International Book Series "Information Science and Computing" 115

MULTICRITERION PROBLEMS
ON THE COMBINATORIAL SET OF POLYARRANGEMENTS

Natalia Semenova, Lyudmyla Kolechkina

Abstract: The multicriterion problem of discrete optimization on the feasible combinatorial set of
polyarrangements is examined. Structural properties of feasible region and different types of efficient decisions
are explored. On the basis of development of ideas of Euclidean combinatorial optimization and method of
general criterion possible approaches for the solution of multicriterion combinatorial problem on the set of
polyrrangements is developed and substantiated.

Keywords: multicriterion optimization, discrete optimization, polyarrangements, Pareto-optimal solution, weakly
and strongly efficient solutions, combinatorial set of polyarrangements.

ACM Classification Keywords: G 2.1 Combinatorics (F2.2), G 1.6 Optimization

Conference: The paper is selected from XVt International Conference “Knowledge-Dialogue-Solution” KDS-2 2009,
Kyiv, Ukraine, October, 2009.

Introduction

The multicriteria problems of optimization on different sets continue to attract attentions of many researchers [ 1-
10 ]. The models of discrete combinatorial optimization are widely used at the decision of important problems of
the geometrical planning, economy, placing of objects, control process of treatment of information, acceptance of
decisions and others. Lately in the area of research of different classes of combinatorial models, developments of
new methods of their decision great attention is paind to the methods which are based on the use of structural
properties of combinatorial sets [2, 8-15].

A new and actual problem which unites multicriterion of alternatives and feasible sets of decisions having different
combinatorial characteristics is formulated and is explored in this work.

It is of common knowledge, most combinatorial optimization problems can be taken to the problems of the integer
programming, but it is not always justified, as an opportunity account of combinatorial properties of problems [2] is
lost here.

The systematic study of properties of Euclidean combinatorial sets and their research is described in many works
Along with well - known Euclidean combinatorial sets of transpositions, placing, combinations, breaking up more
complicated structures are polycombsnatorial sets are selected. Interest to such sets is conditioned by the
different applied problems, as their certain number is well described by polycombinatorial constructions [12, 14].

t should be noted that problems of Euclidean combinatorial optimization on the polycombinatorial sets are
combined with combinatorial polyhedrons and their properties which are the protuberant shells of such sets. The
promoted interest to combinatorial and polycombinatorial configurations is conditioned by researches of the last
years in the area of computer technologies at creation of modern algorithms and programs for solution of
optimization problems. So polycombinatorial criteria is fated by the necessities of practice. The paper continues
the studies of multicriterion problems over combinatorial and polycombinatorial sets presented in [8, 9]. The
interrelation established between multicriterion problems over combinatorial sets and optimization problems over
a continuous feasible set is used to study some structural properties of the feasible domain and to formulate and
prove a number of theorems on the optimality conditions for different types of efficient solutions of the problems
considered. We propose a polyhedral approach to solving vector combinatorial problems over a set of
polyarrangements. It is based on the methods of principal criterion, cutting planes, and relaxation.
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1.Problem statement. Basic definitions

The multicriterion problems are examined:

Z(@, Py} (4,H)): max|d(a)|ae B (4,H)],
consisting of maximization of vectori criterion @(a) on the Euclidean combinatorial set of polyarrangements,
where @(a) @; : R" SR eN;.

For statement of material we use the concept of multiset A4, which is determined by foundation S(4) and
multiple of elements k(a).

Let a multiset A:{al,az,...,aq}, its base S(4)={ey,ep,...e;}, Where e, eR'VjeN,, and the
multiplicity of elements k(e;) =r;,j € Ny, n+r +...+ 1, =g, be given.

Take an arbitrary n e Ng. Call the ordered n-selection from the multiset A as the set

az(al-l,al-z,...,al-n), (1

where a; € 4 Vij € Ny, W€ Ny, ig iy, If s#1 VseN,.

