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POLYNOMIAL APPROACH TO FRACTIONAL DESCRIPTOR ELECTRICAL
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Abstract: A new polynomial approach is proposed to analysis of the standard and positive descriptor
electrical circuits composed of resistors, coils, capacitors and voltage (current) sources. It is shown that for
given descriptor fractional electrical circuit the equivalent standard fractional electrical circuit can be found by
premultiplication of the equation of the descriptor electrical circuit by suitable polynomial matrix
of elementary row operations. The main result is demonstrated on simple positive fractional electrical circuit.
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Introduction

Descriptor (singular) linear systems have been considered in many papers and books [Bru et. all, 2003a,
2003b; Campbell et. all, 1976; Dai, 1989; Guang-Ren, 2010; Kaczorek, 2004, 1992, 2011a, 2011e, 2011f,
2011g, 2013a, 2014a, 2014b; Virnik, 2008]. The eigenvalues and invariants assignment by state and output
feedbacks have been investigated in [Kaczorek, 2004] and the minimum energy control of descriptor linear
systems in [Kaczorek, 1992]. In positive systems inputs, state variables and outputs take only non-negative
values [Farina et. all, 2000; Kaczorek, 2002]. Examples of positive systems are industrial processes
involving chemical reactors, heat exchangers and distillation columns, storage systems, compartmental
systems, water and atmospheric pollution models. A variety of models having positive linear behavior can be
found in engineering, management science, economics, social sciences, biology and medicine, efc.
The positive fractional linear systems and some of selected problems in theory of fractional systems have
been addressed in monograph [Kaczorek, 2011f].

Descriptor standard positive linear systems by the use of Drazin inverse has been addressed in Bru et. all,
2003a, 2003b; Campbell et. all, 1976; Kaczorek, 2013a]. The shuffle algorithm has been applied to checking
the positivity of descriptor linear systems in [Kaczorek, 2011a]. The stability of positive descriptor systems
has been investigated in [Virnik, 2008]. Reduction and decomposition of descriptor fractional discrete-time
linear systems have been considered in [Kaczorek, 2011¢]. Standard and fractional systems and electrical
linear circuits have been investigated in [Kaczorek, 2002, 2008, 2010, 2011c, 2011f]. Pointwise
completeness and pointwise generacy of standard and positive 1D and 2D systems have been addressed in
[Kaczorek, 2009, 2011b].

In this paper a new polynomial approach to analysis of fractional descriptor electrical circuit will be proposed.

The paper is organized as follows. In section 2 basic definitions and theorems concerning the descriptor
fractional and positive electrical circuits are recalled. The main result is presented in section 3,
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where a procedure for reduction of the descriptor fractional electrical circuits to the standard fractional
electrical circuits is proposed. Concluding remarks are given in section 4.

The following notation will be used: R - the set of real numbers, R™™ - the set of nxm real matrices and

R" =R, K™ - the set of nxm matrices with nonnegative entries and R” =R™, M - the set of

NN Metzler matrices (real matrices with nonnegative off-diagonal entries), 1,-the nx n identity matrix.

Preliminaries

The following Caputo definition of the fractional derivative will be used [Kaczorek, 2011f]

Y _d“ 1 b ()
DT = g 0= F(p—a)!(t—r)"”“’

dr, p-1<a<peN={.2..}, (1)

p o0
where o € R is the order of fractional derivative and f P (z) =% and T'(x) = j e 't*dt is the
T

gamma function.
Consider the continuous-time fractional linear system described by the state equations

D x(t) = Ax(t) + Bu(t), O<a <1, (2a)

y(t) =Cx(t) + Du(t), (2b)

where x(t) e R", u(t)eR™, y(t)eR® are the state, input and output vectors and AeR™",
BeR™™, CeRP", DeRP™.

Theorem 1. [Kaczorek, 2011f] The solution of equation (2a) is given by

X(t) = @, (t)X, +j®(t —7)Bu(r)dz, x(0)=X,, (3)
0
where
Y © Ak ka
@, (t) = E, (At )iém: (4)
o pkg(kiDa-d
kZ: Ik +Da] ©

and E, (At”) is the Mittag-Leffler matrix function.

Definition 1. [Kaczorek, 2011f] The fractional system (2) is called the internally positive fractional system if
and only if x(t)eR? and y(t)eRP? for t>0 for any initial conditions x, € R" and all inputs
ut)eRr’, t>0.

