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Abstract. In the article the modified balanced ecologic-economical model is offered as "input-output" 
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Introduction  

A number of issues related to the country's participation in the Paris Agreement [1] determines 

necessary, first of all, estimation potential future market volume of ecological services, determination of 

possible partners, development of economic strategy that would identify priorities for each economic 

mechanism, proportions of their application in order to attract the maximum amount of ecological 

investments. 

A special role in solving the fundamental problems of nature using, studying values of environmental 

expenditures considering socio-economic impact and their distribution in a territorial-branch cut [2, 3], 

belongs to balance ecologic-economical models of "input-output" as well as regional and sectorial 

models [4,5,6]. 

Therefore, there is need to build a balance ecologic-economical model that would include the cost of 

implementing commitments under the Paris Agreement. Thus, inalienability on the maintenance of 

economic and ecological indicators requires research ofquestion of the productivity of balance model 

productivity. The last is related to properties of technological matrix model. Changing the sectorial 

(brunch) structure of ecological and economic system is reflected in the data matrix coefficients 

influences on production volumes and requires development of algorithms of determination of decision 

without the decision of model equalizations. 



International Journal "Information Models and Analyses" Volume 6, Number 1, 2017 

 

 

69

Objectives 

Implementation of the set obligations in relation to unexceeding of quotas on the extras of greenhouse 

gases imposes certain limits on the basic economic indicators of productive activity. As there is 

dependence between the volumes of gross output and volumes of emissions of СО2, first of all, it 

concerns the gross output of products, the volume of investments, the final product, their optimal 

distribution in the system of national wealth. Following the general principle of division of economic 

researches into micro, meso and macro levels, we will consider the production functioning in the cut of 

existent industries, that conditioned by complication and manyfactoriness of tasks of reduction of 

greenhouse gas emissions in the national economy. 

As the content of the Paris agreement has ecological and economic character, the realization of its 

positions requires the use of a multidisciplinary approach. As an effective tool of research in this case 

the balance ecological and economic model "input-output" [2] can be examined. It has a special role in 

solving the fundamental problems of the perspective planning taking into account nature using, namely 

the value of study costs of environmental protection taking into account the socio-economic effect and 

their distribution in a territorial-branch cut. 

The first balance model that covers the relationship of the economy and the environment, was proposed 

by V.Leontyev D.Ford [3]. It generalizes the classical scheme of inter-branch balance and includes two 

groups of industries: basic production (material production industry) and auxiliary production (industry to 

eliminate contaminants). The basic conditions of the model are expressed by the system of 

equalizations: 

.

,
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12121111

yxAxAx

yxAxAx




 (1) 

In the system (1)  Tnxxxx 11
2

1
11 ,,,  – vector-column of production volumes;  

 Tmxxxx 22
2

2
12 ,,,   – a vector-column of destroyed pollutants volumes; 

 Tnyyyy 11
2

1
11 ,,,   – a vector-column of final production volumes; 

 Tmyyyy 22
2

2
12 ,,,   – a vector-column of undestroyed pollution volumes; 

 nijaA
1

11
11   – a square matrix coefficients of direct costs of production i  per unit of production j ; 

  mn

giigaA
,

1,

12
12 
  – a rectangular matrix of production costs i  per unit of destroying pollutants g ; 
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  nm

jkkjaA
,

1,

21
21 
  – a rectangular matrix of pollutants producing k  per unit of output j ; 

 mkgaA
1

22
22   – a square matrix of pollutants producing k  per unit of destroying  pollutants g . 

It is unobviously assumed in the system (1), that coefficients 011 ija , 012 iga , 021 kja , 022 kga  

distribute on all types of productiveactivity (material production and elimination of pollutants) the 

hypotheses of basic model of inter-branch balance: the amount of technological methods equals the 

amount of types of products and in every technological method produces only one product type. In the 

future we will consider matrixes 11A , 12A , 21A , 22A  inalienable: 011 A , 012 A , 021 A , 

022 A . The economic content of the Leontiev-Ford model requires that all its variables were 

inalienable, that is, 01 ix , 02 kx , 01 iy , 02 ky . 

Research results  

Let’s put the problem on the basis of the above balance circuit "input-output" considering the costs of 

complying with restrictions on the Paris agreement. Solving this problem involves solving of the whole 

complex of the modern science fundamental problems. It includes, for example, the development of 

reliable methods for predicting environmental parameters and criteria of quality that can provide a 

quantitative measuring of the degree of the human needs satisfaction in a cleanness and natural 

variety; creation of scientifically reasonable methodology of determination of economic loss is from the 

pollution of environment; construction of the system of models of cooperation of different components of 

natural complexes taking into account natural and anthropogenic factors and conditions. 

