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Pavlo Antosiak, Oleksij Voloshyn

Abstract: This paper investigates the procedures of sequential analysis and sifting of unpromising variants after
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general scheme of sequential analysis, the algorithm of solving the linear ordering problem is developed for the
problems of discrete optimization.
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Introduction

The linear ordering problem (LOP) is NP-hard combinatorial optimization problem with wide application: in
collective decision making, economics, archaeology and scheduling [Reinelt, 1985]. Many works are devoted to
the development of efficient algorithms for solving this problem [Grotschel, 1984], [Chanas, 1996], [Laguna,
1999], [Campos, 2001].

Problem formulationa

LOP can be formulated as follows. Consider a set of alternatives A ={A,,...,A,} and permutationm:A —A.
Each permutation n=(m,...,m,) uniquely determines some linear ordering of alternatives. Denote by e;,
i,jeN={1,..,n} the cost of disposition of alternative A; to alternative A, in linear order, and by E the n-square
matrix of costs. Then LOP consists in finding such permutation 7, in which the maximum total cost is achieved
n-1 n
E(m)=>"> €. (1)
=1 j=it+
Evidently, that (1) is the sum of elements above the main diagonal of matrix P, its” elements p; are the result of
permutation of 7 lines and columns of matrix E, thatisP = XEXT , where X is the matrix, that corresponds to the
permutation 7 [Reinelt, 1985].

As in most combinatorial optimization problems, LOP has many alternative formulations. In the paper [Grotschel,
1984] the linear ordering problem is considered in the equivalent raising of linear programming problem with
Boolean variables.
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n-1 n
E(X):;:j%d”x”_)max (2)
X; +Xp — X <1, 1<i<j<k<n, (3)
—X; =Xy + X, <0, 1<i<j<k<n, (4)
X, eX;, 1<i<j<n, ()

whered; =e; —e;, X; ={0,1} are the set of possible variants of values of component x;, X = HX” is the set

j>i

i

of all possible variants.

Approach to solve the problem

The basis for developing an algorithm to solve the problem (2) - (5) is the method of sequential analysis,
elimination and creation of variants [Mikhalevich, 1965], [Volkovich, Voloshin, 1978, 1984,1993].

Procedures of sequential analysis

For the discrete optimization problems the basis of schemes of sequential analysis and elimination of variants
without step-by-step constructing solution is the procedure W of consistent elimination (exclusion from the
consideration, generally speaking, on the current step) of values of variables. The procedure W, in its turn,
consists of two procedures W, and W, . Specify them for our case.

Let's choose any indexesi,j,k e N, but such ask > j>i. Following the general scheme of sequential analysis and

elimination of variants for the problem with linear restriction, we receive the following criteria of elimination after
the restrictions (procedure W, on the s-step, s € {1,...,s,} ):

for fixed j>1i, if

Xi > 1—minx; +maxXx;,
| X(s) J 0
jk ik (6)
X; <—maxx; +minx;
I X(s) J X(s)
jk ik

at least for one k:k>j>i, then the component x; of permissible solution of problem (2) - (5) can't take the

value equal to X; e X{ where X{* is the set of possible variants of component x; on the steps, s {1,...,,};

for fixed k> j, if

Xy > 1—minx; +maxx;,
] MO

ij ik
X; < —MmaxX; +minx;
J xish e
] k

(7)

at least for one i:k>j>i, then the component x, of permissible solution of problem (2) - (5) can't take the
value equal to X, € X{y;

for fixed k >1i, if
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X <minx; +minx, —1
ng) J ngs) J
_ 8
Xj > Max X; +max X, ®)
x(s) | X(s) J

at least for one j:k>j>i, then the component x, of permissible solution of problem (2) — (5) can't take the

value equal to x, € X®.

1) Let [X{’

.‘xﬁ;)

)
e

>4 . Realized the selection of all possible situations and analysed them by relevant
criteria (6) — (8), it is easy to make sure, that the elimination won'’t be in this case.

2) Let \x;ﬁ '\XEE’

)
i

=2. Let[x{"

=2. It is easy to see, when X{={0} i X{ ={1}, we'll have the
elimination of value x; =0. Similarly if XEE) ={1} andX{! = {0}, we'll have the elimination of value X;=1.1n

case when ‘XEE)

=2 andif X{ ={0}, X ={0,1, X{¥ ={1}, the value X, =0 will be eliminated, and in case

X = {1}, X§ ={01, X ={0} the value X, =1 will be eliminated. At \xf:’

=2, when we have X ={0},
X§) ={0}, X§' ={01}, the value X, =1 will be eliminated after the criterion (8), and if X{ = {1}, X{’={1},

X' =01}, then X, =0 will be eliminated. Like to the previous case, realized the selection of all other possible

situations (related to the case examined by us), it is easy to make sure, that the elimination after the criteria (6) —
(8) will never be.

3) Let [X{¥) =[x

|

=1. 11X ={0}, XE ={0} andX{={1}, then, after the proper criterion of

elimination, we receive X{¥ =@ . IfX{" = {1}, X{ ={1} andX{ ={0}, then we'l also receive X{” =& . Such

variants make it impossible to build any allowed variant of problem (2) - (5) and describe the situation, when on
the s-step we have an abnormal end of procedure W, . In all other cases, evidently, it won’t be the elimination.

