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MINIMIZATION OF EMPIRICAL RISK IN LINEAR CLASSIFIER PROBLEM
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Abstract: Mixed-integer formulation of the problem of minimization of empirical risk is considered. Some
possibilities of decision of the continuous relaxation of this problem are analyzed. Comparison of the proposed
continuous relaxation with a similar SVYM problem is performed too.
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Introduction

Recently considerable number of researches are devoted to problems of construction of linear algorithms of
classification (classifiers). In many cases such problems are considered for classification of two sets. Usually
linear classifier problems are formulated for the case of linearly separable sets. In separable case the mentioned
problems can be efficiently solved [1-4]. The concept of optimality for two linearly separable sets has a simple
geometrical sense — the optimum classifier defines the strip of maximal width separating these sets.

For linear separability of two finit sets it is necessary and sufficient for convex envelops of these sets don't
intersect each other. But this condition is not sufficient in the case of more than two sets. In [5-7] some sufficient
conditions of linear separability of any number of final sets are formulated.

Minimization of the empirical risk is the natural criterion of choice of the classifier in case of linearly inseparable
sets. In this paper, a mixed-integer formulation of the problem of minimization of empirical risk is considered, and
some possibilities of decision of the continuous relaxation of this problem are analyzed. Comparison of the
proposed continuous relaxation with a similar SVM problem is performed too.

1. Problem formulation

Let a set of linear functions is defined f;(x,W')=(w',x)+w), i=1,.., m, where x € R" is attribute
vector, and W= (wf),wi) € R”“, i=1,.,m, are vectors of parameters. We denote

W= (Wl,..., w™y, We RL, L=m(n+1). Let's consider linear algorithms of classification (linear
classifiers) of the following kind

a(x,W) =argmax{fi(x,Wi): i=1,.., m} xe R":W e R* (1)

1
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In [6] also classifiers, in which f; are convex piece-wise linear functions, were investigated.

Here it is considered a family of finite not intersected sets €;, i=1,..., m. We will say that the classifier
a(x,W) separates correctly points from Q;, i =1,..., m, if a(x,W) =i forall xeQ;, i=1,..., m.

Sets Q;, i=1,..., m are called linearly separable if there is a linear classifier correctly separating points from
these sets.

Each set Q;, i =1,..., m is a training sample of points from some class Q; known only on these sample units.

The training process for classifier a(x,W’) consists in selection of parameters W at which classes

Q;, i=1,..., m are separated in the best way (in some sense). For definition of the quality of separation various
approaches are used.

Let Q= UQ,. , points of the set €2 are enumerated, 7" is the set of indices, 2= {x’ D te T} , T; is a

1
i=1

m
subset of indices correponding to points from Q,, Q; = {xt D te Ti}, T =|JT; . Let function i(¢) returns
i=1

the index of the set Q. , to which the point x* belongs, 7 € T'. The value
t . t i t i . Lo _
g (W)_mm{];(x WY~ (WY e (L mi iy —z(t)} -

= min{(wi —wj,x’)+w6 —wg 1 je {1,..., m} \i,i= i(t)} (2)

is called as a margin or a gap of the classifier a(x,”") on the point X' teT.
The classifier a(x, W) makes a mistake in a pointx” iff the gap g’ (%) is negative.

The value g(W) = min { g W) te T} is called as a gap of the classifier a(x,”’) on the family of sets

Qi’ i:1,..., m.

The classifier a(x,W’) correctly separates points fromQ;, i =1,...,m ,if g(W) >0 .

Remark 1. The classifier a(x,W’) is invariant with respect to multiplication of all functions f; (vectors w! ) by
positive number, and the gap g(#) is linear with respect to such multiplication. The classifier a(x, ) and the
gap g(W) are invariant concerning to addition of any real number to all f;.