Theorem 2. [Kaczorek, 2011f] The continuous-time fractional system (2) is internally positive if and only if
the matrix A is a Metzler matrix and

AeM,, BeR!™ CeRP", DeRPM. (6)

Let the current ic(t) in a supercondensator (shortly condensator) with the capacity C be the « order
derivative of its charge q(t) [Kaczorek, 2011f]
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ka)=d;ﬂf),0<a<1. 7)
Using q(t) = Cuc (t) we obtain
0 =c% )

where uc(t) is the voltage on the condensator.
Similarly, let the voltage u,(t) on coil (inductor) with the inductance L be the S order derivative of its

magnetic flux ¥ (t) [Kaczorek, 2011f]

d’¥(t)
dt”

u ()= , 0<p<1. 9)

Taking into account that W(t) = Li, (t) we obtain
d”i_(t)
u (t)y=L—=Lt~, 10
(O=L=5 (10)

where i (t) is the current in the coil.

Consider an electrical circuit composed of resistors, n capacitors and m voltage sources. Using the equation
(2.8) and the Kirchhoff's laws we may describe the transient states in the electrical circuit by the fractional
differential equation

dx(t)

ez = AX(t) +Bu(t), O<a<l, (11)

where x(t) e R", u(t) e R™, AeR™, BeR™™. The components of the state vector x(t) and input
vector u(t) are the voltages on the condensators and source voltages respectively. Similarly, using the
equation (10) and the Kirchhoff's laws we may describe the transient states in the electrical circuit by the
fractional differential equation

d”x(t)
dt”

= Ax(t) + Bu(t), 0<pg<1, (12)

where x(t) e R", u(t) e R™, AeR™", BeR™™. In this case the components of the state vector x(t)
are the currents in the coils.

Solution of the equation (11) (or (2.12)) satisfying the initial condition x(0) = X, is given by (3).

Now let us consider electrical circuit composed of resistors, capacitors, coils and voltage (current) source.
As the state variables (the components of the state vector x(t) ) we choose the voltages on the capacitors

and the currents in the coils. Using the equations (8), (10) and Kirchhoff's laws we may write for the
fractional linear circuits in the transient states the state equation

d“xc
ddﬂt;’ {21: :lzzkc}{sl}u, O<a, B<l, (13a)

dt”
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where the components x. € R™ are voltages on the condensators, the components x, e R™ are
currents in the coils and the components of u e R™ are the source voltages and
A eR™Y B eRMM, i, j=12. (13b)
Theorem 3. The solution of the equation (13) for 0 < <1, 0< S <1 with initial conditions
Xc (0) =X, and x, (0) = X, (14)

has the form

X(t) = Do (1) X + [ [@; (= 7)Byo + @, (t—7)By, Ju(r)d 7, (15a)
0

X () RS _|B |0
X(t)_{xz(t)} XO_[Xzo} Blo_[o} BOl_{Bz]

I, for k=1=0

{A“ A”} for k=11=0
0 O

Tkl =
0 0
[ } for k=0,1=1
22

where

(15b)

Ay
TlOkal,I +T0;|_Tky|,l for k+1>0

ka+|ﬂ

®o®)= ZZ “Tka+15+1)"

k=0 1=0

t(k+l)oc+lﬂ -1

®,0= ZZ “Tlk + D +18]°

k=0 1=0

tka+(|+l)ﬂ—l

®.0= 22T {0

k=0 1=0
Proof is given in [Kaczorek, 2010, 20111].

The extension of Theorem 3 to systems consisting of n subsystems with different fractional orders is given in
[Kaczorek, 2011d].

Reduction of descriptor linear electrical circuits to their standard equivalent forms

The following elementary row (column) operations will be used [Kaczorek, 1992]:

Multiplication of the ith row (column) by a real number c. This operation will be denoted by L[ixc]
(R[ixc]).

Addition to the ith row (column) of the jth row (column) multiplied by a real number c. This operation will be
denoted by L[i+ jxc] (R[i+ jxc]).

Interchange of the ith and jth rows (columns). This operation will be denoted by LJi, j]1 (R[i, j]).

First the essence of the polynomial approach will be shown on the following simple example.
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Example 1. Consider the fractional descriptor electrical circuit shown in Fig. 1 with given resistances R,

R, ;inductances L,, L, and source current i,.

I o [

Fig. 1. Fractional electrical circuit

Using Kirchhoff's laws we can write the equations

L, ‘jjt:} +Rj, =L, O('jt—:f+ Ry,

I, =1+,

The equations (16) can be written in the form

gl {Il}zA{ll}rBiz
dt“ | i, I

where

Defining
E,=[L -L]1A=[R Rl A=[-1 1,8 =[0], B, =[1]

we can write the equation (17) in the form
de [, i)
E S 1=Al. |+Bi,
"t Lj Al['j '

and
i -
0=A,|. |+B,,.
12 ]
The fractional differentiation of (19b) yields
a _i ] a;
0-a 3] g 40
dt” |1, | dt”

From (19a) and (20) we have

SRR

Note that the matrix

(16a)

(16b)

(17a)

(19b)

(21)
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E |_|L -L 22)
“A |1 1

is nonsingular and premultiplying (21) by its inverse we obtain

a | —| _ _ a:
A° \h gl |4, 459 (23a)
dt® | iy dt®

where

e S ] lHG -
SN I

Note that the electrical circuit with (23) is positive since A e M, and the matrices B, and B, have

nonnegative entries.

