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Abstract: A new method for solving pattern recognition tasks with multiple classes is proposed that is based on the
standard ECOC approach. The main modification involves so-called code description of the classes. Unlike class
code of ECOC the code descriptions represent multisets of codes of classes’ training objects. Another modification
fakes advantage of optimization of the initial set of binary subtasks. The method's theoretical substantiation is based
on the ideas of algebraic and logical approach to pattern recognition. Its advantage is demonstrated with the model
data set.
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Introduction

A pattern recognition task with multiple classes is considered hereinafter. The problem statement of its standard
form from [ ] is used.

Definition 1. The pattern recognition task Z is defined as follows. Let Sy(Z) = {Si,...,Sm} be a training
sample described by real vectors S; = (a;1,...,ain), @ = 1,...,m. The sample is divided into | classes
K1, ..., K. The classification of the training sample objects is defined by information vectors a; = (a1, - . . , ),
where o;; is a value of the predicate “S; € K;”. It is required to construct an algorithm A for calculating the
classification of a new object S.

If the classes do not overlap the classification of an object can be described by a single number «v; € {1,...,1}
that is used further.

A pattern recognition task is called a task with multiple classes when [ > 2. The case is distinguished by the
fact that not all recognition methods are able to solve such tasks directly. Unlike nearest neighbors method or
estimates calculating algorithm [ ,b] such methods as support vector machine [ ]
or statistically weighed syndromes [ ] require additional stages. Firstly, a set of binary subtasks
is solved directly and then their results are combined and interpreted in terms of initial set of classes. Some of the
multistage approaches are quite obvious. They are one-vs-all [ ] and one-vs-one

[ ]. Other examples can be found in [ ]. There are also more general approaches. For
example in ECOC (Error Correcting Output Codes) method [1995] arbitrary subdivisions of initial
set of classes are used. Each class then achieves a binary code as well as each object. The decision on objects
classification is made depending on closeness of its code to classes’ codes. This method was further generalized
in [ ]. Binary subdivisions in that case consist only of a subset of initial classes and codes became
ternary that allows including one-vs-one into general approach.

Thus, three general steps can be distinguished in the approach. Firstly, a set of binary subtasks is constructed.
Random subdivisions are often used in that stage in general methods. Secondly, a recognition method is trained for
each of the subtasks. Finally, the recognition results of a new object by the set of trained algorithms are interpreted
in terms of initial classes.
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A novel recognition method is described in the present article in which the first and the third steps are modified.
The initial set of subtasks is reduced by solving an optimization task taking into account their recognition quality.
The final interpretation is performed based on code descriptions of the classes (CDC), i. e. multisets of codes of its
training objects instead of a single class’ code.

The next chapter is devoted to the theoretical basis of the method. And the following one to the formal description
of the method and experimental results.

Theoretical basis

The two main questions are answered in the present chapter. What requirements are to be satisfied by the reduced
set of binary subtasks? And how to process CDCs taking into account importance of its elements and avoiding
additional training?

The requirements for the set of subtasks are derived from considerations of correctness. Correctness of the final
recognition method is required at least in the case of correctness of its first level algorithms.

Correctness is one of the key qualities considered considered in the algebraic recognition theory developed by
academician Yu.l. Zhuravlev in 1970s [ ,0]. It is understood as the ability of the algorithm to
recognize given reference sample without errors. A great number of theoretical research of his students is devoted
to the problem. Here are some formal definitions.

Definition 2. Let's consider recognition task Z and reference set S,.(Z) = {S*, ..., S9} with known classification
ol € {1,...,1}, i.e. the predicate «St € K,:» t = 1,...,q holds. An algorithm A is called correct for the
task Z and the reference set S,.(Z) if A(S) = ot forallt = 1,...,q. Here A(S*) € {1,...,1,A} is the
algorithm’s answer on S* classification that is its class number or rejection A.

Definition 3. Let’s consider recognition task Z and two disjoint subsets of the set of its classes K° ¢ {Ky,..., K},
K' € {Ky,..,K;}, KN K' = (). Abinary subtask of the task Z is defined as a recognition task Z' with the
following properties: Sy(Z') = S;(Z) N (K° U K1), 5,(Z") = S,(Z) N (K° U K1), classes correspond to
K and K. The class K; is called active in the binary subtask Z' if K; € (K° U K*). The binary subtask is
called full if all initial classes are active in it. The number of active classes in the subtask r(Z;) is called its rank.

