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ON RELIABILITY APPROACH TO MULTIPLE HYPOTHESES TESTING AND TO 
IDENTIFICATION OF PROBABILITY DISTRIBUTIONS OF TWO STOCHASTICALLY  

RELATED OBJECTS 

Evgueni Haroutunian, Aram Yessayan,  Parandzem Hakobyan 

 

Abstract: This paper is devoted to study of characteristics of logarithmically asymptotically optimal (LAO) 

hypotheses testing and identification for a model consisting of two related objects. In general case it is supposed 

that 1L  possible probability distributions of states constitute the family of possible hypotheses for the first object 

and the second object is distributed according to one of 21 LL ×  given conditional distributions depending on the 

distribution index and the current observed state of the first object. For the first testing procedure the matrix of 

interdependencies of all possible pairs of the error probability exponents (reliabilities) in asymptotically optimal 

tests of distributions of both objects is studied. The identification of the distributions of two objects gives an 

answer to the question whether 1r -th and 2r -th distributions occurred or not on the first and the second objects, 

correspondingly. Reliabilities for the LAO identification are determined for each pair of double hypotheses. By the 

second approach the optimal interdependencies of lower estimates of all possible pairs of corresponding 

reliabilities are found and lower estimates of reliabilities for the LAO identification are studied for each pair of 

hypotheses. The more complete results are presented for model of statistically dependent objects, when 

distributions of the objects are dependent, but its current states are independent. For an example of two 

statistically dependent objects optimal interdependencies of pairs of reliabilities are calculated and graphically 

presented. 

Keywords: Multiple hypotheses testing, Identification of distribution, Inference of many objects, Error probability 

exponents, Reliabilities. 

1. Introduction 

As a development of the results on two and on multiple hypotheses logarithmically asymptotically optimal (LAO) 
testing of probability distributions of one object [1] -- [3], in paper [4] Ahlswede and Haroutunian formulated a 
number of problems with respect to multiple hypotheses testing and identification for many objects. Haroutunian 
and Hakobyan solved in [5] the problem of many hypotheses testing for two independent objects and in [6] the 
problem of the identification of distributions being based on samples of independent observations. In 
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prepublications [7] -- [10] Haroutunian and Yessayan studied many hypotheses LAO testing for two objects under 
different kinds of relation. 

LAO tests of its distributions for two hypotheses were analyzed first by Hoeffding [1], later by Csiszár and Longo 
[2] and by other authors. Here we investigate characteristics of procedures of LAO testing and identification of 
probability distributions of two stochastically dependent objects. 

Let 1X  and 2X  be random variables (RVs) taking values in the same finite set of states X  and )(XP  be the 

space of all possible distributions on X . There are given 1L  probability distributions (PDs) 

}),({= 11

11
XxxGG ll ∈ , ,1,= 11 Ll  from )(XP . The first object is characterized by RV 1X  which has one 

of these 1L  possible PDs and the second object is dependent on the first and is characterized by RV 2X  which 

can have one of 21 LL ×  conditional PDs 2 1 1 2
/ /2 1 2 1

= { ( | ), , },l l l lG G x x x x X∈  ,1,= 11 Ll 22 1,= Ll . Joint 

PDs are },),,({= 2121

2,11/21
XxxxxGoGG lllll ∈ , 2211 1,=,1,= LlLl , where 

)|()(=),( 12

1/2

1

1
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2,1
xxGxGxxG lllll . Let )),),...(,(),,((=),( 212

2
1
2

2
1

1
121 NN xxxxxxxx  be a sequence of results of 

N  independent observations of the pair of objects. The probability ),( 212,1
xxG N

ll  of vector ),( 21 xx  is the 

following product:  
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N

n

N
l xGxG ∏  and ).|(=)|( 12

1/2
1=

121/2 nnll

N

n

N
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For the object characterized by 1X  the non-randomized test )( 11 xNϕ  can be determined by partition of the 

sample space NX  on 1L  disjoint subsets 1111111
1,=},=)(:{= LllxxA NN

l ϕ ,  i.e. the set N
lA
1

 consists of 

vectors 1x  for which the PD 
1l

G  is adopted. The probability )( 11|1

NN
ml ϕα  of the erroneous acceptance of PD 

1l
G  provided that 

1mG  is true, ,=,1,=, 11111 lmLml /  is defined by the probability N
mG

1
 of the set :