Let Pq”k (A4) be a general combinatorial set of n-arrangements, induced by g>n elements from the multiset A, k

its elements being different. Denote by E(A4) the image of the set P;k(A) mapped into R”. Any point
x € E(A) is such that its coordinates take different values from the multiset 4 of real numbers, i.e.,
X =(x1,x2,...,xn) , Where x; = a, a €eAVi,jeN,.

Let us represent a set N, as an ordered partition into s (where s<q) nonempty pairwise disjoint subsets
J1p0Jg, 18, such that J; mJj =, J; #O, Jj #, Vi, je N, and an ordered decomposition of the
number n into s terms m,ny,...,n,, that satisfies the condition 1<n; <¢;, Vie Ny, |Jl~| =g;. Obviously,
@+qy+..+qs=qand n+n,+..+n,=n.

Denote by H a set of elements of the form % = (k(1),..., h(n)) = (4*,...,h") , where h(j)e N,, je N, ,a,and

h' is an arbitrary permutation of elements of the set J; Vi e N, .

Let a submultiset A’ of the multiset A consist of the elements of 4 whose numbers belong to the set J; :
i_g i i _
A" ={a},...a) }, | =n,.
Definition 1. [12] A set
P (4, H) = {(@) 0y, @ )| sy €A Vi N, , Vhe H{ < R’
is called a general set of polyarrangements.

Without loss of generality, let us arrange elements of the multiset A in nondecreasing order:
a, <a, <...<a,.Obviously, this arrangement also remains for each submultiset 4" ie N, of 4.
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2. Properties of Euclidean set of polyarrangements

The convex hull of a set of polyarrangements Pq”k(A) is a polyhedron of polyarrangements
115 (A, H) = conv P (4, H), whose set of vertices consists of elements of the set of polyarrangements:
vert 77, (4, H) = P (A, H) .

Theorem 1. A polyhedron of polyarrangements /7 ;’,f (4, H) is defined by the set of all solutions of the following
system of inequalities:

7 o
ij SZalj,ieNs,
=1 =1

m; m

1 .
ZxajZZaj, miequ__l,ajeJi,VzeNS
i=1 i=1

a; za, Vj#t,Vjtel,.

Let us consider some properties of the polyhedron /7 q”,j (4,H) and its relationship with the general set of

polyarrangements.
Obviously, s subsystems of linear inequalities describing polyhedra of arrangements Hgf'k. (A" ), being convex

combinations of the sets of arrangements «a, ;,ie N, can be separated out from the system of linear

A
inequalities (2).
Therefore,

j 7

. . m; m

n; iy_ n; i i

Hq;k,-(A )=qxeR" ijSZaqi_j,ZxajZZaj ,
j=1 j=1 =1 =1

ml'Equ__l,aj EJl',aj iat,\VIjif,Vj,IEJi,ViENS.

The product of polyhedra M. M, is known to be a set

S
QM. = {x e Rt
=1 !

x=(x,...x,), x,eM, Vie NS},where M is an d; -dimensional polyhedron.
Lemma. 1) The product of polyhedrons is a polyhedron;

S S
2)dim(_(§DlM,.) :ZdimMi , where dim M is dimension of set M ;

i=1
S s
3) k -measured the verges of polyhedron @1 M, form the set with the elements of kind @1 F;,where F' .-k, is

the measured verge of polyhedron M, and k, +...+k =k .
By Statement 3.2 [12],

N . .
® 11" (Al)z{xeRd1+"'+dS |x = (e xg), x; €117, (A") VieNS},
i=1 qik; qik;
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N .
i.e.,apoint xe ® H;{k. (4") satisfies each of s subsystems of the system (2). Hence, we may state that if a,i
=1 it

a(h)=ah1 ..... a,s , where a(h) e anv (4,H) .

is a vertex of the polyhedron H;’fk' (A" ), then a(h) = ®1 a,,

Next theorems are just [14].
ns 5 n; i
Theorem 2. qu(A,H) =i§lﬂqﬁki 4.

Theorem 3. For n<q, the polyhedron of polyarrangements H(’;,i (4,H) is combinatorially equivalent to the

polyhedron of polypermutations H;k(A,H) of dimension n.
The vertices of the polyhedron Hé},ﬁ (4, H) are elements of the set of polyarrangements (’;]i (4,H).