It is suggested to take into account the costs on implementation of emission limitations of greenhouse 

gases in the structure of industries of basic production in the form: 








,

,

22221212

122121111

yxAxAx

yCyxAxAx
 (2) 

here 2Cy  – the costs of greenhouse gas emissions (that is maintenance costs of greenhouse gas 

emissions, including a payment for allowances); 

  mn

giigcC
,

1,

12


  – rectangular matrix of production costs i  per unit of pollutant emissions g ; 

In vector-matrix form model (2) can be represented as: 
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here 1E  and 2E  – are corresponding single diagonal matrixes. 

The first equalization of the offered model represents the economic balance – the distribution of the 

branch grossproducing of products on the productive consumption of basic and auxiliary productions, 

final consumption ofbasic production and charges related to fulfiling commitment on the Paris 

agreement. The second equalization represents physical balance ofgreenhouse gases, as a sum of the 

emissions caused byactivity of basic and auxiliary productions, and their undestroyed volumes. 

The economic content of the variables of the model (2) requires the consideration of their inalienable 

values. The latter is closely connected with the question of balance model production to talk about the 

actual functioning of the production system that can provide intermediate consumption, positive volume 

of the final product and implementation of the set limitations from the extras of greenhouse gases.  

In of order to study the issue of solutions express inseparable 2x  from the second equalization and 

substitute it in the first place: 

    2
1

2221221
1

111 yAEACyyAEx   , 

here   21
1

22212111 AAEAAA   – a square matrix of n - order. 

Let’s also express 1x  from the first equalization and substitute it into the second equalization: 

      22
1

111211
1

11121
1

222 yCyAEAyAEAAEx   , 

here   12
1

11121222 AAEAAA   – a square matrix of m - order. 

Thus, the formal solution of system (2) can be written as: 
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According to the methodology proposed in [3] we can generalize the concept of productivity in the case 

of block matrix with the inalienable elements: 

0
2221

1211 









AA

AA
A . (3) 

Let’s consider an inalienable block matrix productive, if productive are matrixes 11A , 12A , 1A  and 2A . 

The productivity of matrixes 1A  and 2A  means profitability of basic and auxiliary productions after the 
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complete cycle of production of goods and after the complete cycle of greenhouse gases elimination. If 

matrixes 11A , 12A , 1A  та 2A  – are productive, then matrixes 

  01
111  AE ,   01

222  AE ,   01
11  AE ,   01

22  AE  

exist and have inalienable elements. 

The productivity of the block matrix (3) does not guarantee inalienability of solutions of the system (2). 

Let’s analyze the got expressions for 1x  and 2x . From the system (2) we get  

   12212
1

1111 yCyxAAEx   . 

From  this equalization it appears, that when 02 x , 01 y , 02 y  the condition 01 x  is 

completed 

Thus, a necessary and sufficient condition of inalienability of the model solutions (2) when the block 

matrix (3) is productive and when 01 y , 02 y  the condition 02 x , will be completed, that is 

       022
1

111211
1

11121
1

22   yCyAEAyAEAAE . 

From the last inequality we get the sufficient condition of existence of inalienable solutions: 

    221
1

11121 yCyyAEA   , 

that can be replaced yet by more hard sufficient condition: 

  22121 yCyyA  . 

The last inequality means that a sufficient operating condition of basic and auxiliary productions is 

unexceeding of volume of unutilized of greenhouse gas emissions above complete emissions of 

greenhouse gases that arise up at the production of final product and costs sent to the service 

obligations according to the Paris Agreement. 

Another actual scientific problem is that the basis of the proposed model (2) is a schematic diagram of 

inter-branch balance, the first quadrant of which are inter-branch streams that are built to the functional 

and structural industry connections. A branch plays a crucial role in providing progressive structural 

changes in the economic system, accelerating development and improving the technical level of 

production. It creates socio-economic background of deep transformations in the field of labour, service 

and householding. The interbranch economy relations are multilateral, the scale of their development 

determine the volume of trade and its structure. Features and change of the branch complexes 

operating conditions determine the necessity of their taking into account during the planning and 

forecasting calculations of gross branch production, of the basic and auxiliary productions, of the final 
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product, of the volume of greenhouse gas emission reductions, of the interbranch ecological and 

economic connections. 

