¢ MOMOLLb annapata 6acceitHoB 1
NMEeT aHanormio ¢ 3dEKTUBHLIM MHOXECTBOM PErpeccopoB B PErpeccuoHHOM aHanuse [2]. U3 ucxogHoro
MpuHUMNA BbiTekaeT criedytoasi ocobeHHOCTb MpednaraemMoro Metoga: nepebop Mopenei B npeaenax
MHOXECTBa MONMHOMMANbHbIX MOAENEN OHOMO 1 TOTO Xe Mopsifka He MPOW3BOAMTCS: ONTUMAnbHas MOLenb
[AHHOTO MOpsiAKA HaXoMTCs C MOMOLUbK MOCTPOeHMst GacceitHa, a nepebop OCyLecTBNsIeTcs Ccpeau
ONTUManbHbIX MOAENeN pasHbIX MOPSAKOB, YTO MO3BONSIET PE3KO COKpaTUTb OBLMiA nepebop Bcex Mogeneil.
MpuHuMn oTGOpa nepemeHHbIX, Nonaganlmx B OacceiiH, WMEeT aHamnorMio C MPUHLMMIOM  BKIHOYEHMS
nepemeHHbIX B LIAroBOM perpeccuoHHoM MeToge [2]. OgHako 06a METoAa MCNOMb3YHT pasHble CTaTUCTUYECKMe
KPUTEPUM NPOBEPKM 3HAYUMOCTI NEPEMEHHBIX, MPUYEM MPUMEHEHWE LIAroBOro0 MeToAa TpebyeT NocTPoeHMs
MPOMEXYTOYHbIX MOfeneid C WCronb3oBaHWeM MeToda HaumeHblunx  kBagpatoB  (MHK),  koTopblit
MPUHUMNMANEHO HE MPUMEHWM B HALIeM Cryyae, MOCKONbKY apryMeHTbl MOAENN NOABEPXKeHbl CryYaiHbIM
BO3MyLLeHnaM. Ecnn  wucnonb3oBate MHK, TO nomyyatcs Mopenu, He COOTBETCTBYHLUME UCTUHHBIM
3aBUCHMOCTAIM MEXZY NepeMeHHbIMM.

B pesynbrate cryyaiiHbix BO3MYLLEHWA HAOMIOAAIOTCS HE WCTWHHbIE 3HAYEHUS| MEPEMEHHbIX, a 3HaYeHws,
OTNMYAIOLLMECS OT HUX HA HEKOTOPYK ChyyaiHylo BenuuuHy. byaem o6o3HauaThb hakTudeckue 3HaueHust
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nepeMeHHbIX, TO €CTb Takue, KoTopble HabMnAalnTCs — C BOMHOW, @ UCTUHHbLIE 3HAYEHMs NMEPEMEHHbIX — CO
WwTpuxom. Torga

~ ’ ~ ’
V=N tE,,0V =V T Egs u1 u1+gl, LU —uK+gK (2)

3apaya COCTOMT B MOCTPOEHWW MO SKCMEPUMEHTamNbHbIM AaHHbIM O HabriogaeMblX 3HAYEHUSX NepeMeHHbIX
MaTeMaTUYecKon MOAEnM cuTyauuu, kotopas Obl yuuTbiBana WCKaXalolee BO3LENCTBME  CyYaMHbIX
BO3MYLLEHUIA Ha 3TW nepemMeHHble. [yCTb CBA3b MexXay NpUPaLLEHWUSMA CUTYaLMOHHBIX K YNpaBsHOLLMX
NEPEMEHHbBIX U 3HAYEHUSMU BCEX MEPEMEHHBIX, OMUCHIBAKOLLMX CUTYaLMo, (hyHKUMOHANbHa U OMWChIBaETCA
CUCTEMON YpPaBHEHMIA:

Ay ’ ! / y ! ! ! ’
A Vs Upseailly )y vennns , _AtQ = JoVisees Vorthys--tiy)
(3)
Au ! ! ! Au’ ! ! ! !
—t fQ+1(.V1’ ’yQ’ul""uK)’ ------ , AtK :fQ+K(yl7"'7yQ7u17"'uK)