The value g(W') can be used as a criterion of quality of the classifier a(x, ") (the more value g(W), the

more reliably points from Q;, i =1,..., m are separated). However, it is necessary to take into account a norm for

the family of vectors W which we denote n("’) and name norm of the classifier a(x, W) .

now) = ‘/ SN (wh)? (3)
i=1 k=1

Let's use the following function:
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Other functions also can be used as a norm (W) [6].

Let the family of sets Q;, i =1,..., m is given. Taking into account the introduced notations the optimal classifier
problem we write as following: find

g = max{g(W) M) L, W e RL} (4)
/4

Since the vector W =0 s feasible, the problem (4) always has a solution, and g* > 2(0)=0. Let’s notice

that g* >0 if sets Q;, i=1,..., m are linearly separable, i.e. there is the linear classifier correctly separating
these sets. We will consider also a problem: find

n = min{n(V) gM)=LVe RL} (5)
14
Similar problems were considered by different authors (see, e.g., [4, 8]).

Lemma 1. Let ™ be an optimal solution to the problem (4). Then

1)if g >0, the problem (5) also has the optimum solution V' ,and V' = £, N = /*
g g

2) if g* = 0, the problem (5) has no feasible solutions.
The proof is simple (see [6]).

Let's consider in more details problems of construction of linear classifiers for the family of sets

1

Q. = {x’, te Ti}, i=1,.., m .ltis easy to see that the problem (4) can be represented as a LP- problem with

additional quadratic constraint: find

*

=max d
g 0o (6)
subject to
(wi —wj,xt)+w6 —wg >9, je{l,..., m}\i, tel;,i=1,..,m (7)
m n -
22 (W)™ <1 )
i=1 k=1

The problem (5) is a quadratic programming problem: find

m n
* . i \2
M =min) > (v) (9)
Vo i=lk=1
subject to
(vi—vj,xt)+v6—v({21, je{l,..., m}\i,te]},izl,...,m (10)

It is possible to show that in case m =2 the problem (9) — (10) is equivalent to the problem which is used for
construction of the strip of the maximum width separating some linearly separable sets €;, €2, .
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Existing efficient software packages for optimization problems of general purpose can be used for considered
problems, if the number of points in training sample is not too large [6]. For a large number of points in training
sample, it is appropriate to use non-smooth optimization methods [8, 9].

Problems (6) — (8) and (9) — (10) allow to find the optimum linear classifier only for linearly separable sets. For
linearly inseparable sets the problem should be formulated in other way.

2. Empirical risk minimization

In the case of linearly inseparable training sample a natural criterion for choosing classifier is that of minimizing
empirical risk, i.e. the number of training sample points which are separated by the classifier incorrectly.

Suppose that a reliability parameter §>0 is fixed for separation of points of the training sample

Q;, i=1,..., m.Wesay that the points x, r € T are separated by the classifier unreliably, if g’ (W) <& .

i°
Below the value of empirical risk will be determined by reliability, characterized by parameter & , i.e. the empirical

risk is equal to the number of points of the training sample, which are separated by the classifier incorrectly or
unreliably.

Lemma 3 [6]. Let x* € Q);, Pen 1T classifier a(x, W) separates these points correctly, and for the norm of

the classifier the constraint (8) is valid. Then

~R<wh—w) <R (11)
where R = max{”x":x eQ,i=1,., m}

m
Let Q; :{xt, teT}}, i=1,..,m, T =JT; . Toeach point xt, t € T we associate a variable y, =0 v 1
i=1

so that y, = 0, if the point x" is considered in the problem (6)—(8), and y, =1 - otherwise.

Let a large positive number B be given. Empirical risk minimization problem based on reliability parameter &
has the following form: find

0" =min{z yt} (12)
w,y teT
subject to

(wi —wj,xt)+w6 —w({ ZS—B-yt, je{l,..., m}\i, tel;, i=1,.,m (13)
nw)<1 (14)

Dy <|n| -1, =L, m
b ! (15)
0<y, <LteT (16)

y=0vl teT (17)
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From (14), (11) follows that if y, =1, then for sufficiently large values B the corresponding inequalities of the

form (13) are always valid, i.e. point x’ is excluded from the problem. Constraints (15) mean that at least one
point from each set €3; must be included in the problem.