Theorem 4. A vertex a(h) e vert I14; (4, H) is adjacent to a vertex a(z) € vertiI); (4, H) if and only if
a(z) can be formed from a(%) by a permutation of two unequal components af " a}, j€Jg 1, i€Ny.

Note that the total number p of linear inequalities appearing in the system (2) and describing the polyhedron of

ns

polyarrangements /7, (A4, H) is very high. It can be reduced in some cases.

Statement 1. If only k out of n coordinates xj,z'e N, of a point x e R" are different, then the number of

n’

inequalities of the system that describe the convex polyhedron 77 ;,f (A4, H) can be reduced by excluding

. 4i .
N:ZiNi inequalities, where N; =1+ ¢; + .lecéi _
i= I=

Proof. Let us call an aggregate of inequalities of the subsystem for a subset J,, i e N_, of the system (2),

having equal values 71; of the upper limit of summation, the #7; th group of inequalities of this subsystem. Each

mi m; th group includes C;'f" inequalities. Hence, the total number of inequalities describing the polyhedron
1

. qi .
H;iiki (A")is p;= Z(:JCZ_”' =27, ie Ny . Since there are k; different coordinates a}, j € J;, out of g;,
1=
then some inequalities can be excluded from the ith subsystem of inequalities (2). In view of the condition

a <ap<..<a, forany jeN ., m;<gq;i<N;, the following equality holds: @} = a’,,. Therefore, if

i1
the inequalities of the first group in the subsystem (2) hold, the inequalities of the second, third, ... m; th,
) m; .
i€ N, groups will also hold. Indeed, since x;, >a;, jeJ,, ie N, the condition Zxa_ >ma] is
!
satisfied for any m, € N, . Hence, the inequalities of the second, third, ..., m;th, i< N, groups can be

excluded from each subsystem of system (2) describing the polyhedron of polyarrangements 77 ;’,f (4,H),and

4di .
the total number of inequalities in the 71; th subsystem will be N; =1+¢; + Z Cé . If the set of numbers
J=i+l
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(a{,aé,...,af,) possesses the property a§~ = a§-+1 Vj €Ny 1\ Ny _p., i € Ny, the reasoning may be

similar. Then it will suffice to leave only the inequalities of the first, second, ..., (m, — j)th group in the

S
subsystem of the system (2). Therefore, N = ZNi inequalities can be excluded from the system (2).
i=1

Let a set of polyarrangements P,’;,i (4,H) be mapped into the Euclidean space R" and let us formulate the
problem Z(F,X) of maximizing a vector criterion F'(x) on a feasible set X:
Z(F,X):max{F(x)|xe X}.

To each point a a qu”,f (4,H), there corresponds a point x e X such that F(x)=®(a), where
F(x)=(A(x), f2(x)e, f1(x)),  f;:R" —>R1,ieN,, X is a nonempty set defined as follows:
X = vert [1; (4, H), where 7y (A4, H) =conv Py (4,H) = IT . Let the problem Z(F', X) contain also
convex constraints that form a convex closed set D < R" of the form D ={x € R" | Bx <d}. Then the feasible
set X =vertI1g; (4, H)ND.

In multicriterion optimization problems, the traditional concept of optimality is replaced with Pareto optimality
(efficiency), weak efficiency (Slater optimality), and strong efficiency (Smale ptimality). Thus, by solutions of the

problem Z(F, X) we will mean elements of the following sets: P(F,X ) of efficient (Pareto optimal) solutions,

SI (F,X )of weakly efficient (Slater optimal), and Sm(F,X ) of strongly efficient (Smale optimal) solutions.

According to [4-7], the following statements are true for each feasible x € X :

xeSZ(F,X)<:>{yeX|F(y)>F(x)}=® (3)
xeP(F.X)o{yeX|F(y)2F(x),F(y)#F(x)|=0 (4)
xeSm(F,X)@{yeX|y¢x,F(y)2F(x)}=@. (5)

Sm(F,X)c P(F,X)c SI(F,X).