Yalue Bcero (byHKLI,VIVI £, i=1,...,0, B (3) HeusBecTHbI. [103TOMY MLIETCA MX ANMPOKCMMALMS C MOMOLLbK

1
Kakux-HWOyOb NPOCThIX MaTeMaTWyeckux dyHKUMIA. [og mogenbto cutyauun Oyaem noHMMaTh CcucTemy
COOTHOLLEHUI

Ay' ! ! ! ! Ay, / ! ! !
T;:Fi(yl,...,yg,ul,...uK), ...... , A_tgzFQ(ylan'ayQaula--'uK)x
(4)
Aulr ’ ' ’ [ Au;( [ ’ ' [
E=FQ+1(y1,...,yQ,u1,...uK e AL = Fy k (Visenes Voolhys- - Uiy ),
e F(V..., Vpolis...Ug) — annpOKCUMAUMs HEM3BECTHOA  YHKUMM £ (1),..., Y, Uy, Uy ),

L0,0+1,..,0+K.
OrpaHnyMmcs paccMOTPEHWEM MONMMHOMMAnbHBIX Moaeneid. B momuHomuansHoM Mopenu k -ro mopsaka
yHkumMA F(V,..., Vo,ly,... Uy ) NPEACTABNAET co0OM OTPpe3ok papa Teitnopa A0 NPOM3BOAHbIX & +1-ro
nopsaka. Ntobyto NonMHOMMUanbHY MOAESb MOXHO I'Ipe,CI,CTaBVITb B BUZE NMHENHOI Moaeny:

Ay, 2 , Au,
E:bi,o—’_zbi,jzj’l:l"“ Q’ — b10+z Lj /’ =L...K ()
J=1

rae L, — paBHO YnCny BCEX YNEHOB anmpoKCUMUPYHOLLEro OTpeska psaa Teinopa, Copepxallyx nepeMerHble,
z, 0B03Ha4aeT nepemeHHylo, NGO NPoU3BEEHME NepeMeHHbIX, AN j-fo Takoro unexa, a b,

COOTBETCTBYHOLLMI KO3 hULmeHT. Takum 0bpasoM, U3ydeHne NoIMHOMUANbHBIX MOZENEN CBOANUTCS K U3YYEHUI0
nuHenHbix mogenen (5). B otnuume ot MIYA [3], B KOTOPOM NepeMeHHble MOAENM HaXO4ATCS MHOTOpSiAHOM
CEneKUMEn, Unn Npu ManoM ux Yucre — nosnHbIM nepebopom, MHOXKECTBO NEPEMEHHBIX, BXOASAWMX B MOLESb
(5) HaxoamTCAa ¢ NomoLLbH HaccenHoB.

BacceliH ans nepemenHolt Ay’ npeacTaBnsieT cofoii Habop Takux NepeMeHHbX M3  MHOXecTBa
Viseees Vgslyse. Uy, KOTODbIE MMEIOT 3HAYAMYIO CBS3b C MEpPEMeHHOR Ay;. AHanoruyHbiM o6pasom

onpedensieTcs GacceilH Ans nepemMeHHoit Aw;. [NS W3MepeHWs CBS3M Mexay nepeMeHHbiMu Bynem

NCMONb30BaTb YaCTHblE KOIPMULMEHTbI KOPPEnsLMM, KOTOPble W3MEpPSOT CTAaTUCTUYECKYKD CBSA3b Mexay
NepeMEHHbIMW, KOYULLEHHYKO» OT OMOCPEAOBAHHOTO BMSHWA LPYruX nepemeHHbiX. [1oa 3HauUMMOCTbio 3TOM
cBA3n Oygem MoHWMaTh 3HAYMMOCTb (C BEPOSTHOCTBID OLWMOKM <) 3HAYEHWSt YaCTHOMO KoapduumeHTa