The structural change of the indicated indexes is determined by the elements of technological matrixes 

of model (3) that stipulates the necessity of development of the estimation algorithms of the change 

influence in matrix structure system on the solution of the system of equalizations. 

The model (2) can be also represented as: 

Au C . (4)

Where 

1 11 12 1

21 2 22 2

E A A x
A

A E A x
    

        
,  1

2

x
u

x
 

  
 

 –  n m -dimensional vector, 

1 1

2 20

E C y
C

E y
   

       
, 1E , 2E  – corresponding dimension block unit matrixes, 

0  – block zero matrix. 

(5)

 

Let us also consider the system perturbations (in matrixes 11A , 12A , 21A , 22A , C  elements) to linear 

algebraic equations system (5): 

Au C . (6)

Where A , C  - are corresponding perturbed matrix. Let us suppose that for the system (4) the basic 

solution and inverse matrix were found. Then there is the following theorem [Kudin, 2007]. 

Theorem 1.  There are the following ratio for vectors normal restrictions expansion coefficients on 

matrix basic lines, inverse matrices elements, basic solutions and restriction residuals in two related 

basic solutions: 
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l
k

lk


   , rk
r r l

lk




     , 1,r n m  , r k . (10)

The matrix condition for being basis when entering the normal vector la  restrictions l la u c  for k -у 

basic matrix position A  is the inequality fulfillment: 0lk  . 

Based on the reduced ratio we can build algorithmic scheme of study (6) (when the model has 

changes). The algorithm will be based on simplex method ideology [Voloshyn, Kudin, 2015], involving 

some iterative process features. In particular, the transition from the system (4) to the system (6) will be 

carried consecutively by relevant perturbed rows ( 01 2, , ,...,i i i i i   ) replacement.  

This means that the normal vectors hyperplanes that form the basis matrix lines and the corresponding 

inverse matrix will be replaced by appropriate “perturbed” normal vectors. Following basic solutions and 

inverse matrixes will be recalculated based on simplex relations (7)-(10). While maintaining the basic 

properties on replacement iterations, system (6) solution would be found by 0i  iterations. The result is a 

new base solution and the inverse matrix. 

During the realization of iterations to clarify the elements the models can have some changes and 

clarifications not onlyseparate elements and lines of matrix of limitations, but also columns. The above 

formulas do not clearly show the influence of such changes on solutions (6). Let’s study the impact of 

changes k  column of the matrix restrictions A  as '
k k kA A A   to the solution 0u , where 

1 2

' ' ' '
1 2( , ,..., ) , ( , ,..., )

k k mk

T T
k k k mk kA a a a A a a a  , that is in such a form A  is replaced by A  . 

On basis of (6) let us build the next auxiliary linear system: 

max ,TC u  (11)

Au C  (12)

0u   (13)

min ,TC x  (14)

TA x C  (15)

 

By the structure it is the dual pair of linear programming with some peculiarities of the vector coinciding -

normals of objective function and vector type, the matrix of restrictions tasks , TA A - are square. Let’s 

consider that for (12) 1
0, ,b bu A A A - are known - the basic solution, basic line and inverse matrixes, 
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and a column kA  is a subject of indignation in the next kind '
k k kA A A   (accordingly '

k k

T T T
kA A A  - is 

an indignant row k  of the matrix TA ). It should be noted that for (15)   1
,

b

T T T
bA A A


  - accordingly 

basic and inverse basic matrixes in the context of formulas (11) -(13). Let us draw a connection 

according to formulas (11) - (13) elements basic matrixes method in two contiguous basic matrixes the 

research values of component vector normal TC  decomposition of the objective function (14) by the 

substitution in the basic matrix TA  line k  by a line '
k k

T T T
kA A A   and the conditions of nondegenerate 

preservation of matrix limits. Let’s also establish their links with the problem (11) - (13). Where as, 

  11 , T T
b b b bA A E A A E

    , for the expansion component of the vector-line TC  we can write down 

  1 1
0 0,T T T T

b b bC L A L C A A C
       , (16)

here 0 01 02 0( , , ...., )mL L L L - is a vector of separation of the vector TC according to the lines of the basic 

matrix 
b

TA . It is not hard to persuade, that 1
bA C   coinsides with 0u , that is 1

0 bu A C  for (12) (or (6)). 

Similarly, while considering the indignant matrix 
T
bA  (   1

,b
T T T

bA A A


 ), that is constructed by the 

substitution of the line k  of matrix TA  by the line '
k k

T T T
kA A A   the separation of vector TC will look like  

  1 1
0 0,

T TT T
b b bC L A L C A A C

 
      , (17)

where 0 01 02 0( , , ...., )mL L L L - is a vector of separation of the vector TC according to the row of the 

basic matrix b

T
A .  