Since | X | < o0, the set P(F, X )+ and is externally stable [15].

3. Structural properties and optimality conditions of different sets of efficient solutions

Theorem 5. The elements of set Sm(F,X) - strictly efficient, P(F,X) - Pareto-optimal, and SI(F,.X)-

weakly efficient solutions of a multicriteria combynatorial problem over polyrrangements of the form Z(F, X)
are located at the vertices of polyhedron of polyrrangements 17, (4, H) .

Proof. Taking into account correlation (6) between the introduced sets of efficient solutions and also according to
fact that the set of feasible solutions X is a subset of the set of vertices of the general polyhedron of

polyrrangements, that I7g; (4, H) , and x c vert [1,; (4, H) we come to x c vert 77,z (4, H) the justice of
inclusions Sm(F,X)c P(F,X)c SI(F,X)c vert Hé’,ﬁ (4,H) takes place. The theorem is proved.

Let the functions of vectorial criterion f;(x),i < N;, are linear, that is F(x) Structural properties of feasible
region and sets of different types of efficient decisions, marked in the theorem 5, and also linear of functions of
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vectorial criterion allows to take the decisions of problem f;(x) = (cl-,x>, ieN;. Xtothe X decision of the
problem G = 174 (4, H)( ) D.

Statement 2. The following inclusions are true for sets of optimal solutions of the problem Z(F,X):
Sm(F,X)c P(F,X)c SI(F,X)c vertI1; (4,H) .

Let us represent the polyhedron /7. as 77, (A) ={x e R" |(z;,x)<y;,i€ N,}.

Introduce a set N(y)={ie N, |z;,y =7}, 0" 0(y) ={xeR" | 7;x<0,ie N(y)} is a cone that can be
constructed for all points y € vert I7,; (4, H) . Obviously, if N(y) =@, then X < y + 0t I11(y).

The structural properties of the feasible domain X and of the sets of various types of efficient solutions
mentioned in Statement 3 and the linearity of the functions of vector criterion allow reducing the problem

Z(F, X) tothe problem Z(F,G) defined on the continuous feasible set G = 17y (4) N D.

Theorem 6. The following inclusions are tue:  P(F,G)Nvertlly (4,H) < P(F,X),
SI(F,G)NvertI1y; (4, H) < SI(F, X) , and Sm(F,G)N\vert [Iy; (4, H) c Sm(F, X).

Proof. Since vert Hé’,ﬁ (4,H)YN D < G, we have

P(F,G)NvertIl (4, H)N D c P(F,GNvert Iy; (4, H) D) = P(F, X).
Similarly, we can prove the relationships

Sm(F,X) = Sm(F,D\vert Iy (4, H)) > Sm(F,G) N vert ITg; (4, H) .
SI(F, X) = SI(F,vertI1y;(4,H) D) > SI(F,G) N vert Il (4, H) .

Let the functions f;(x),7 € N,, of the vector criterion F'(x) be linear, i.e., f;(x)= (cl-,x>,i eN, Ce R™! i
a matix and a linear mapping C:R" —R', and ¢, is its row vector, ieN,. Denote by
K= {x eR" |Cx > 0} the cone of perspective directions [4] of the problem Z(F, X), Ko = {x eR" |Cx = 0}
is the kernel of the mapping C, and intK = {x eR" |Cx > 0} is the interior of the cone K .

As follows from (3)—(5), the statements below are true Vx e X :

xeSI(C,.X)e (x+intK)n X =4, (7)
xeP(C,X)ox+(K\Ky)nX =0 (8)
xeSm(C,X)@(erK)mX\{x}:@. 9)

Theorem 7. If the feasible set X of the problem Z(F', X)) contains no constraints that describe the convex
polyhedral set D, or I1yi(4,H)c D, ie, X =vertlly (4,H), then the following equalities are true
VxeR":