1

N
lA   

 

).(=)(
1111|1

N
l

N
m

NN
ml AG

∆
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We define the probability to reject 
1mG , when it is true, as follows  

).(=)(=)(
1111|1

1=1:1

11|1

N
m

N
m

NN
ml

mll

NN
mm AGϕαϕα ∑

/

∆

 (2) 

Denote by 1ϕ  the infinite sequences of tests for the first object. Corresponding error probability exponents, which 

we call reliabilities )( 11|1
ϕmlE  for test 1ϕ  are defined as 

.1,=,)},(log1{lim=)( 11111|111|1
Llm

N
E NN

ml
N

ml ϕαϕ −
∞→

∆

 (3) 

 

It follows from (2) and (3) that  

,1,=,),(min=)( 11111|1
1=1:1

11|1
LmlEE ml

mll
mm ϕϕ

/    
.= 11 ml /  (4) 

 

We shall reformulate now the Theorem from [3] for the case of one object with 1L  hypotheses. This requires 

some additional notions and notations. For some PD }),({= 11 XxxQQ ∈  the entropy )( 1XHQ  and the 

informational divergence ),||(
1l

GQD  ,1,= 11 Ll  are defined as follows:  

 

),(log)(=)( 11

1
1 xQxQXH

Xx
Q ∑

∈

∆

−   

.
)(
)(log)(=)||( 1

1

1
1

11 xG
xQxQGQD

lXx
l ∑

∈

∆
  

 

For given positive numbers 1|11|1 ,..., −− LLEE , let us consider the following sets of PDs }),({= 11 XxxQQ ∈ : 

 

,11,=},)||(:{= 111|111
−≤

∆

LlEGQDQR llll  (5a) 

  

},11,=,>)||(:{= 111|111
−

∆

LlEGQDQR lllL  (5b) 
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and the elements of the reliability matrix )( *
1ϕE  of the LAO test *

1ϕ :  

 ,=)(=
1|11|1

*

1|1

*

1|1 llllllll EEEE
∆

,11,= 11 −Ll  (6a) 

 ),||(inf=)(=
1

1
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*

1|1

*

1|1 m
lRQ

llmlml GQDEEE
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∆

,1,= 11 Lm ,= 11 lm / ,11,= 11 −Ll  (6b) 

 ),||(inf=),...,,(=
1

1
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*

1|1

*
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LRQ

LLmLmL GQDEEEEE
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∆
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 .min=),...,,(= *
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Theorem 1 [3]:  If all distributions 
1l

G , 11 1,= Ll , are different in the sense that 0>)||(
11 ml GGD , 11 = ml / , 

and the positive numbers 1|12|21|1 ,...,, −− LLEEE  are such that the following inequalities hold  

 ),||(min< 11
12,=1

1|1 GGDE l
Ll

 

 .............................................................................  

 )),(min),||(min(min<
1|1

*

1|1111,=1
11

11,1=1
1|1 llml

ml
ml

Lml
mm EEGGDE

−+
 ,12,= 11 −Lm  

(7) 

then there exists a LAO  sequence of tests *
1ϕ , the reliability matrix of which )( *

1ϕE )}({= *
11|1

ϕmlE  is defined 

in (6)  and all elements of it are positive.Inequalities (7)  are necessary for existence of tests sequence with 

reliability matrix having in diagonal given elements 
1|1 llE , 11,= 11 −Ll , and all other elements positive . 

 

Corollary 1  [3]:  If, in contradiction to condition of strict positivity, one, or several diagonal elements 
1|1 mmE , 

11,= 11 −Lm , of the reliability matrix are equal to zero, then the elements of the matrix determined in functions 

of this 
1|1 mmE  will be given as in the case of Stein's lemma [11], [12]  

,=),||(=)( 11111|11|1
lmGGDEE mlmmml /   

and the remaining elements of the matrix )( *
1ϕE  will be defined by 0>

1|1 llE , 11 = ml / , 11,= 11 −Ll , as 

follows from Theorem 1. 
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Now we formulate the concept of LAO approach to the identification problem for one object, which was introduced 

in [4]. We have one object, and there are known 21 ≥L  possible PDs. Identification is the answer to the 

question whether 1r -th distribution is correct, or not. As in the testing problem, the answer must be given on the 

base of a sample x  with the help of an appropriate test. 