KoppensLMn Mexay HUMK [2]. Hanunyyiumm MHOXECTBOM nepeMeHHbIX ANs nepeMeHHon Ay, noHumaeTcst Habop
TAKUX NEPEMEHHBIX U3 MHOKECTBA Jy,..., Vp,U;,... Uy , KOTOpbe 0OnajaT crieylowMy CBOMCTBaMM:

1) MNONHOTOM: BCE nepemMeHHble, UMEoLLIne C 3aaHHON BEPOATHOCTbIO OLUMOKM 3Ha4YNMY0 CBA3b C I'IepeMeHHOI7I
Ay;, BXOOAT B 3TO MHOXECTBO, 2) OTCyTCTBUEM U3ObITOYHOCTH: NepemMeHHble, UMEKLLNE C 3aaHHoON
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BEPOSITHOCTBIO OLUMBKM HE3HAuMMYI0 CBSI3b C MepemeHHon Ay, He BXOLST B 3TO MHOXECTBO. AHANOrMYHbIM
06pa3om onpefensieTcs Haunyyllee MHOXECTBO ANs NepeMeHHoi Aw, . Haunyyume MHoxXecTBa Ans
nepemMeHHbix Ay! W Au; HaxopsTcs nyTeMm nocTpoeHust GacceitHoB. bacceliHom k& -ro nopspka Ans
nepemMeHHoil Ay’ Ha3oBEM MOAMHOXECTBO B  CUTYaUMOHHbIX M YNPaBMSHOLMX MEpPeMeHHbIX, a Takke
BCEBO3MOXHbIX MX MPOM3BEAEHWI (C YUCNIOM COMHOXMTENER He Bonee k), BkMOYaroLlee BCe NMEpPEMEHHbIE,

KOTOPbIE VMEKT 3Ha4YMMBbII (OTHOCUTENBHO MHOXECTBA B') YacCTHbIN BbIGOPOUHBIN KOIHULIMEHT KOppEnsLmum ¢
Ay! . AHanormuHbIM 0bpa3om onpegensietcs 6acceitH k -ro nopsiaka Ans nepemeHHoit Au; .

Bcerga cyuiecteyeT BeckoHeyHoe 4mMcno (*)yHKLLI/II7I, NOCTPOEHHbIX NO 3KCNEpUMEHTarnbHbIM AaHHbIM, KOTOPbIE
MOXHO B35Tb B KayecTBe MOAENW Ans UCTUHHOWA 3aBUCUMOCTM Mexagy nepemeHHbIMN. |-|03TOMy BO3HUKaeT
BOMpPOC: KaK Hanny4ylwmm o6pa30M NCnonb3oBaTb 3KCNEepuMeHTanbHble AaHHbIE ANA Nony4YeHnsa B KaKoOM-TO poae

ONTUMAnbHOI MOAEMN W YTO MOZ 3TUM CriesyeT NoHuMaTb. OnTUManbHON MoAenbio Ans Ay; Ha30BEM MOenb,
NOCTPOEHHYIO 13 NEPEMEHHbIX HaUMyYLIEro MHOXECTBA, AN KOTOPOW CyMMa KBafpaToB OTKIOHEHWI (yHKLM
F(V{senes Ygslhis.. Uy ) OT UCTUHHOA QYHKUAN f(V],..., Vslis. .Uy ) MMHUMAMbHA MO CPABHEHMIO C

apyruMmmn mogenami:

rrllpinZ[fi(yl',...,y'Q,ul’,...u}<)—F;(yl',...,y'Q,ul’,...u}{)]z. (6)

S
Bynem cuutaTh, YTO KOIPMUUUEHTLI NPU NEPEMEHHBIX B BbIPAXEHUM E(yl’,...,y'Q,ul’,...u}() thopmynbl (6),

He Bowepwwe B 6acceiiH B, paBHbl Hyn. AHanorMyHbIM 06pa3om onpeaenseTcs onTUManbHas MoAenb Ans
nepemeHHol Au; . PaccMoTpUM METOAMKY MOCTPOEHISI ONTUMANbHOI NIMHEHOI MOAENY ANs nepeMeHHon Ay .