The main condition of the existence theorem for the correct recognition algorithm [ ,0] is pairwise
non-isomorphicity of reference objects, i. e. existence of a training object for each pair of reference ones that
distances of the reference objects to it differ in some feature subset: ¥.S?, S/ € S,.(Z), 3Sx € Si(Z), p €
{1,...,n},suchas |ay, — a| # |ax, —ajp|. Itand pairwise inequality of classes are the sufficient conditions for
the existence of the correct algorithm in the algebraic closure of ECA (estimates calculating algorithms) family

[2001]. Two-stage recognition scheme is defined as follows.

Definition 4. Let's consider recognition task Z and W of its binary subtasks Z, ..., Zyy. An algorithm A;
solving the task Z;,i = 1, ..., W is called a first-stage algorithm. An algorithm A solving the task Z over outputs
of the first-stage ones is called a second-stage algorithm.

At that the vector v(K;), there v(K;); = 1if K; € KJ;v(K;); = —1ifK; € Kj;v(K;); = 0 otherwise;
is called class K; code, i = 1,...,1,j = 1,...,W. Class K; rank r(K;) is the number of binary subtask in
which it is active r (K;) = [{v(K;); |v(Ki); #0,5=1,...,W}.

Object’s code~(S") is defined in a similar manner: ~(S*); = 1if K 4 gty € K3;7(S"); = 1if K ,(5t) € K},
v(S%); =0 otherwise, t = 1,...,¢q,5 =1,..., W.

Let’s consider recognition task Z with multiple classes and its binary subtasks 71, ..., Zy,. Evidently, if classes’
codes are different in the set of subtasks and binary subtasks are full the ECOC algorith is correct. Indeed, reference
vector codes are equal to their classes’ codes due to correctness of algorithms A4, . .., A, and since the codes
are different there is no collisions possible.
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The case of nonfull tasks is more difficult since objects of ignored classes can get arbitrary estimates. If then both
full and nonfull subtasks are allowed the disadvantage can be fixed easily by adding to every nonfull subtask a full
one in which all active classes of the former one are included into one metaclass and all inactive ones into another.
Thus, the most difficult case is the case of nonfull subtasks. Let’s describe the sufficient conditions for that case, but
first let's change recognition scheme a little.

Let S be a reference object. Its estimate for the class K;, j = 1,...,1, is calculated as
I;(8) = Ht\Kj e K&, A(S)=d, de {01}, ¢ = 1w}) . (1)

l.e. each algorithm A; by assigning object S into one of the metaclasses increases its estimate for each of
containing classes by one. Object S is than assigned to a class with maximum estimate. If there are multiple
classes with the maximum estimate the object is rejected.

Statement 1. The described scheme is equivalent to ECOC.

Proof. Indeed, let’s consider an arbitrary reference object S* and an arbitrary class K;. Distance between object’s
code (S*) and class’ code (K ), d(S*, K), calculated as a number of different positions is equal to a number
of subtasks in which the class is inactive or it is active but the algorithm is incorrect. At the same time number
of votes achieved by v(S?) for v(K;), v(S*, K;), is equal to a number of binary subtasks in which the class is
active and the algorithm is correct. Thus, d(S*, K;) = W — v(S*, K), and minimum of the former is achived
simultaniously with the maximum of the latter. The statement is proved. O

Definition 5. The number d(K;, K;) of subtasks in wich both classes K; and K ; are active but belong to different
metaclasses is called distance between the classes.

d(Ki, K;) = [{t € {1, ..., W} [ v(EK;)e # (K, v(Ei)e # 0, v(EK;)e # 0} (2)
Let’s consider recognition task Z and its nonfull binary subtasks 71, . . ., Zy of equal rank » < [. Let all first-stage
algorithms A+, ..., Ay be correct for the corresponding binary subtasks.

Theorem 1. If for any two classes difference of their ranks is less than distance between them, i. .
T(KJ) - T(KZ) < d(KJ>K2)1 VZ,j = 17 s >la { 7& j 3
then the second-stage algorithm A is correct.

