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Abstract: In this work the simulation of realizations of telecommunications traffic, which has multifractal 

properties. The mathematical model of traffic is based on a stochastic binomial multiplicative cascade process 

with beta-distributed weighting coefficients. There was carry out computer simulation of model multifractal traffic 

advancing over the communication channel. The emergence of queuing in the infinite buffer size and number of 

losses with limited buffer size has been studied. 
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Introduction 

Experimental and numerical researches in recent decades indicate that traffic in many media networks has fractal 

properties. This traffic has a special structure, continuing on many scales – in effect, there is always presence of 

a number of extremely large bursts relative to a small average traffic. These bursts cause significant delay and 

packet loss, even when the total loading of all flows is more less than maximum allowable values. The reasons 

for this effect are features of distribution of files on servers, their sizes, the typical behavior of users, and to a 

large extent are due to changes in network resources and network topology. [Leland, 1994, Self-similar network 

traffic and performance evaluation, 2000, Stollings, 2002, Sheluhin, 2007,  Loiseau, 2010, Шелухин, 2011].  

Self-similar traffic properties led to a number of traffic models based on self-similar (monofractal) stochastic 

processes [Stollings, 2002, Sheluhin, 2007]. In the last decade, the multifractal properties of traffic have been 

intensively studied. Multifractal traffic is defined as an extension of similar traffic by taking into account the scaling 

properties of the statistical characteristics of the second and higher orders. The using multifractal stochastic 

processes for simulation telecommunications traffic is rather new, and the list of multifractal models is much  

shorter [Abry, 2002,Reidi, 2002, Veitch, 2005, Шелухин, 2011]. 

The purpose of this work is model development of telecommunications traffic, which has multifractal properties, 

based on a mathematical model of the stochastic binomial multiplicative cascade.  

Characteristics of self-similar and multifractal random processes  

Consider the basic concepts of self-similar and multifractal random processes [Feder, 1991, Calvet, 1997, 

Reidi, 2002, Kantelhardt, 2008]. Self-similarity of stochastic processes is to conserve the statistical characteristics 

of a change of the time scale. The stochastic process ( )X t  is self-similar with the parameter H , if the 

processes ( )−Ha X at  and  ( )X t  have same finite-dimensional laws of distributions: 

( )− =Law{ ( )} Law{ }Ha X a t X t ,  0 0∀ > >,a t . (1) 
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The parameter Н ( 0 1< <H ) is called the Hurst exponent and is a measure of self-similarity or a 

measure of long-range dependence of process. For values 0 5 1< <, H  time series demonstrates persistent 

behaviour. In other words, if the time series increases (decreases) in a prior period of time, then this trend will be 

continued for the same time in future. The value 0 5= ,H  indicates the independence (the absence of any 

memory about the past) of values of time series. The interval 0 0 5< < ,H  corresponds to antipersistent time 

series: if a system demonstrates growth in a prior period of time, then it is likely to fall in the next period.  

One can show by choosing in (1)  1=a t ,  that for the self-similar process, the following equality is held: 

( ) ( )1
1 1Law{ ( )} Law Law{ }

H

HX t X t X
t

−   
= =  

   
. (2) 

Using (2), the moments of the self-similar random process can be expressed as 

1 1    = = = ⋅
     

M ( ) M ( ) M ( ) ( )
qq qH qH qHX t t X t X C q t , (3) 

where the quantity 1 =
 

( ) M ( )
q

C q X . 

For multifractal processes, a more general relationship is considered: 

( )= ⋅Law{ ( )} Law{ ( ) }X a t M a X t ,  

where ( )M a  - is the random function independent of ( )X t . In the case of the self-similar process 

=( ) HM a a . The multifractal processes are often more flexible scaling relationship for the moment 

characteristics: 

1τ +  = ⋅
 

( )M ( ) ( )
q qX t c q t , (4) 

where  ( )c q  - is some deterministic function, τ ( )q  - the scaling exponent, generically nonlinear function. The 

value 
1τ +( )q

q
 at 2=q  is the degree of self-similarity  H . For time series, which are responsible monofractal 

process, the scaling exponent  τ ( )q   is linear. 

The wavelet transform modulus maxima method  

One of the most popular mathematical technique of multifractal analysis is the method of continuous wavelet 

transform modulus maxima (MMWT). It is based on wavelet analysis, which is called a «mathematical 

microscope» because of the ability to maintain a good resolution at different scales. Because wavelet functions 

are localized in time and frequency, the MMWT method is a powerful tool for the statistical description of 

nonstationary processes. [Muzy, 1993, Mallat, 1998, Kantelhardt, 2008] 

The continuous wavelet transform of function ( )X t  is defined as 
1

ψ
∞

−∞

= ∫( , ) ( ) ( )abW a b X t t dt
a

, where 

ψ ( )ab t  - is the wavelet function with the parameters of scale a  and translation b . The function ( , )W a b  is 

called the wavelet spectrum and can be represented as the surface of the wavelet coefficients in three 

dimensions. The most important information is contained in the surfaces lines of local maxima  ( , )W a x , which 

are searched on each scale a. The MMWT method amounts to compute the following partition function: 
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′≤∈