- ~ ’ .
MycTb B GacceitH nepeoro nopsipka [Ans  MepeMeHHoi Ay,  BOWNM  Criepylowme  nepeMeHHble:
Viisees Y1y sty seensty,, KOTOPbIE  COCTABMSIOT ~ HauMyullee MHOXKECTBO NepeMeHHbIX. [pefctaBum

ONTUManbHYt NMHEHY0 MOAENb s NepemeHHoit Ay B BUgE:

Ay' ’ ’ ’ 14
tl = bi,O + bi,lyll +...F b[,vylv + bi,v+1uk,1 +..+ bi,v+wuk,w , (7)

Haligem BblpaxeHus Ons KO3GULMEHTOB STOM Mogen, 4ToObl BbIMOMHANOCH YCIOBME OMTUMANbHOCTM
mogenn. ins onpepenenns koadpduumeHtos b ,,b. ,...,b B PErpeccuoHHbIX MeTodax MCnomnb3yeTcs

DL v+w
MeTOA4 HalMeHbLUMX KBaapaToB Ans HHGJ'IIOJJ,aeMbIX NnepemMeHHbIX, Npu KOTOPOM MUHUMU3MPYETCA cneayollasn
CyMMa KBafpaToB:

n

Ay, - _ ~ ~
z {% — (b, + bi,lyll +...F bi,vylv + bi,v+1”k1--- + bi,v+wukw)}2 : (8)

t=1

B cnyyae, korga BXOfAHblE NEPEMEHHble MOABEPXKEHbI Cry4yaiiHbIM OLIMOKaMm, NMPUMEHEHWe 3TOr0 MeTofa
MPVUBOAMT K OLINGOYHBIM MOAENSIM MO CPABHEHMIO C UCTUHHBIMU 3aBUCUMOCTSIMU MEXY NepeMeHHbIMM.

Moatomy KoappuumeHTbl Mogenu (7) onpeaensTcs He NyTeM PELUEHUS CUCTEMbI HOPMarbHbIX YpaBHEHNH,
KoTopasi Mofy4aeTcs B pesynbTaTe MUHUMM3aLUK BblleykadaHHOM CyMMbl kBagpaToB (8), a nyTeMm pelueHus
CUCTEMbI YPaBHEHMIA, KOTOpast NONyYaeTCs B pesynbTaTe MUHUMKU3AL/MN CyMMbI KBaapaTos (6):

L A ’ ' 4 ! !
Y b byt by Yy byt by )T ©

t=1
MpenctaBum BblpaxeHne B KBagpaTHbIX Ckobkax (9) 4epe3 Habntogaemble NepemeHHble ¥ OWMOKM no
thopmynam (2). Monyunm
Z”:{)Nzi(tJrAt)—)7i(t)—£(t+At)+£(t) 3
= At

(10)
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- (bi,o + bi,lyll t...t bi,vylv + bi,v+1”k1 ot b',kukw) -

1

2
- (bi,lgll +...+ b[,vglv + bi,v+1gk1"' + bi,v+wgkw)}

Tak kak koathpuumentsl b, o,b,,...,0 [OCTaBMAT MUHUMYM (6), TO OHWU YAOBMETBOPAKT CUCTEME

S v+w
ypaBHEHWIA, NosTy4aemoit 13 BoipaxeHus (10) nytem ero anddepeHLMpoBaHMs Mo KaxgoMy 13 koapduLmMeHToB
b;o.b; 1D C NOCreaytoLLMM NpupaBHUBAHWEM NMPOWU3BOAHBIX K HYMHK. B NomyyeHHo cucTeMe ypaBHEHUN

ST v+w
BbIOOPOYHbIE  KO3DMULMEHTHI KOBapuaUui OWWOOK 3aMEHMM WUCTUHHBIMK  KO3DdULMEHTaMM KOBapuaLmi
ownbok u3 matpuupl (1), a BbIBOPOUHbIE CPeaHNE 3aMEHUM UCTUHHBIMU CPEOHUMM, T.€. — Hynamu. B pesynbtate