Proof. Let's consider an arbitrary object S* € K. Since all the first-stage algorithms are correct S* gets a vote for
its class in all the binary subtasks where itis active, i.e. T';(S*) = r(K;). Let's consider another arbitrary class K ;.
S* gets a vote for K in two cases: if K; is active and Kj is not, and if both classes are active and belong to the
same metaclass. Thus, I';(S*) < r(K;) — d(K;, K;). Consequently, I';(S*) — I';(S*) > r(K;) — r(K;) +
d(K;, K;). By conditions of the theorem r(K;) — r(K;) + d(K;, K;) > 0soI';(S*) > I';(S*). QED. O

In case first-stage algorithms are incorrect there are two possibilities. If there exist only few errors the Theorem 1
can be modified to correct those by requiring greater distances between classes. But if errors are numerous the
Theorem 1 becomes irrelevant and correctness can be achieved only by considering individual codes of the objects.
And nonfull tasks become not very useful too. Indeed, if an algorithm solves some binary subtask incorrectly it
nevertheless assigns objects of inactive classes to one of the metaclasses. The reference objects of an inactive
class will most probably be assigned to the metaclasses unequally. Thus, by including k; into the binary subtask
the algorithms quality can be decreased a little or even improved.

Considering the initial question the following conditions will be required from the reduced set of subtasks. Firstly,
only the full subtasks will be considered. Secondly, the distances between classes’ codes will be maximized.

The second question refers to a method for combining first-stage results. It can be made for example by training new
algorithm in an objects’ codes feature set. But the additional training would require a separate sample and would
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complicate an algorithm. On the other hand the combination of a binary training information and the lack of a training
stage is typical to the logical approach to recognition and to production expert systems [2007]in
particular. At that the information can be represented either as description of objects in form of logical formulas and
rules, or by precedents as an enumeration of objects and their classes. In the former case resolution methods are
used and in the latter one recognition methods, for example the one described in [ ]. There
are also tasks in which both approaches are used simultaniously, such as medical diagnostics tasks

[ ]. Atthat object resolution method allows using precedent information for logical inference and fuzzy object
resolution allows weighing the precedents.

The rest of the chapter is devoted to describing theoretical basis of the method starting with redefinition of the
recognition task Z using terms customary to the logical approach [ I

Definition 6. Let X be a subset of objects of arbitrary nature. Let subsets X1, . .., X; called classes be defined
in the set as well as the initial information I, of classes X1, ..., X;. Itis required to find an algorithm A defined
at the whole set X that calculates a result in terms of belonging to a classes X1, . .., X; for an arbitrary object
x € X using the information I.

Let S = {s1,...,s,} be asetof all features in universe of discourse of the task Z, where n < oo; D; be a set
of its values s; € S. Without loss of generality let's say that D; = {0,1,...,|D;| — 1} and denote

D:{O,l,...,max{|Dj|—1}}:{0,1,...,k—1}.
J

It is supposed that all features possess values from the set D, where k # 1.

Definition 7. The object is defined as correspondence
p(s1,...,8n) = (D},...,DP),

where D? C D is a set of values of feature s; < S of object p, and Df #+ &. Objects are called equal if
Vj D} = Df. If|D¥| = 1 the feature values is called known. If instead | D’}| > 1 the object p is considered a
set of objects such that s; enumerates Df and the rest features coincide with corresponding features of p. A set of
objects is also called a collection.

Definition 8. An object is called normalized if all its features are known. A collection is called normalized if all its
objects are normalized. Let’s denote X™°™™™ the set of all normalized objects of universe of discourse of the task Z :
xXnorm = D™ An object for which one feature is known and the rest are undefined is called feature-object:

pj(sl,...,sn):(D,...,D,{dgj},p,...,p).

Let V.C X, W C X be some arbitrary collections. Product of objects p and ¢ is defined by its features
Dﬁ.’q = D§’ N Dj’. Let's consider the following operations over objects and collections:

1. negation: V' = X"orm\ v/,

2. multiplication: VAW = |J  {pq}, where objects with D = & are not included;
peV,qeW

3. addition: V.V W =V {JW.

Statement 2. The set of operation {—, A\, \V} over collections is full.

The proof is described in [2012, ]

Thus, an algebra of objects G =< p(X), {—, A, V} > is defined where p(X) is set of all possible collections.
An algebra of normalized objects G™""" =< p(X™"™) {—, A, V} > is defined also, where p(X™°"") is the
collection of normalized objects. Let’s consider object resolution method for the task 7.
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Definition 9. An object r is called object resolvent for objects p and q, if feature values of r satisfy the condition:

DT — D§UD?’j:h
’ DYN\DY,j#h

)

where h is index of an arbitrary feature s;, € S. The operation of constructing object resolvent is denoted r =
Orn(p; ).