From the total scheme follows that the criteria of elimination after the restriction on the objective function
(procedure W, on the s-step (s =1,...,s, )) will be:

If

djX; <es — max detxkt =e - me,x{dktxkt} (i>1) 9)
t>k t>k Xyt
(ki) (t]) (k=i)v(t=])

then the component x; of permissible solution of problem (2)-(5) can't take the value equal tox; , where e, some

value taken from the interval [ )r(piq) E(x),n?a%(E(x)] .
B X s—1

The follow cases are possible during the application of procedure W, .

Case 1. It wasn’t any elimination. Then the contraction of set of possible variants may occur, if reinforce the
inequality (9), which, evidently, can be done only by increasing restrictions on the objective function, selecting, for

*

by the method of dichotomy from the interval [e,e'® 1, where

max
(s) _
€max = 2 r)?ﬁ?f{dijxij}

i

example, the value e

s+1
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is the maximum possible value of objective function on the step s.

Case 2. It was the elimination, but the reduced set of possible variants X' is empty or X'®) = & , but there is no
allowable variant of problem (2) - (5). In this case, the abnormal end of procedure W, is carried out. It is also

known [Volkovich, Voloshin, 1978] that, in this case, any allowable variant of problem (2) - (5) satisfies the
conditions E(x,) < e, . Then the extension of set X'® can be obtained by reducing the value e , thus weakening

the further restriction on the objective function, by choosing e, < e. after the rule of dichotomy from the interval

*

[ef e

min’¥'s

], where eﬁnﬂ)n = Z Qliﬂ {d;x;} is the minimum possible value of objective function on the step s.

i

max

Statement 1. The valuexi(j )=argn}a>§{dijxu}, V i,jeN, j>iand V sef{l,..,s,} can't be eliminated for LOP
XUS—1

as a result of procedure W, work

Proof. Suppose the opposite. Let Sc {1,...,s,} is the set of all steps for which our supposition is correct. And let

s=argmins is the first of these steps (exactly at this stepW, the elimination will be firstly done after the

seS

supposition), on which at least one pair of indexes j > i will be found such that

dx™ < e — max{d,X,}

(k#)v(t£]))
Let N, Ni¥) are the sets that completely describe all pair of indexes j> 1, i N, jeN{®) for which on the step

S is executed (10). At first, let take the first of these pairs j; > i (exactly for this pair W, the elimination will be

firstly done after the supposition), that is i; = arg mi(n)i and j; =arg mi(n)j. In this case the rule of choice S and
ieN(® jeN(
pair j; > iz gives an opportunity to rewrite the inequality (10) in the following equivalent form:

max{d; x;} + E max{dx,} < ez,
Xk t>k X
(ki (tg)

from where we get correlation
'é’ *
eld <er. (11)

But (11) contradicts the rule of choice on any step s of value e from the interval[e(®) e’®) ]. By analogical

reasoning, through the finite number of steps firstly we are convinced of the impossibility of our assumption for
the step s, and then after a similar reasoning for the other steps we arrive at the correctness of statement. The
statement is proved.

Corollary 1. For LOP the first situation described in case 2 can't arrise.
Corollary 2. For LOP the elimination of values of the component x; after the restriction on the objective function

can occur only when‘Xff‘”‘:Z, thus the values x{™ :arg)r(mg[lj){dijxij}, V ijeN, j>iand V se{l..s,} can
i

only be eliminated.

Corollary 3. For LOP the condition of elimination through the objective function can be rewritten in the following
equivalent form:
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(min) *
dix;" <eg—

eld) . +max{dyx;) (12)
then the component x; of permissible solution of problem (2) - (5) can't take value equal to xi(j”“”) .
From (12) we get:

els)

max

+ mln{d }—Q}%{duxu} <e, (13)

n)

Of the form (13) follows that for a given value e, if the value Xi. (™" gliminates, we have

51{ ity '1]1 itk il |2]2} max{d

I1l1 " 1212 '212

} I')PaX{d le} ;mn{d izl '2J2}’

n)

then the value x;; ™M) will be also eliminated. Then in order not to have the second situation of case 2, evidently, it

m|n)

is necessary to perm|t the elimination of all values x:

where

(i,j)eArg min {min{d; x;} - max{d e

|J|<JX5’ u

Remark 1. Note that the elimination of all such values can be obtained by using strict limit on the objective
function E(x) > e, and by choosing

e, =el +m|n[m|n{d it = T)I}Sa?)({dijxij}j-

(i,i<il x{s=h i

Algorithm

Step 1. Calculation of values els ande

max

Go to the next step.

Step 2. Application of procedure W, , that is the elimination of all values X, ™) where

(ij)eArg max | e;—¢l.
i<j

ij): 1
(i.4) |ij3 )|:2

Step 3. Application of procedure W, .

At the abnormal end of procedure W, the restoring of all eliminated on a current and previous step values and
the end of algorithm work are realized.
Otherwise, if | TIX{” =1,

>

then it is the end of algorithm, otherwise it is the passage to the step 1.
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Conclusion

From point of view of realization the proposed algorithm is simple. If the found variant of solution X satisfies the
condition E(X) > e;o , itis an optimum variant [Volkovich, Voloshin, 1978, 1984, 1993]. The variant X can be taken

as an approximate solution if E(X) < e;O . In case of abnormal end of procedure W, we receive the reduction of set

of possible variants. The algorithm work efficiency is investigated on the real test dataset containing 49 matrices
«production cost» from the previous years of some European countries and is popular in Internet [LOLIB]. For 10
of 49 examples an optimum value was found.
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