Oyaem UMETb CredyoLyo CUCTEMY YpaBHEHWIA. [1epBOe YpaBHEHWE 3TON CUCTEMbI PABHO:
Ay, _ _ _ _
A/ =b o+, yy+...+b, ¥, +b, .. +b,, (11)
_ 1 n - _ 1 n - _ 1 n - _ 1 n -
rae y; :_zyi(t)a Yn :;zyll(t)a--'aylv :;zylv(t)a ey Uy, :;zukw(t)
t=1 t=1 t=1

t=1

BTopoe ypaBHeHWe cUCTEMbI UMEET B

n AyiN 1 n N
z Yn = bi,O +bi,1{_2[yll(t)]2 _’”(‘91,1"91,1)} +...
o At n—

1 n - -
---+bi,2{;zy11(t)y12(t)_”(‘91,1:‘91,2)}+---
P
| RS
..tb,, {;z%l(l‘)ylv(t)_7’(51,1:51,‘/)}+---
P

1S
'"+bi,v+w{;2yll(t)ukw(t) _r(gl,ng,w)}
=1

W, HakoHeL,, nocreaHee ypaBHEHUe paBHO:

n A"’N 1 n N N
Ziuk,w =b,,+b, {;Z[yl,l(t)uk,w] =160+
=1
| R

+bi,2{;Zyl,l (t)uk,w(t)_r(gl,l’gk,w)}+"'

=1

1 n - -
. '+bi,v {;Zyl,v (t)uk,w _r(gl,v’gk,w)} t...

=1

| I
et bi,v+vv’ {; : :[uk,w (l})]2 - r(gk,w’ gk,w)}
t=1

HeussectHble koadduumertsl b, ,b, ,...,b nerko Haxogutcs u3 (11)-(13) no npasuny Kpamepa.

ST Vv+ut+w

AHanorM4yHbIM o6pa30M CTpOUTCA onTUMalibHada Moaenb ansa nepemeHHon Au; .

B cuny (5) MeToamMKa NOCTPOEHWS OMTUMANbHBIX MONMUNMHENHBIX MOAeneid Ans nepemeHHbIx Ay, W Au;

aHanorMyHa MeToauke MOCTPOEHUS ONTUMArbHBIX JIMHENHBIX MOLENENA, HO yXe C MCToMnb3oBaHMeM GacceiHoB
k -ro nopsika Anst nepeMeHHbIX Ay; M Au. C y4eTOM He TOMbKO KOBapuaLmid OWWNGBOK, HO U X CMELLaHHBIX

MOMEHTOB Boree BbICOKOro nopsiaka. MocTpons Moaenb cutyauum (7) Ha OCHOBE SKCTIEPUMEHTarbHbIX [aHHbIX,
MONyYeHHbIX 33 MepBble 7 TaKTOB BPeMEeHW ¢ =1,...,7, MOXHO Ha OCHOBE 3TOW MOZENM CMpPOrHO3vpoBaTh

3HAYEHWsI CUTYaLMOHHbIX W YNPaBMSIOWNX MEPeMEHHbIX B criegylowmii n+1 TakT BpemeHn. O603HauMm
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HalfeHHble TakuM 00pa3oM MPOrHO3Hble 3HAYEHWS CUTYaLMOHHbIX W YNPaBASIOWMX  NepeMEHHbIX
COOTBETCTBEHHO Y€PE3 V| e (M + Dsevs Vo o (D) 0wy 0 (0 +1), sty 0, (n+1) . Mopernb