It is not hard to persuade, that 
1
bA C

  coinsides with 0u , that is 

1
0 bu A C


   for (12) (or (6)). Here the 

matrix 
1
bA


is inversed to bA A , that is inversed to the matrix A , in which the substitution of k -column 

in matrix limits kA  by the column '
k k kA A A   is made. According to the positions of the basic matrix 

method (to the problem (14) - (15)) the connection is a component of the separation vector of normal 

vector TC  ( 0L  and 0L ) at two contiguous basic matrixes (different by the k - row) is given in the co-

relation 

0
0 0 ,k
i kii

kk

L
L L L i k

L
     (18)

0
0 ,kk

kk

L
L i k

L
   (19)

where for (14)-(15) 
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1
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accordingly, for (11)-(13) 

1 1
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kk b k b k b k

kk kk

L A A A A

L A A A A A A

L A A A A A A A

L L L L

 

 

  

   

     

       

   

 

here 1( )Tb iA  - a column i  of the matrix 1( )TbA
 , 1( )b kA  - a row k  of the matrix 1( )bA

  coinside with the 

coincide with the components of the basic solutions 0u and 0u  problems (11)-(13) with the substitution 

of k -column in matrix limits kA  by the column '
k k kA A A  . 

Statement 1. The evolution of solutions (6) at the indignation of the matrix columns in '
k k kA A A   

coincides with the coefficients changes of the normal vector TC  separation(14) by changing the row k

of the matrix T
bA in '

k k

T T T
kA A A  according to the scheme of the basic matrixes method. 

Statement 2. Each component connection of solutions vectors (4) 0u  and 0u  (6) during the substitution 

of k -column in matrix limits kA  by the column '
k k kA A A   is described in the co-relation  

0
0 1 ' ,

1 ( )
k

k

b k k

u
u i k

A A 
   (20)

1 '0
0 0 1 ' ( ) ,

1 ( )
k

i i b i k
b k k

u
u u A A i k

A A


          (21)

thus the condition of preserving nondegenerate of solution is implementation of condition
1 '1 ( ) 0b k kA A   . 
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Consequence 1. During realization of calculations it ispossible to apply more general formula of 

calculation of the components of the vector solution (6) as a result of indignation of vector of column of 

matrix limits (the condition of the statement 2) is the next 

10
0 0 1 '

( ) ,
1 ( )

k
b k

b k k

u
u u A A

A A


         (23)

or 

'0
0 0 k

k

kk

u
u u L

L
   ,  

here 

1 ' ' 1 '1 ( ) ,
k

kk b k k b kL A A L A A       

 

In the statement 2 it is established, that 10
0 0 1 ' ( ) ,

1 ( )
k

i i b i k
b k k

u
u u A A i k

A A


        
.  

Let’s make transformation of co-relation 0
0 1 ' ,

1 ( )
k

k

b k k

u
u i k

A A 
 

 to the view that is close to the 

previous 

0 0
0 0 01 ' 1 '1 ( ) 1 ( )

k k
k k k

b k k b k k

u u
u u u

A A A A     
    .  

 

0
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u
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From these we have got the next  

 

10
0 0 1 ' ( )

1 ( )
k

b k
b k k

u
u u A A

A A


        . 

 

The statement is brought out from the previously established correlations, that connect the problems 

(11)-(13) and (14)-(15),  inparticular, 000 0,u L u L  , formulas (7), connections of lines, inverse and 

transpose matrixes in the scheme of basic matrixes method. 

The Remark. The structure of formula '0
0 0 k

k

kk

u
u u L

L
    indicates that this presentation of the line 

equalization in parametric form, where 0u - is an initial vector, '
kL - is a normal vector, 0k

kk

u

L
 - is the 

meaning of parameter of displacement along the vector '
kL  (from 0u ). The value of vector component 

'
kL  and 0k

kk

u

L
  is influenced by the size of indignation in the column with the number k . 

 

Here are the basic steps of the algorithm of indignant solution component (6) - as a result of 

changes of the column system (4) kA  by the column '
k k kA A A   

1. We have got a known vector 0 01 02 0( , ,...., )Tmu u u u , 1,b bA A  - line and inverse basic matrix (4). 

2. Let conduct the substitution of the k - column in the matrix limits kA  by the column '
k k kA A A  . 

We find the vector 

 

 ' ' ' ' 1 ' ' 1 '
1 2( , ,.... , ) ,k k k km b k kk b kk

L L L L A A L A A      , 

 ' 1 '1 1kk kk b kk
L L A A     , 

here    1
b k
A - k -row matrix  1

bA
 . 