 

There are two error probabilities for each [ ]11 1, Lr ∈ : the probability )(
1=1|11 Nrmrl ϕα ≠  to accept l -th PD 

different from 1r , when PD 1r  is correct, and the probability )(
11|1=1 Nrmrl ϕα ≠  that 1r  is accepted, when it is not 

correct. 

The probability )(
1=1|11 Nrmrl ϕα ≠  coincides with the probability )(

1|1 Nrr ϕα  which is equal to )(
1|1

11:1

Nrl
rll

ϕα∑
≠

. 

The corresponding reliability )(
1=1|11

ϕrmrlE ≠  is equal to )(
1|1

ϕrrE  which satisfies equality (4). 

 

The reliability approach to identification assumes determining the optimal dependence of *

11|1=1 rmrlE ≠  upon given 

*

1|1

*

1=1|11
= rrrmrl EE ≠ , which can be an assigned value satisfying conditions (7). The solution of this problem 

assumes knowledge of some a priori PDs of the hypotheses. 

The result from paper [4] is valid for the first object. 

 Theorem 2 [4]:  In case of distinct hypothetical PDs 
121 ,...,, LGGG , under condition that the probabilities of all 

1L  hypotheses are strictly positive for given *

1|1

*

1=1|11
= rrrmrl EE ≠  the reliability *

11|1=1 rmrlE ≠  is the following:  

 

.1,=),||(infmin=)( 111
1|1

)
1

||(:11:1

*

1|1

*

11|1=1
LrGQDEE m

rrErGQDQrmm
rrrmrl

≤≠
≠   

 

In Section 2 we consider two related objects as one complex object and we obtain corresponding reliabilities for 
LAO testing and identification. In Section 3 we will obtain the lower estimates of the reliabilities for LAO testing 
and in Section 4 for identification for the dependent object. These estimates serve for deducing of lower estimates 
of the reliabilities for LAO testing (in Section 5) and identification (in Section 6) of distributions of two related 
objects. Results of certain calculations for an example will be graphically presented in Section 7.  
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2. LAO Testing and Identification of the  Probability Distributions for Two Stochastically Coupled 
Objects 

 We expose the direct approach for LAO testing and identification of PDs for two related objects. It consists in 

considering the pair of objects as one composite object [10]. The test, which we denote by NΦ , is a procedure 

of making decision about unknown indices of PDs on the base of results of N  observations ),( 21 xx . For the 

objects characterized by 21, XX  the non-randomized test ),( 21 xxNΦ  can be determined by partition of the 

sample space NXX )( ×  on 21 LL ×  disjoint subsets )},,(=),(:),{(= 2121212,1
llxxxxA NN

ll Φ  11 1,= Ll , 

22 1,= Ll , i.e. the set N
llA
2,1

 consists of vectors ),( 21 xx  for which the PD 
2,1 llG  must be adopted. The 

probability )(
2,1|2,1

NN
mmll Φα  of the erroneous acceptance of PD 

2,1 llG  provided that 
2,1 mmG  is true, 

,1,=, 111 Lml  ,1,=, 222 Lml ),(=),( 2121 llmm / is defined by the set N
llA
2,1

  

).(=)(
2,12,12,1|2,1

N
ll

N
mm

NN
mmll AG

∆

Φα  (8) 

 

We define the probability to reject 
2,1 mmG , when it is true, as follows  
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N
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N
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mmll

mmll

NN
mmmm AGΦΦ ∑

/

∆

αα  (9) 

 

Our intention is to study the reliabilities of the infinite sequence of tests Φ   

 

)},(log1{lim=)(
2,1|2,12,1|2,1

NN
mmll

N
mmll N

E Φ−Φ
∞→

∆

α ,1,=, 111 Lml  ,2l .1,= 22 Lm  (10) 

 

From (9) and (10) we deduce that  

 

),(min=)(
2,1|2,1)2,1(=)2,1(2,1|2,1

ΦΦ
/

mmll
mmll

mmmm EE ,1,=, 111 Lml .1,=, 222 Lml  (11) 
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The matrix ),({=)(
2,1|2,1

ΦΦ mmllEE ,1,=, 111 Lml }1,=, 222 Lml  is called the reliability matrix of the 

sequence of tests Φ . Our aim is to investigate the reliability matrix of optimal tests, and the conditions ensuring 
positivity of all its elements. 