cutyauum (7) HasoBem MporHoavpylowen. MonyumB MPOrHO3HbIE 3HAYEHUSI CUTYALMOHHBLIX M YNPaBAOLMX
nepeMeHHblx B n+1 TakT BpemeHM, CTPOMTCA Tak HasbiBaemasi MOAenb YnpaBneHus cutyaumen. Ee
NOCTPOEHME aHaNnorMyHo nNpedblaylien mModenu. HasHaveHue 3TOW MOAENW HalTh ONTUManbHbIE 3HAYEHMS
NpUpaLLeHnin yNpaBnsioLMX NepeMeHHbIX B 72+ 1 TakT BpemMeHu. B oTnuume oT NporHosvpytowein Mogenu B
9TO MOMENN B KayecTBe [AOMONHUTENbHbIX MEPEMEHHbIX MCMOMb3YKTCA CUTYaUMOHHbIE W YNpaBnstoLmMe
nepeMeHHble Ans MOMEHTA BPEMEHU ¢ =1+ 1, a B kKaYecTBe UX 3Ha4eHWid Npn onpeaeneHy KoaduLmMeHToB
MOAENN — MPOTHO3Hble 3HAYEHMS CUTYALMOHHBIX W YNPaBMSOWMX MEpPEMEHHbIX B 77+ 1 TakT BpemeHwm,
MonyYeHHbIX U3 MOAeNK cutyauuu. B mogenn ynpaenexus cutyaumeir 6ygem Takke y4uTbiBaTb NPEAbICTOPUIO
CUTYaLuu, TO €CTb 3HAYEHUSI CUTYaLMOHHbIX 1 YNPaBNAOWMX BO3AENCTBIAN 3a NOCneaHne ABa UMK HECKOMbKO
TaktoB BpemeHu. O603HauMm npegnocneaHne gBa MoMeHTa BpemeHn ¢t =n—1, t=n—2. Myctb At =1.
Mogenb ynpaBneHus cutyaumen — 370 cuctema M3 K ypaBHEHWi, kotopble OygeMm Takke HasbiBaTb
YPaBHEHUSIMW yNpaBneHus. [ -0e ypaBHEHWe 3TOM CUCTEMbI UMEET CreayHoLLnn BUA

Auj(n) = b o(n)+ bl,lyf(”) t...+ bl,Qy'Q (n)+

+ bl,Q+1“1/(”) +...F bz,Q+1<”}< (n)+ bz,Q+K+1J/{(” “D+...+ bl,2Q+Ky,Q (n=D+
000kt (M=) + by ot M=) 48y 0 0k VI (M=2) + .ot by 30,0k V(M —2) + (14)
+ bz,3Q+2K+1“f(” -2)+..+ b1,3Q+31<“}< (n—2)+ b1,3Q+3K+1J’1,(” +D+...+ bl,4Q+3Ky,Q (n+1)+

+by 4oty (M + D)+t by o, qgti (n+1),..,0=1,..,K.

[ins Bcex nepeMeHHbIX, PUrypupyroLLmMx B NeBor Yactu (14), HaXoAATCs YacTHble KO3PMULMEHTI KOPPENSLMM C
nepemenHoir Au(n). Mocne uyero KoaduuMeHTbl NpU NepemMeHHbIX B NeBoil yactu (14), vmetoLnx

He3HauMMble YacTHble KOIMULMEHTBI KOPPEnsLMM ¢ nepemeHoit Au,(n), obHynstotcs. [lanee HaxopsTcs

3HaYeHUs OCTaBLUMXCS KO3GMUMEHTOB cucTeMbl (14) aHamorMyHo TOMy, Kak 3TO Obio npogenaHo ans
cucTembl ypaBHeHun (7). KoadhuumeHTbl HaxoaaTes U3 ypaBHeHU aHanormykelx (11), (12) u (13), B KOTOpbIX
NCNonb3yTCS NPOrHO3HbIE 3HaYeHui CUTYaLMOHHbIX " ynpaBnsioLLmx nepemMeHHbIX