The standard equation (23a) can be also obtained from the equation (21) by reducing the matrix (22) to the
identity matrix 1, using the elementary row operations

L[1+2xL,], L|1x 1
L +L

] L[2+1x (-D)]. (24)

2

1 0
Performing the elementary row operations (324) on the matrix {O s"‘} we obtain the polynomial matrix

ay 1 1 s,
L(s )—L1+L2 [_1 SO,J (25)

satisfying the equalities

L(s*)[Es* — Al = 1 {1 saLz}{s“LlJrRl _SaLZ_Rz}

L+L, | -1 s’L 1 1
s% + Rl _ RZ
S (26)
_ 1 X 2
L+ L L +L,

“ (0] - @ L
Ls)B=—r | 1 SV i B S| 2|
L+L[-1 s"L |1 L+l [ L
Therefore, the reduction of the matrix (22) to identity matrix by the use of elementary row operations (24) is

equivalent to premultiplication of the equation

[Es* — A]X = BU (27)
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i
by the polynomial matrix of elementary row operations (25), where X = L[il] U =7]i,] and £ is the
2

Laplace operator.
In general case let consider the descriptor electrical circuit described by the equation

d°X _ Ax+Bu (28)

o

E

where x(t) e R", u(t) e R™ are the state and input vectors and E, Ae R™", B e R™™. Itis assumed
that det E = 0 and the pencil (E,A) is regular.
Applying to (28) the Laplace transform with zero initial conditions we obtain the equation

[Es* — A]X = BU (29)
where X = £[x(t)], U = cJu(t)].

Theorem 4. There exists a nonsingular polynomial matrix

L(s“) =Ly +Ls” +..+ L s (30)
where p is the nilpotent index of the pair (E,A), such that
L(s*)[Es* — Al =[l,s“ — A] (31)
if and only if the pencil (E,A) is regular, i.e.
det[Es” — A]#0 (32)

for some s“ € C where C is the field of complex numbers.
Proof. The matrix [1,5* — A] is nonsingular for every matrix A € R™".

From (31) and (32) it follows that the polynomial matrix (30) is nonsingular. Using elementary row operations

E
the singular matrix E can be always reduced to the form { 01} where E; has the full row rank r; and L; is

the matrix of elementary row operations.
Premultiplying (29) by L; we obtain

L[Es® — AIX = {Elsa - Al}x - El_u (33a)
- 2
where
LE= Pﬂ, E eR™, LA= Lﬂ A eRY, LB= :j B, e RY™. (33b)
Using (33) we can write the equation (28) in the form
E, d:‘ = Ax+Bu, (34a)
0=AX+B,u. (34b)

The fractional differentiation of (34b) yields
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d%x d%u

0= + ) 35
Ay e e (39)
From (34a) and (35) we have
E a B 0 |d“
S LA O O I Y (36)
-A, | dt” 0 0 B, | dt”
| B, .
If the matrix A is nonsingular then from (36) we have
dx — = =d“%
=AXx+Bu+B 37a
e AX+Bou + B, e (37a)
where
_ [T _ [ 71781 - [ET7To
sl el e ) le) e
-A] [0 -A] |0 -A] B
I = A . _ | E
If the matrix A is singular then using elementary row operations we reduced the matrix to the

form
E E
— A2 0
It is well known that if the condition (32) is satisfied then after u steps of the procedure we obtain the
nonsingular matrix
E
u
. (39)
L AJ
Premultiplying the equation

E o | A B B, .. |d“ 0 o
“ d X _ -1 X + 11,0 U+ u=11 d_u++ d u (40)
- A# dta O 0 B,u—l,O dta B/u dta#

-1
E
by the inverse matrix {_ X } we obtain the desired equation
y7i

and we repeat the procedure.

d*x  — = — d%u — d*u
e A, X+Byu+ B, e +..+B, pren (41a)
where
-1 -1
K — E/l Ay—l E — E/J Bﬂ—l,O
“Ol-A, 0 ° |-A, 0 |
(41b)
, E
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The standard equation (41a) can be also obtained from the equation (40) by reducing the matrix (39) to the
identity matrix 1, using the elementary row operations and this is equivalent to premultiplication of the
equation (40) by suitable matrix of elementary row operations.

The desired polynomial matrix of elementary row operations (30) is given by
)]
L(s*) = LﬂHdiag[Iri, I 8“1 (43)
i=1

Note that the matrix 1, s corresponds to the fractional differentiation of the algebraic equations.

The considerations can be easily extended to the linear electrical circuits described by the equation (13a).