SI(F, T (A, H)) N vert 11 (4) = SI(F, X), P(F, 11 (4, H)) N\vert IT5 (4, H) = P(F, X),
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Sm(F, g (A)) N vert [Ty (4) = Sm(F, X)
Proof. As follows from Theorem 6 and conditions of this theorem, the statements below are true Vx e R":
xeSI(F, g (4, H)) Nvert I3 (4, H) = x € SI(F, X),
xe P(F, Hg,i (4,H)) N vert Hg,i (4,H)= xe P(F,X),
x & Sm(F, 11} (A, H)) N vert ITj (4, H) = x € Sm(F, X).
Let us prove inverse implications. Let x € SI(F', X'), whence x e vert Hg’,i (4, H) by Statement 3. Suppose by

contradiction that erSl(F,Hg,i(A,H)). Since functions f;(x),i e N;, of the vector criterion F'(x) are

linear, the condition int K () (/7 (x) —x) # < is satisfied by Theorem 5 [6], i.e., the cone (x+intK) contains

some points of the boundary of the polyhedron 77z (4, H) . Therefore, there exists a vertex 17,; (4) belonging

to this cone. By virtue of (7), this means that x ¢ SI(F, X'), which leads to a contradiction with the condition of
the theorem. Other statements of the theorem can be proved similarly.

Corollary 1. Under the conditions of Theorem 7, the following statements are true Vx e X :
x€SI(F,X) < x e SI(F, I3 (4, H)) N vert T} (4, H),
xe P(F,X) < xe P(F, g,i(A,H))ﬂvert g]i(A,H),
xeSm(F,X)< xe Sm(F,IYg)g(A,H) ﬂvertH,?;ﬁ(A,H).
If the feasible domain X = vert g,i(A,H ), then the necessary and sufficient optimality conditions obtained in
[6] for all the above-mentioned types of efficient solutions are true for any point x = vert Hé],i (4,H) of the
problem P(F', X) . If I1; (4)N D # 1 (A4) , then only sufficient optimality conditions are true.
Theorem 8. For an arbitrary x = vert 17 (4)
xeP(F, Iy (4)ND=xeP(F,X),
xeSI(F, Igi (A))ND = xeSI(F,X),
xeSm(F,Hg;;(A))ﬂD:xeSm(F,X) :
Proof. Since G = 77 D, the following implications are true:
Vx € vert Zi(A,H):xeP(F, g}E(A,H))ﬂD:xeP(F, g;i(A,H)ﬂD) =P(F,G)= xe P(F, X),
xeSI(F, (’;;i(A,H))ﬂD:xe SI(F,X), xeSm(F, (’;;i(A,H))ﬂD:xe Sm(F,X).

Thus, Theorems 5 — 8 establish an interrelation between the problem Z(F, X)) and the problem Z(F,G)
defined over a continuous feasible set. It enables to apply the classic methods of continuous optimization to the
decision of vectorial combinatorial problems on polyrrangements and on this basis develop new original methods
of decision, using properties of combinatorial sets and their protuberant shells.
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If the problem Z(F',X) does not contain linear limitations forming a convex polyhedral set D = R", or if we
have I7c D, ie. X =vertIl, then, taking into account necessary and sufficient optimality conditions
(theorem 7), the process of its solution is reduced to the search for efficient solutions of the problem Z(F',G)

over the continuous feasible set G =H£;,§ (4,H) with the subsequent choice of only the solutions thatf are
vertices of the permutable polyhedron of polyrrangements 17(’;; (4,H).

Analyzing theorems 6 and 8, we obtain the following relationships between the problems Z(F,X) and
Z(F,G): if we have xeR(F,G)Nverdly;(4,H),then xeR(F,X), and if we have

x ¢ R(F,G) ﬂvertﬁé’,ﬁ (4,H), then this does not imply that x ¢ R(F, X), where R(F,X) denotes the set
set P(F,X), Sm(F,X) or SI(F,X).

4. Main approach of the task contains additional linear limitationds, the following approach its
decision is offered.

If the problem Z(F,X) contains additional linear constraints, then the following approach to its solve is
proposed.

1. We find the efficient solutions of the problem Z (F, HZ]I/? (4,H)).

2. We check their membership in the set D If we have x e P(F, 153 (4, H)) N D, then x € P(F, X).

3. We will consider feasible solutions x € X to the problem Z(F,X) that are inefficient in the problem

Z(F,II),ie. xe X\P(F, 13 (4,H))N D, and check them for efficiency. To this and, use the necessary
and sufficient conditions formulated in [15].