Poprogn P+ D s Vo poen D)y o (B4 D,y 0, (n+1)B n+1 Takt pemenn. Onpepenvs

KO3ppuLMEHTbI ypaBHeHUs (14), crefylowmM LUAroM SBMSIETCS HaXOXAEHWEe ONTUMAanbHbIX YMPaBRsHOLLMX
Bo3aencTBUA u, (n+1),...,u (n+1) B n+1-7 TakT BpemeHu. 3agaya obreryaetcs Tem, YTo ypasHeHue (14)
NIMHENHO OTHOCUTENLHO YMPaBRSOLWLMX BO3AEACTBMA. Bcneacteme yero, ynpaensiowme BO3AEACTBUS 3a OAMH
TaKT BPEMEHM MMEIOT BEPXHIOK W HIKHIOK rPaHnLy No CBOeN BenmuumHe. MoaTomy, 1enonb3ys NomHbIn nepebop
BCEBO3MOXHbBIX MaKCUMamnbHbIX W MUHUMANbHbIX 3HAYEHUI STUX BO3AENCTBMIA, MOXHO BbiOpaTh Tpebyemble
ynpaensiowme Bo3genctans u, (n+1),...,u5 (n+1), koTopble obecneunBany makcumanbHoe npubnuxeHne

CUTYaLMOHHBIX NEPEMEHHBIX K TpeByeMbIM UX 3Ha4YeHWSAM. B MOMEHT BpeMeHu ¢ = n+1 poboT peannsyeT aTu
BO3AENCTBNS, NPW 3TOM CUTYaLMOHHbIE NEPeMeHHbIe NPUHUMAOT HEKOTOPbIE HOBbIE 3HAYEHUsI, MOCTynatoLie
Ha pgatuukn poboTa. Takum 06pa3oM, K MOMEHTY BPeMEHU f =rn+2 WMEKTCH HOBble SKCrEepUMeEHTarbHbIe
AaHHble 00 CUTYaLMOHHBIX W YNpaBnsoWMX nepeMeHHbIX. Ha OCHOBE 3TWX AaHHbIX K, UCMOMb3ys MpexHWe
[aHHble 3a nepuoa BpeMeHu ¢ =2,...,n, CTPOSTCS HOBblE MOAENM: MPOrHO3MpYyLas MOAENb W MOAeNb
yrpaBneHus cuTyauuen, aHanoruyHo Kak 370 Obino NpoAenaHo Bbile. Takas npouedypa NOBTOPSIETCS CO
CABWIOM Ha OAWH TaKT A0 Tex nop, noka poboT He npeobpasyeT MCXOLHYI0 CUTyaLuio B Tpebyemyto cuTyaumio.
Ona noctpoeHnsi ©Goree TOYHOM MPOTHO3MPYIOLLEN MOLENMM MOXHO MCMOMb30BaTb CUTYaUMOHHbIE W
ynpaensiowpe nepemMeHHble 3a NOCnedHue ABa TakTa BPeMEHW, Kaxdas W3 KOTOPbIX BbICTYMaeT B oM
CaMOCTOATENbHOM NEPEMEHHOMN:
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Ayi(n) = b, o(n) + bl.’lyl'(n) +...+ bijQy'Q (n)+

+ bi’QHul'(n) +...+ bi,QH(u}( (n)+ bi,Q+K+1yf(” -D+...+ bi,2Q+Ky'Q (n=-1)+

b, 0.kt (M=D) 4ot by ot M=1) 4D, 56 e N (M=2)+ .04 D, 35 Vo (H=2) +
b, 500kt (M=2)+ .4 b, sty (n=2), i=1,...,0.

Auj(n) = b, ,(n)+b, y/(n)+...+ bl,Qy'Q (n)+

+ bl,QHul'(n) +...+ b,’QJrKu}( (n)+ bl,Q+K+1yl'(n —D+...+ b,’2Q+Ky'Q (n-1+

+ bl’2Q+K+1ul'(n -D+..+ b,,zgm(u}( (n-1)+ bl,ZQﬂKﬂyl'(n -2)+...+ b,,3Q+2Ky'Q (n-2)+
+b,,3Q+2K+1u1’(n —2)+...+b,,3Q+3Ku;< (n=-2), I=1,....K.

B oTnuuMe OT ypaBHEeHWil ynpaBneHUs B MPOrHO3WPYIOLLEA MOZENM He WCMOMb3yTCs YhpaBnsioLme
nepemeHHble 41151 GyayLLEero MOMEHTa BPEMEHH.