The optimal value Q" is equal to the minimum empirical risk based on reliability & . Problem (12)-(17) is NP -

hard; the branch and bound method can be used to solve it. To calculate the lower bounds for O (minimum
empirical risk), let's consider the continuous relaxation of the mentioned above problem — the problem (12)—(16).
The optimum value of the relaxed problem is denoted q*. To solve this problem we use decomposition on the
variables W . Let variables W are fixed. Given (2), the problem of minimizing on the variables y takes the

following form: find

q(W) = min{ > yt} (18)
Y teT
subject to
L= 4
> —
vz (3-g'0n).cer (19)
nwy<1 (20)
Dy <|n| -1 =L, m
P i 21)
0<y <l,tel (22)

1 /=
Denote dt(W)zmax(O,E(S—gt(W))j. Obviously, if the problem (18)-(22) has a solution, then

yt =d' (W) . So, we get the minimization problem on variables 7 : find

teT
subject to
nw)<1 (24)
t .
DA W) <|G|-1i=1,.,m 25)
teT;
d'W)<lLteT (26)

Functions d” (W) are convex piecewise-linear, (/) is quadratic and positively defined. To solve the problem
(23)-(26) it is appropriate to apply efficient methods of nonsmooth optimization [9].
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3. Comparison with support vector machine

Let us consider the case of two classes. Suppose, as previously, Q; = {x’, te Tl-} ,i=1,2, T=[UT,.In

the method of support vectors (see eg [1]) to build a classifier which separates the two linearly inseparable sets,
one has to solve the following problem: find

min {l wu)+C-Y af} 27)
u, ugy,§ 2 el
subject to
(u, X' +uy21-¢,tel (28)
(—u, XY —ug >1-&, teT,y (29)
g>0,teT (30)

where u € R", uy e R, & eR, teT.

To compare these approaches we consider an analogue of (12)—(16) for the case of two sets (in the case of two

sets Qi:{x’,teﬁ-},i:l,z to build a linear classifier we need only two functions

feawhy=w', x)+wh, i=1,2,where f;(x)=—f,(x)): find

g" = min {z y,} (31)
w.wo,Y (teT
subject to
(w,x" ) +wy =8 -B-y,, tel (32)
(—w,xt)—WOZS—B-yt, teTl, (33)
(w,w) <1 (34)
Doy s|G|-1, i=12
= ! (35)
0<y, <L teT (36)
e N 5 et _ BV .
Change of variables in the problem (31)-(36): w = ou, w, = du,, § = = te Ty UT,, gives
g _ 3 min e (37)
B TRTIRS el
subject to
(u,xt)—iruo Zl—ét, tel (38)
(~u,x")—ug 21—, tel, (39)

(u,u) < /32 (40)
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g>0,teT 1)
g <=, tel (42)
B .

g <<(|r]-1). i=12 “3)

Denote 7, v;, 7 = 1,2 the dual variables for constraints (40), (43) and consider the Lagrangian

Lren =2 S e s - Yo+ 3| D& -2
i=1

teT tel;
Let:
(P(X’ Y) = min L(Xa e E_,,Z/l) (44)

u,ugp,
subject to (38), (39), (41), (42).
Suppose a penalty factor C' in the problem (27)-(30) is given. It is easy to see that, if we take y = 0 and choose

x, from the condition S = C, we obtain
2yB

L(x,v,i,u)=2x{ (u,u)+C- Z&}

teT

So, the problem (44), (38), (39), (41) is equivalent to (27)—(30) for the dual variables chosen above. Constraints
(42) can be neglected at small & and large B .
Thus, the SVM problem is a special case of (44), (38), (39), (41).
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