 ′ ′=  
 

∑
( )

( , ) sup ( , ( ))
q

l
a al L a

Z q a W a x a ,  

where L(a) - is the set of all lines l modulus maxima of wavelet coefficients at scale a; ( )lx a  - is the location of 

the maximum on this scale. To calculate  ( , )Z q a , the absolute maximum value of the wavelet coefficients along 

each line is selected at scales smaller than the given value of the scale a. In this case the relationship is held: 
τ≈ ( )( , ) qZ q a a ,  

where  τ ( )q  is the scaling exponent from (4), which is defined for each value of q, by calculating the slope of 

ln ( , )Z q a  from  ln( )a . 

Stochastic multifractal cascade processes  

The simplest model of a multifractal process with the desired properties is a deterministic binomial multiplicative 

cascade [Feder, 1991, Calvet, 1997, Reidi, 2002,]. In its construction, the initial unit interval is divided into two 

equal intervals, which are assigned weights 
1

p  and 
2 1

1p p= − , respectively. Then the same procedure is 

repeated with each of the intervals. As a result, the second step has 4 intervals with weighting coefficients  2

1
p , 

1 2
p p , 

2 1
p p  and 2

2
p . If the number of steps → ∞n  and 

1 2
≠p p , we arrive at a limit measure, which is a 

heterogeneous fractal set. Fig. 1 (a) shows the time series of values a binomial cascade for values 
1

0 6= .p  

(top) and 
1

0 8= .p  (bottom). The number of iterations  10=n , i.e. the length of the realization equals  102 . It is 

obvious that with increasing the weighting coefficient  
1

p  the heterogeneity increases. 

In the deterministic case the scaling exponent τ ( )q  of the binomial process depends only on the weighting 

coefficient 
1

p : 1 2

2
τ

− +
=

ln( )
( )

ln

q qp p
q . Fig. 1 (b) shows the theoretical scaling exponents τ ( )q  for the values 

1
0 6 0 7 0 8 0 9= { . , . , . , . }p . 
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a)        b) 

Fig.1. Realizations of the cascade (a) and the scaling exponent  τ ( )q  for different values of  
1

p (b) 

Realizations of a deterministic cascade are completely determined by the value  
1

p , that is unacceptable for the 

simulation of random processes. When constructing the stochastic cascade, weighting coefficients are 
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independent values of a random variable W  [Reidi, 2002, Calvet, 1997, Шелухин, 2011]. A random variable W  

is chosen so that at each iteration the expectation of the sum of weights amounts 1. If you select the random 

variable defined on an interval 0 1[ , ] , then the sum of the coefficients at each iteration will be equal to 1. In this 

case, the first two intervals would be assigned weights 
1

w  and  
1

1 − w , respectively. In the second step two new 

independent random values 
2

w  and 
3

w  are added. We obtain four intervals with weights 
1 2

w w , 
1 2

1 −( )w w , 

1 3
1 −( )w w  and 

1 3
1 1− −( )( )w w . When → ∞n  we come to the limit measure, which is a heterogeneous 

fractal set. 

In this work we proposed a random variable that generates the weights, using a random variable having a beta 

distribution. The probability density function of the beta distribution with parameters  0>a , 0>b   is: 

11
1 0 1

0 0 1

( ) , [ , ],
( , )( )

, [ , ]

bx x
B a bp x

x

−
− ∈

= 
 ∉

,  

where  
1

1 1

0

1− −= −∫( , ) ( )a bB a b x x dx  - is the beta function. For the beta distribution with the equal parameter 

values  =a b , for which the function of the density distribution is symmetric, you can analytically determine the 

scaling exponent  τ ( )q   [Calvet, 1997, Reidi, 2002]: 

2

Beta( +q, )
(q) = -log  -1

Beta( , )

α α
τ

α α
, (5) 

Fig. 2 (a) shows the different types of probability density function of the symmetric beta distribution for values  

0 5 1 1 5 3= { . , , . , }a . For parameters  1= =a b   we obtain a random variable having a uniform distribution on the 

interval 0 1[ , ] . Fig. 2 (b) shows plots of the scaling exponents τ ( )q  for the corresponding values of the 

parameter  a  of the symmetric beta distribution. 
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а)       b) 

Fig.2. Density distribution and the scaling exponent τ ( )q  for different values of the parameter a   

 

It is obvious that with increasing values of the parameter a  is a weakening of the multifractal properties of the 

time series. Fig. 3 shows the corresponding realizations of binomial cascades. 
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а) 0 5= .a       b) 1=a  
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c) 1 5= .a       d) 3=a  

Fig.3. Realizations  of the binomial cascade for different values of  a  

 

In this case of a symmetric beta distribution, the multifractal properties of the cascade are completely determined 

by the parameter  a . The Hurst exponent  H , in consideration of (5), in this case is  