BbiBOAbI

B poknage npeanoxeHo Ha YETBEPTOM YPOBHE CUCTEMbI YMPABNEHUS! MHTENNEKTYanbHbIMU POBOTaMN CTPOUTH
MPOrHO3MPYIOLLYK MOAENb CUTyauuW, B KOTOPOA OH HAXOAWTCS, a Takke Ha €e OCHOBE CMHTEe3VpOBaTb
YPaBHEHWS YNPaBNEHNs, U MOAENb ynpaBneHus cutyaumnen. Mogenb cutyauum ctpontcs poboToM Ha OCHOBE
AaHHbIX, NOMyYeHHbIX MM 3a HEKOTOPbI MPOMEXYTOK BPeMeHM HabmiogeHust 3a cutyaumeir. lMocTpoeHHas
MoZenb CuUTyauun MO3BONSIeT MPaBUNbHO CMPOrHO3MPOBATb M3MEHEHME CUTYaLMOHHBIX NEPEMEHHbIX B
NoCneaytoLLMin MOMEHT BPEMEHN. IMes B CBOEM PacnopsKeHUN CMPOrHO3MPOBAHHbIE 3HAYEHNSI CUTYALMOHHBIX
W YNpaBnsKOLLMX NEPEMEHHbIX, POBOT CUHTE3MPYET NMHENHble YpaBHEHUS ynpaBneHns. Ha ocHoBe 3TuX
YPaBHEHMWIA MyTEM MOMHOrO nepebopa MakCUMasnbHbIX W MUHUMAMbHBLIX BO3MOXHBIX 3HAYEHMIA YNPaBNAKLMX
BO3LENCTBMA 32 OAMH TaKT BpeMeHW pobOT HaxoguT ANS O4YEPesHOr0 MOMEHTa BPEMEHW 3HaYeHUs
ONTUMAanbHbIX YNPaBASOWMX CUTHANOB ANS UCMOMHUTENbHBIX MEXaHWU3MOB. ONTUMAanbHOCTb NMOHMMAETCS B TOM
CMbicne, 4To obecneymBaeTcs MakcuMarbHOE NPUONMKEHWE CUTYALMOHHBIX NMEpPEMEHHbIX K TpebyeMbiM ux
3HauyeHusMm. B pesynbTate [gedcTBui poboTa MBMEHSIOTCS 3HAYEHWS] CUTYaLMOHHBLIX MEPEMEHHbIX B
nocneaytoLMin MOMEHT BPEMEHU. 3TN U3MEHEHHbIE 3HAYEHWUS! CUTYALMOHHBIX NEPEMEHHBIX UCMOMb3YTCS ANs
MOCTPOEHNS HOBO MOAENN CUTYaLMKM B O4EpeHON MOMEHT BpeMeHu. IpoLeaypa NOBTOPSIETCA CO CABUMOM Ha
OOVH TaKT, Noka poboT He NpeobpasyeT UCXOAHYI0 CUTYaLMo B TpEDYeMYIo CUTyaLuto.

Bubnuorpadusa

1. TnapyH B.M. MnaHuposaHue pelenni. Knes: Hayk. dymka, 1987.168c.

2. Byukos W., bosmkmesa 1., Conakos E. MpuknagHoii NMHEAHBIA perpeccuoHHblii aHanus. Mep. ¢ 6onr. — M.: ®uHaHCh! v
cratucTuka, 1987. — 239c.

3. WMBaxHenko A.l'. lonrocpoyHoe NporHo3vpoBaHue 1 ynpaeneHue cnoxHoiMu cuctemamu. Knes: TexHuka, 1975. 312¢.

Authors' Information

Yurij Kuk - The Institute of Cybernetics of National Academy of Science of the Ukraine, the senior scientist,
address: 40 Glushkov ave., Kiev, Ukraine, 03680; e-mail: 1913@i.com.ua

Helen Lavrikova - The Institute of Cybernetics of National Academy of Science of the Ukraine, address: 40
Glushkov ave., Kiev, Ukraine, 03680; e-mail: icdepval@In.ua