The appropriateness of object resolution method for constricting new objects based on precedent information is
shown in [ , ]. And the algorithm looks as follows. Let’s consider class X; and determine whether
an object z belongs to it. Let's denote X? = X% (M X; and A; the algorithm itself:

Step 1. SetY; = X7.

Step 2. If 2z € Y; go to step 6, otherwise go to step 3.

Step 3. Get from Y; an unconsidered triplet (p, ¢, k), where p and ¢ are objects and £ is feature index. If there are
no unconsidered triplets go to step 6.

Step 4. Calculate » = Ory,(p, q). If there exists such index j D% = @ gotostep 3.

Step5.1fr ¢ Y setY; :=Y;|J{r}. Gotostep2.

Step 6. Stop.

The algorithm A1 is applicable for both direct and reverse inference. Direct inference means that if the algorithm has
stopped by achieving the object x it implies that the collection Norm(XY) contains it. Thus, z € X;. Reverse
inference states the opposite. If the algorithm has stopped by achieving object o it implies that Norm/(Y;) = X,
i.e. Y; potentially contains all objects of X. Thatis why « ¢ X;. If either result is not achieved it means that
conclusions about objects x belonging to the class X; or not can’'t be achieved with the algorithm.

The next step is to apply the resolution method to the multistage scheme. Let’s consider the new task of W binary
features where codes of the initial objects formed by the set of first-stage algorithms become objects. The objects
are included to the set with their copies so that objects weights can be calculated as corresponding share of the
code in class’ code description. It allows applying a fuzzy object resolution method to the problem, i.e. object
resolution method in case 1 is described by fuzzy logic functions.

Let £ be an arbitrary set. Let's define characteristic function 1z () which value describes membership function of
an element x to the set E: up(x) € [0, 1]. Let £y, E5 be fuzzy subsets of E. Let's consider the following fuzzy
logic operations [ I:

1. addition: pz—(z) =1 — ug, (),
2. intersection: p1p, g, (z) = min{up, (v), pE, ()},
3. union: g, |k, (%) = max{pg, (x), pe, ()}

Every collection V' C X is assigned a characteristic function y1/(p) that describes membership function of an
object p. It is defined as the corresponding share of the objects. Let NP denote total number of instances of p in

l
XY and N? denotes number of instances of p in X?. Thus, N? = >~ N?. Let's define ux, (p) as
i=1

N
px, (p) = NP
so that pux, (p) € [0,1].
There are fuzzy logic analogues of the resolution method. One of them is described in [1972]. Let’s describe
an algorithm of solving the problem Z by using fuzzy object resolution method.

The algorithm A{ :



International Journal "Information Content and Processing", Volume 2, Number 2, 2015 133

Step 1. The algorithm A; is applied to X. Let Y; be the set of objects that are considered belonging to X;,
i=1,...,lbyapplying it i.e Vp €Y;, ux,(p) > t, t being a given threshold ¢ € [0, 1].

!
Step 2. For every object p € X'\ ( U YZ> the steps 3—4 are applied.
i=1

Step 3. For each class X; the value of i x, (p) is calculated.
Step 4. Let {uy, (p)} = max{py,(p)}, w = max{v}. If ux, (p) > t the object p is added to Y,:

Yo=Y, Up.
Step 5. Stop.
The results of the algorithm A{ are interpreted as this. If p € Y; when it stops then p € X;. Thus, the algorithm
A{ assignes the object p to the class with maximum membership function.
The difference between fuzzy object resolution method and direct comparison of object’s and class’ codes can be
seen in the following example.

Example 1. Let's consider recognition task with 4 classes and let’s define the binary subtasks as every pair of
classes against every other (see. Fig. 1).

Figure 1: Interpretation of the first-stage results.

There are three of those tasks {1, 2} — {3,4}, {1,3} — {2,4}, {1,4} — {2, 3}. Consequently the classes are
assigned the following codes: (K1) = (1,1,1), v(K2) = (1,0,0), v(K3) = (0,1,0), v(K4) = (0,0,1).
Lines in the Fig. 1 demonstrate trained linear recognition algorithms solving those binary subtasks. The first two
tasks are solved correctly but the third one contains a vast number of errors. For example the whole second class
is assigned a wrong metaclass and in the other three classes a part of objects (let's say 10 % for clarity) is treated
wrong too.