3. Let us make the new solutions '0
0 0 k

k

kk

u
u u L

L
   according to the formula (23). 
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The steps of the algorithm of indignant solution component (6) - as a result of changes of the 

column system (4) kA  by the column kA  

1. We have got a known vector 0 01 02 0( , ,...., )Tmu u u u , 1,b bA A  - line and inverse basic matrix (4).  

2.  Let conduct the substitution of the k - column in the matrix limits kA by the column kA . 

We  find the vector ' 1
1 2( , ,.... , )k kk k km bL L L L A A   . 

3. We make a new solution based on (20) (21)  

 

0 0
0 1 ' ,

1 ( )
k k

k
kkb k k

u u
u i k

A A L  
   

1 '0 0
0 0 01 ' ( ) ,

1 ( )
k k

kii i b i k i
kkb k k

u u
u u A A u L i k

A A L


           
 

. 

Let’s illustrate the offered algorithm of the determination volumes of gross branch output in case of 

technological inter-branch changes on conditional data. Let the coefficients of technological matrixes of 

ecological-and economic model (3) have the following meanings: 

 











2.03.0

1.02.0
11A , 










2.01.0

2.01.0
12A , 










3.02.0

3.01.0
21A , 










1.03.0

3.02.0
22A , 

 

the matrix of charges on maintenance of greenhouse gases emissions and vectors of the branch final 

producing and limitation after the extrass of greenhousegases accordingly: 











5.01.0

2.03.0
C , 










23

12
1y , 










8

5
2y . 

Let’s check implementation of the productivity condition for ecological and economic system in the case 

of selected numerical data. The block matrix A  

 





















1.03.03.02.0

3.02.03.01.0

2.01.02.03.0

2.01.01.02.0

A  
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obviously is productive after the sufficient condition of the productivity of technological matrixes of 

balance models of Leontiev type. Except that the considered higher sufficient condition of the 

productivity model(3) – inequality   22121 yCyyA  : 

 


















8

5

27.11

76.9
. 

 

Let us pass to the step by step algorithm realization 

 

1. Find the solution of the original system (4) and the block inverse matrix technology: 

 





















62.30

67.32

43.60

17.38

0u ,
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3.02.03.01.0

2.01.02.03.0

2.01.01.02.0

A ,  

 

























 

5.25.25.20.5

375.4875.1125.875.8

625.0125.3875.625.11

625.0125.3125.325.1

11
bAA . 

 

 

2. We assume that the that indignation in a model(6) tests the third column ( 3k  ): let’s make 

the substitution of k -column in the matrix limit 
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2.0

1.0

1.0

3A  by the column 





















1.0

1.0

2.0

2.0

3A . Find the vector 

' 1
1 2( , ,.... , )k kk k km bL L L L A A   :  
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 5.0375.0625.0625.0

1.0

1.0

2.0

2.0

5.25.25.20.5

375.4875.1125.875.8

625.0125.3875.625.11

625.0125.3125.325.1

3 













































L  

3. Let’s find the solutions: 

28.16625.0
375.0

67.32
17.381 u  

88.114)625.0(
375.0

67.32
43.602 u  

12.87
375.0

67.32
3 u  

94.125.0
375.0

67.32
62.304 u  

The got solutions coincide with the solutions got by the direct calculations what are easily seen and 

specify on a substantial change in functioning of auxiliary production, in particular, negative indexes 

require a change in the structure of technological matrixes of both basic and auxiliary spectrum of 

industries. 

 

Сonclusion 

The necessity of taking into account of ecological factor in the modern system of further development of 

civilization causes the actuality of consideration of productive activity of society within a single socio-

ecological-economic system. Thus, the important requirement of her existence is a necessity of the 

balanced interests each of the indicated subsystems. An effective instrument is a balance method and 

corresponding models worked out on its basis serve as for this purpose, model of taking into account of 

charges offered in particular in the article on realization of projects of reduction of greenhouse gases 

emissions. With the aim of its effective use the terms of the productivity are set and the algorithm of 

determination of volumes of the gross branch producing is offered in case ofchange of technological 

branch structure. Further researches should be performed towards the including of additional economic 

and ecological limitations, and change of classic original assumptions in relation to the technological 

structure of the offered model. 
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