2

2 1

2

τ α α
α α

+
=

( ) Beta( +q, )
 = -log  

2 Beta( , )
H .  

In this work the properties of multifractal cascades generated by beta distributions with different values of the 

parameters a  and b  have been investigated. Numerical relationship between the values of the parameter  H  

and the various scaling exponents  τ ( )q  were obtained. In this case, you can choose not only defined scaling 

exponent, but also defined Hurst exponent, which determines the degree of long-range dependence. Fig. 4 shows 

the realizations of cascade processes with the parameter 0= .8H  (top) and different multifractal properties τ ( )q  

(middle), which are determined by the density of beta-distribution (bottom) of different values a  and b . 
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d)       e) 

Fig. 4. Realization of the cascade for different values of  a  and b  (a-c) 

the corresponding scaling exponents (d) and the densities of beta distributions (e) 

 

Construction of the model realizations TCP-traffic  

The proposed in this work multifractal traffic model has three basic parameters  ( )τ, , ( )I H q , where I   - is the 

intensity (average) of the traffic, H  - is the Hurst exponent, which determines the degree of long-range 

dependence, τ ( )q  - is the scaling exponent, which determines the heterogeneity (bursts) of realization. To 

construct a model realization, it is necessary to estimate the parameters of telecommunication traffic and choose 

the appropriate beta distribution law, which generates a weighting  coefficients of multifractal cascade. 

In this work we have investigated traffic realizations of different protocols, which showed their apparent 

multifractal properties. Fig. 5 (a) shows a sample realization of the TCP-protocol traffic. Also calculated using the 

MMWT method scaling exponent  τ ( )q  is shown in fig. 5 (b). For this realization, the estimated value of the 

Hurst exponent equal to  0 83. . Realizations of cascades with same multifractal properties can be derived from 

the beta distribution with parameters  2 3 2 5= =. , .a b , the density of which is shown in fig. 5 (d). One of the 

realizations of the cascade model of the given multifractal properties is shown in fig. 5 (c). 
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c)       d) 

Fig.5. Realization of traffic (a), sample scaling exponent  τ ( )q , 

the density of the beta distribution 2 3 2 5= =. , .a b  (d), model realization (c) 

 

The paper presents the simulation of a channel loading and the emergence of queuing in the buffer for the 

realizations of network traffic. Taking into account the digital nature of modern high-speed communication 

networks, the communication system can be viewed as a queuing system (QS) of the form,  / / / /G D C B d , 

where G  means that the input traffic has an arbitrary distribution; D  – a deterministic service time equal to one; 

C  – the number of servers equal to the channel bandwidth; B  means an infinite buffer size аnd d  - discipline 

operating the system [Stollings, 2002]. 

The input buffer receives traffic  
1 2 3

= ( , , ,...)Y Y Y Y , where tY  denotes the number of packets that arrive at a 

time moment t . It is assumed that in QS in every moment t  the discipline decides which of the following 

alternatives should be applied to the package in the system: 1) to initiate the transmission (service) of the 
package at the time moment  t ; 2) to store the package in a buffer until the moment 1+t ; 3) to reset ( to lose ) 

the package at the time moment  t . 

In each window t  (a window is a time interval 1+[ , ]t t ), the channel can transmit no more than C  packages, 

which are taken either from the buffer, or from tY  new packages. The package of the buffer which is passed to 

the window  t , leaves the channel and the system itself at a time moment 1+t .  

The emergence of queuing in the infinite buffer size and number of losses with limited buffer size for self-similar 

input traffic has been studied sufficiently in many works. [Self-similar network traffic and performance evaluation, 

2000, Stollings, 2002, Sheluhin, 2007]. They focused on the determination of the dependency of the queue 

lengths and the number of losses on the value of Hurst exponent. In this work, a numerical analysis of influence 

of multifractal properties traffic on the queue size and number of losses was performed.  

During the simulation the average system loading was varied from 50 to 95 percent. We investigated the 

dependence the average queue size in an infinite buffer and a number of losses by limited buffer size on the 

channel loading for model realizations with the same Hurst exponent and varying degrees of nonlinearity of the 

scaling exponent  τ ( )q . 

Fig. 6 (a) shows the scaling exponents τ ( )q  for model realizations obtained using the beta distribution. The 

value of parameter Hurst  0 77= .H . Figure 6 (a) shows the average size of the queue in an infinite buffer and 

the number of losses in the  buffer size 256000=B  for realizations with an average traffic intensity 1000=I . 
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Fig. 6. Scaling exponent τ ( )q  for the model realizations (a) 

the  average queue length in buffer (top) and the percentage of losses (bottom) 

Conclusion 

In this work were investigated the properties of stochastic multiplicative cascade processes with randomly 

weighted beta distribution functions. The proposed mathematical model of the traffic, which has three basic 

parameters: the average intensity of traffic, the Hurst exponent and scaling exponent. It is shown that traffic 

models obtained using the stochastic multiplicative cascades allow to flexible present the multifractal properties of 

actual telecommunication traffic. The offered model network traffic allows by using simulation to adjust the 

network parameters at the design stage or during its operation. 
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