Now let's consider the object S. It's code is v(S) = (0,1, 1) and it is equally distant from the three nearest class
codes: v(K7) = (1,1,1), v(K3) = (0,1,0), v(K4) = (0,0, 1). Thus, the object’s class is impossible to tell
though it is likely to be class 3.
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However, the object resolution method will assign S to the third class. Indeed, first class precedents get codes
(1,1,1) (90%) and (1, 1,0) (10%), second class ones are (1,0, 1), third class ones are (0, 1, 0) (90%), (0,1, 1)
(10%), and fourth class ones are (0, 0, 1) (90%), (0, 0, 0) (10%).

The algorithm has its drawbacks. For example if a code is not presented in the training set it will not be recognized.
To compensate for the said effect a modification of it is proposed. An exact description is given in the following
chapter but the idea is to use a monotonically decreasing function in the neighborhood of each code to produce
estimates for the missing ones.

Implementation

This chapter is devoted to the formal description of the proposed Code Description of Classes Method as well as
the set of experiments demonstrating its quality. The method is based on the results of the previous chapter as well

as other researches of the ECOC approach. In [1999] the probability of mixing of results of different classes
was analyzed in case of random binary subtasks. It was shown that the algorithm is inclined to err if the codes of
corresponding classes are close. In [ ] itis also stated that good performance of the algorithm

requires both separability of metaclasses and codes. We will maximize distances between class codes that covers
the mentioned conditions as well as conditions of the Theorem 1 in case of full subtasks.

The initial set of binary subtasks is generated randomly. After that an optimization task is solved to maximize
distances between initial codes. The modification of the code set is made by weighing its components. Let
llvi |14, b€ @ code matrix where [ is the number of initial classes and 17 is the number of the binary subtasks.
Then the task is described by the formula

> ow; = aglry >y Vo, mv > v, p=1,..,1,
j=1

w
Zib‘j =W
j=1

1y — max .

It should be noted that the optimal weights are often zeroed that allows reducing number of subtasks. The second
role of the weights is to modify distance function by considering their importance

w
d(S" Kj) = d(v(S"), 7)) = Y _ lowj — Bjla; (3)
j=1

where 3 is code of the object S*, v(S?) = B;.

After the subtasks are generated and first-stage algorithms are trained, code class descriptions are formed. They
are multisets of codes of training objects calculated by the same first-stage algorithms. Let class K; be described
by a set of pairs {~;;,v;i}, i = 1,...,Wj, where v;; = ~(S5), S € K; N Si(Z) are codes of objects of

I{SISGK NS:(2),7(S)=";i}|
K082 2, W is the

number of different codes in the description of class K ;. The estimate of an arbitrary object .S for the class K is
then calculated by formula

class K;; vj; is the share of code ~y;; in the description of class K, v;; =

Z” (1 + d <S> i)

=1
where d(v1,v2) is either Hamming distance between codes ~; and -, or the distance defined in (3).

For the experimental purposes the two modifications were tested against simple ECOC separately and in combination.
Thus, four methods were involved in tests. The tests were performed with a model data set of 12 classes. At that
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the random sets of binary subtasks of given cardinality were generated and the same ones were used with each of
the methods. It should be mentioned that binary subtasks were solved with SVM implementation from scikit-learn
package [2011].

The model task is specially designed to complicate separation of the classes. 20 normally distributed samples were
generated on the flat with centers ordered in five columns and four rows. After that some pairs or triplets of the said
samples were joined into total of 12 classes (see Fig. 2).
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Figure 2: The model sample of 12 classes.

The results are show in Table 1. Though the experimental set is small it demonstrates one particular advantage of
the CDC method. Its result in that task is better than that of ECOC regardless the number of initial subtasks. Even
though separate application of its two modifications can provide better results, the same cannot be told about them.
Indeed, optimization tend to provide better results with a greater number of subtasks while the code descriptions
work better with less of them.

Table 1: The experimental results.

No. of subtasks | ECOC | Optimization | Code descriptions | CDC

20 68.9 66.7 70.8 70.0
40 69.9 68.4 71.6 70.9
60 69.5 71.1 71.2 72.5

80 69.6 71.3 70.0 71.1
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As a conclusion it can be stated that the article gives only a first idea of the method. Its implementation is yet far
from ideal. For example the form of monotonically decreasing function used in the algorithm is pure heuristic with
no theorerical or experimental basis to support the choice. Although it seem to work in some cases.
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