Statement 3. A feasible solution x° is efficient if and only if it is an optimal solution of the following problem:

i=1

ZY(F, X): max{ifi(xnxex, £ £, ie Nm}.

If the solution x° is inefficient, then, as a result of solution of this problem, we find an efficient solution x thatis
more preferable than x°, i.e., we have F(x*) > F(xO).

Continuing investigations and developing the results of [1, 5, 6, 8-13], we propose an approach to the solution of
the problem Z(F,X) on the basis of linear convolution (aggregation) of its partial criteria and the further

reduction of the search for solutions of the initial problem to the solution of a series of scalar (one-criterion)
problems and the check of the obtained solutions for optimality. The method of solution of one-criterion problems
is based on the ideas of decomposition, Kelly ’s cutting-planes, and relaxation.

Next, we consider a method whose realisation takes into account the fact that the number of constraints is
sufficiently large. Then it is expedient to use a relaxation procedure or temporary rejection of some constraints
and the solution of a problem over a wider domain, i.e., under remained constraints.

At the initial stage of construction of the sought-for algorithm, we should determine the initial point. We will

consider a one-criterion problem without constraints that describe a polyhedron D and call them additional
constraints.
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Statement 4. If, for the elements of the multiset A and coefficients ¢ v J € N,,, of the objective function of the

problem a maximum functions f'(x), conditions ¢y ¢, <..<¢ and ¢ <a,<...<a,, respectively, are
satisfied, on the admissible set is attained at a point X = (x;;,...,x;)e vert g;ﬁ (4,H) that is specified as
follows:

xijzajVjeNn, (10)

and its minimum is accordingly attained at a point y = (yil’yl'z e Vi ), Where

i =y ¥ 5 Ny 1 U0},

For description and basing of method of decision of the problem we will introduce next denotations. We write
down the feasible region of the problem Z(F',.X) in the form G ={xe R" | Hx<g}, g=(21,82,-8,)

matrix, which is used for the matrix-vectorial form of record of limitations of the form (2) and linear inequalities
describing a polyhedron D, where all limitations are taken to one < kind of inequalities. We will designate Ny

the set, the elements of which determine the numbers of limitations of the system (2) and additional limitations
describing the protuberant many-sided set D : = Ny.

We defne sets G;={xeR” |<hl~,x) <g}ieN, and, for an arbitrary x*eR", define sets
Ne(x")={ie N, ‘<h,~,x‘”> = g;} — accordingly active and nonactive limitations in the point; x" - accordingly
ieN, the vector-line of matrix and i component of vector H .

We will submit a problem in to consideration, the problem where Z(F,G"): max{F(x)|xe GV} is set of

indexes of limitations, describing the feasible region of problem G ={xeR”

(hi,x>ﬁgl~,ieQV CNq}, ,
which is solved on m step of algorithm, Z(F,G"') , is set of numbers of limitations which were not included in this
problem on M step.

Definition 5. We call the quantity 7 (x) = (hi,x) — g, i € N, adeviation of point x € R” from the boundary of

aset G; and the quantity »(x) = max{r; (x)‘ ie Nq} a deviation of point x € R” from the boundary of the set

G . ltis obvious that, for i e N P We have

ri(x)zz“xa/—zg;- , (1)
=1 j=1
andforieNq \Np,wehave
r(x)=(b;,x)—d;, (12)

where b;is the I th row vector of the matrix B,d; € R .
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Theorem 9. An efficient (Pareto-optimal, weakly efficient, and strictly efficient) solution x° of problem

Z(F,G") is an efficient (in the same sense) solution of the problem Z(F,G) if and only if the condition
r(x) <0 is true.

Proof. The necessity of this statement is obvious since the feasible solution x° of the problem Z(f,G") is a
feasible solution of the problem Z(F',G) if and only if the condition »(x) <0 is satisfied. The sufficiency of this
statement follows from the construction of the problem Z(F,G) and the definition of »(x) .