Example 2. Consider the fractional descriptor electrical circuit shown on Figure 2 with given resistances
R,,R,,R;, inductances L, L,, L, capacitance C and source voltages e, e, .

Fig. 2. Electrical circuit

Using the Kirchhoff's laws we can write the equations

B d’i; Ri 4L d”i, Ri m
el_L1d7+ 1+ 3d7+ 3l3, (44a)
d”i . d”i .

e, =L, dTﬂz +Ryi, — Ly dT; - Ryi, (44b)
ig =1, — Iy, (44c)
u=e, +e,. (44d)

The equations can be written in the form

_dﬂh_
dt” .
d”i, h

B i e
E[ 4t |- A ?|+B 452

d”’i, iy LZ (452)
dt? u
d®u

L dt* |
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where
L 0 L O -RR 0 -R; O 10
0L -L O 0 -R, R 0 01
E= 2 7 A= 2 s , B= (45b)
0O 0 0 O 1 -1 -1 0 00
0O 0 0 O 0 0 0o -1 11
The pencil is regular since
s“L +R, 0 s“Ly+R; O
det[Es” — A] = 0 s“L,+R, —-s’L;—R; 0
-1 1 1 0 (46)
0 0 0 1
=(s“L +R)[S“(L, + L;) + R, + Ry1+ (s”Ly + Ry)(s”L, + R,) # 0.
Defining
0 Ly O -R 0 —-R; O 1 -1 -1 0
E = b S A=t L A= ,
0 L -L O 0 -R, Ry O 0 0 0 -1
(47)
B _ 10 B _ 00
loo1] P11
we can write the equation (45a) in the form
_dﬂh_
dt” .
d”i, Iy
B i e
dt” u
d“u
L dt*
and
Iy
i2 el
0=A|*|+B,| . (48D)
I3 €
u
The a fractional differentiation of (48b) yields
_dﬁh_
dt”
d”’i, d,
B a
0= dat” |, g | dt* | 49
A2 dﬁ'i3 2 dae2 ( )
dt’ dt“
d“u
L dt® |

From (48a) and (49) we have
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The matrix

where

E

-

A

E

S

=

4t
dt” :
| d”i, b d“e,
El dtﬁ' _ Ai 1, Bl € 0 dt®
= |+ + :
—A, | d7i 0lis| |0]e,| |B,|d%,
dt” u dt”
d“u
L dt® |
L 0 L O
E ] |0 L -L O
-Al -1 1 1 of
0 0 0 1
is nonsingular and premultiplying (50) by its inverse we obtain
4t
dt” :
d”i, h d“e,
d/ |_x" |, g% | g d"
d”i, i,| e, | 'ld%,
dt” u dt”
d“u
L dt* |
L+L L, LL, o
TH: 1 L, L+L -LL 0
0] LL+L)+LL | L -L -LL O
0 0 0o -1
L,+L, L LL o7
}_1{81}_ 1 L, L+l -LlL O
0] L(L+L)+LL| L  -L -LL, 0
0 0 V]
L+, L LL 0T
}1{0}_ 1 L, L+L -LL 0
B, LL+L)+LL| L -L -LL, O
I 0 0o -1

P O O O O O O k-

0 -R,
~R, R,

0 0

0 0

b, O O O O O +—» O

(52a)

o O o o

(52b)

The standard equation (52a) can be also obtained from the equation (50) by reducing the matrix (51) to the
identity matrix I, using the elementary row operations
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L 1
L1+ (-Lo)], L2 +3x L] L[MX{LZngﬂ’ L[lx(q(LﬁLmLstﬂ’

L2+1x L], LB+1x1], U 1x| —— ||, L3+ 2x (1], (53)
L, +L,
Using the elementary row operations (53) on the matrix
10 0 O
01 0 O
54
00 s’ 0 (54
0 0 0 s
we obtain the polynomial matrix
_ﬁ L _LL ¥ 0 |
L L L
L L+l Lb ¢ 0
L[s*,s"1=| L L L and L=L,(L, + L) +L,L, (55)
L L uLhgy
L L L
| 0 0 0 s” |
satisfying the equations
L[s*][E diag (s*,s”,s”,s%) — A] =diag (s”,s”,s”,s*) - A. (56)

Conclusion

A new polynomial approach is proposed to analysis of the standard and positive descriptor electrical circuits
has been proposed. It has been shown (Theorem 4) that for given descriptor fractional electrical circuit the
equivalent standard fractional electrical circuit can be found by premultiplication of the equation of the
descriptor electrical circuit by suitable polynomial matrix of elementary row operations. The essence of the
proposed method is demonstrated on simple positive fractional descriptor electrical circuit. The
considerations can be easily extended to descriptor electrical circuits described by system of linear fractional
equations with different orders [Kaczorek, 2010, 2011d]. An open problem is an extension of the approach to
two-dimensional continuous-discrete fractional linear systems.
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