For given positive numbers 12,1|12,11,1|1,1 ,..., −− LLLLEE , let us consider the following sets of PDs    

 

},),|()({= 21121 XxxxxVxQVoQ ∈
∆

:

,1,=},)||(:{= 112,1|2,12,12,1
LlEGVoQDVoQR llllllll ≤

∆

,11,= 22 −Ll  
(12a) 

 

,1,=,>)||(:{= 112,1|2,12,12,1
LlEGVoQDVoQR llllllLL

∆

},11,= 22 −Ll  (12b) 

 

and the elements of the reliability matrix *E  of the LAO test:  

 ,=)(=
2,1|2,12,1|2,1

*

2,1|2,1

*

2,1|2,1 llllllllllllllll EEEE
∆

,1,= 11 Ll ,11,= 22 −Ll  (13a) 
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∆
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(13b) 
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For simplicity we can take 1 2( , ) =X X Y, YXX =×  and N
N Yyyyy ∈),...,,(= 21 , where 

1 2= ( , ), = 1,n n ny x x n N , then we will have LLL =21 ×  new hypotheses for one object  

 

 },,),|()({= 2112

1/2

1

12,1
XxxxxGxGG lllll ∈ 1 1 2 2= 1, , = 1,l L l L , where 11,1 = KG , 

 21,2 = KG , 31,3 = KG   ,..., 
221, = LL KG ,  122,1 = +LKG   ,..., ,=

221)1(2,1 lLlll KG +−

 ,1,= 11 Ll 22 1,= Ll , ,=
221)1(|221)1(2,1|2,1 mLmlLlmmll +−+−αα  ,1,= 11 Ll   22 1,= Ll    

 ,=
221)1(|221)1(2,1|2,1 mLmlLlmmll EE +−+− ,1,= 11 Ll  22 1,= Ll  

 

and thus we have brought  the  original  problem  to the case of one object with 21 LL ×  hypotheses. 

So applying Theorem 1 we can deduce that there exists a LAO sequence of tests *Φ , the reliability matrix of 

which )}({= *
|

* ΦmlEE  is defined in (13)  and all elements of it are positive. 

Using Theorem 2 for this composite object we can deduce that identification reliabilities are connected with the 
following formula  

 ].[1,),||(infmin=)(
|)(::

||= LrKQoVDEE m
rrErKQoVDQoVrmm

rrrmrl ∈
≤≠

≠
||

 (14) 

Now let us consider the more general particular model, when 1X  and 2X  are related statistically, in the 

following way )()(=),( 2

1/2

1

1

21

2,1
xGxGxxG lllll . The probability of vector ),( 21 xx  is defined by the following 

PD 
2,1 llG   
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N
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1
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11 nl

N

n

N
l xGxG ∏  and ).(=)( 2

1/2
1=

21/2 nll

N

n

N
ll xGxG ∏  

 

In this case we can analogously bring the problem to the problem on one object with LLL =21 ×  hypotheses, 

where },,),()({= 212

1/2

1

12,1
XxxxGxGG lllll ∈ ,1,= 11 Ll ,1,= 22 Ll  and for the sets ,

2,1 llR ,1,= 11 Ll  

22 1,= Ll of  PDs 1 2 1 2={ ( ) ( ), , }QoV Q x V x x x X
∆

∈ : 
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When the objects 1X  and 2X  can have only different distributions from same L  given probability distributions 

(PD) 1G , 2G , 3G , ..., LG  from )(XP , [4], [7] we can reduce the problem to the problem of one object and 

1)( −× LL  hypotheses, where },,),()({= 212

2

1

12,1
XxxxGxGG llll ∈ ,1,=, 21 Lll  21 ll ≠  (see [4], [7]). 