The approach to solving the class of vector problems proposed here is to reduce the original multicriterion
problem to an optimization problem with one criterion f,(x),7 € N,, which is declared principal or basic

provided that the values of all other criteria should be no less than some prescribed (threshold) values
t,,i € N, \{r}. Thus, we have the problem

Z(f, X () :max{ £, (x)| f;(x) 2 ;,i € N \{r}x e X} .
The optimal solution x° of this problem is always weakly efficient, and if it is unique (up to equivalence ~ 7 ), it
is also efficient. If the solution x’is efficient, then it is a unique (up to equivalence ~ f ) solution of the problem

Z(f,,X(t;)) foranyfixed re N; and ¢, = fl-(xo),i e N, \{r}. Choosing a criterion as the principal one does
not limit the choice of the optimal solution. To determine the threshold values ¢;, i € N; \{r}, Statement 4 can
be used, which makes it feasible to establish the upper and lower bounds for the criteria f;(x), i € N;, on a set
of polyarrangements. We propose two approaches to solve the original problem Z(F,X) . The first approach
assigns the minimum values of criteria f;(x), i€ N;, on the set of polyarrangements to the thresholds
t; € N, \{r} followed by the reduction of the feasible set of the problem Z(f,., X) by choosing the values of
thresholds ¢, € N, \{r}, arranged in increasing order, next to the minimum values of the criteria. The second
approach searches for the optimal solution of the problem Z(f,., X') by assigning the greatest feasible values to
the criteria f;(x), i € N;, and then expanding its feasible domain if the original problem appears inadmissible; if
it is admissible, an efficient or weakly efficient solution is found.

The procedure of assigning constraints to a series of threshold values ¢, is simple in both approaches. Using

Statement 4 and ordering the coefficients of the criteria, we reduce this procedure to computing the scalar
product of two vectors, i.e., to finding values of linear criteria. Taking into account the structural features of the set

of polyarrangements, it is feasible to compute #, more efficiently, using permutations of the elements of each i th,
i € Ny, subset of the multiset A4 .

The general idea of the method proposed to solve the problem Z(F,X) consists in successive inclusion of
constraints of the problem that describe the feasible region.
1. Reduce the multicriterion problem Z(F',G) to a one-criterion problem Z(f,G) using the principal-criterion

method. Put v=0.

2. Select constraints of the original system of linear inequalities that describe the feasible set G — G of the

problem Z(f,G") and use the simplex method to find its optimal solution x" .
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3. If the optimal solution x" is an element of the set of polyarrangements, then, at the point x" , check the
constraints that have not been taken into account. Obviously, they can only be constraints that describe the

convex closed set D . If the solution x" does not satisfy some constraints, then supplement constraints of the

feasible region of the problem Z(f,G"), with the worst-satisfied constraint from the convex closed set D. If the

solution x" satisfies the above-mentioned constraints, it is an efficient solution of the problem Z(F,G) and,
hence, of the problem Z(F, X) .

4. If the solution x" is not a point of the set of polyarrangements, make a cutoff through adjacent vertices that
cuts off a vertex not being feasible (i.e., polyarrangement). Add this cutoff to constraints of the problem

Z(f.G").
5. Compare the value £'(x") of the objective function with its value found at the previous step. If it decreases,
reject the constraints insignificant at the point x" . If the value of £ (x") does not change, do not reject the

constraints. Use the changed feasible region go to Step 2 to solve the problem Z(f,G").

Obviously, the algorithm results in an efficient solution of the problem 7 (x") or establishes its unsolvability by

solving a finite number of subproblems of the form Z(f,G").

Conclusions

A vector combinatorial problem has been analyzed using the information about the convex hull of the feasible
region and the properties of polyhedra whose vertices determine a prescribed combinatorial set of
polyrrangements. A method to solve complex multicriterion problems over this combinatorial set have been
developed and substantiated. Using the structural properties of combinatorial polyhedra makes it possible to
develop efficient algorithms to solve new classes of vector combinatoria optimization problems.
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