3. An Approach to Multiple Hypotheses Testing for the Second (Dependent) Object 

Let us remark that test NΦ  can be composed of a pair of tests N
1ϕ  and N

2ϕ  for the separate objects: 

),(= 21
NNN ϕϕΦ . For the second object characterized by RV 2X  depending on 1X  the non-randomized test 

),,( 1122 lxxNϕ  based on vectors 21, xx  and on the index of the hypothesis 1l  adopted for 1X , can be given for 

each 1l  and 1x  by division of the sample space NX  on 2L  disjoint subsets 

},=),,(:{=)( 21122211/2
llxxxxA NN

ll ϕ ,1,= 11 Ll 22 1,= Ll . We upper estimate the error probabilities for 

second object proceeding from definition (8) .  
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(15) 

 

Consequently we can deduce that “reliabilities"  
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N
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and 

 

)(min=)(
2,1|2,1)2,1()2,1(2,1|2,1

ΦΦ
≠

mmll
mmll

mmmm FF  (16) 
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are lower estimates for ).(
2,1|2,1

ΦmmllE  

We can also introduce  
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N
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The corresponding estimates of the reliabilities of test N
2ϕ , are the following  

 

)},(log1{lim=)( 22,1,1|222,1,1|2
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N
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It is clear from (17) that  

),(min=)( 22,1,1|2
2=2:2

22,1,1|2
ϕϕ mmll

mll
mmlm FF

/
,1,=, 111 Lml .1,=, 222 Lml  (19) 

 

We need some notions and estimates from the method of types [11], [12]. The type of a vector 1x  is a PD  

 

},),|(1=)({= 1
1

11

11
XxxxN

N
xQQ xx ∈   

 

where )|( 11 xxN  is the number of repetitions of the symbol 1x  in vector .1x  The subset of )(XP  consisting 

of the possible types of sequences 1
Nx X∈  is denoted by ).(XPN  The set of all vectors 1x  of the type 

1x
Q  
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is denoted by )( 1
1

XT N

xQ , remark that ∅=)( 1XT N
Q  for ).(XPQ N∈/  The following estimates for the set 

)( 1
1

XT N

xQ  hold  

)}.({exp|)(|)}({exp1)( 1
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1
1

1
1

|| XNHXTXNHN
xQ

N

xQxQ
X ≤≤+ −   

For a pair of sequences NN XXxx ×∈),( 21  let ),|,( 21
21 xxxxN  be the number of occurrences of pair 

XXxx ×∈),( 21  in the similar places in the pair of vectors ),( 21 xx . The joint type of the pair ),( 21 xx  is PD 

},),,({= 2121

2,12,1
XxxxxQQ xxxx ∈  defined by  
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The conditional type of 2x  for given 1x  is the conditional distribution 
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 defined as follows:  
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The conditional entropy of RV 2X  for given 1X  is:  
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1
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For some conditional PD },),|({= 2112 XxxxxVV ∈  the conditional divergences of PD 

},),|()({ 21121 XxxxxVxQ ∈  with respect to PD },),|()({ 2112

1/2

1 XxxxxGxQ ll ∈  for all 21, ll  are 

defined as follows  
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)|(
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The family of vectors 2x  of the conditional type V  for given 1x  of the type 
1x

Q  is denoted by )|( 12,
1

xXT N
VxQ  

and called V -shell of 1x . The set of all possible V -shells for 1x  of type 
1x

Q  is denoted by ).,(
1xN QXV  For 

any conditional type V  and )( 1
1

1 XTx N

xQ∈  it is known that  

2| |
, 2 1 , 2 1 , 2 1

1 1 1
( 1) exp{ ( | )} | ( | ) | exp{ ( | )}.X N

Q V Q V Q Vx x x
N NH X X T X x NH X X−+ ≤ ≤  (20) 

For given positive numbers ,
2,1,1|2 lmllF 11,= 22 −Ll , for )(5.),(5.

1
baRQ l∈  and for each pair   

111 1,=, Lml  let us define the following regions and values: 

 

,11,=},)|||(:{=)( 222,1,1|21/21/2
−≤

∆

LlFQGVDVQR lmllllll  (21a) 

},11,=,>)|||(:{=)( 222,1,1|21/21/2
−

∆

LlFQGVDVQR lmlllllL  (21b) 

),()(=)(
11/211/2 xNllx

N
ll QXVQRQR ∩

  

,11,=,=)(= 222,1,1|22,1,1|2

*

2,1,1|2

*

2,1,1|2
−

∆

LlFFFF lmlllmlllmlllmll  (22a) 

),|||(infinf=)(=
1/2)(

1/21
2,1,1|2

*

2,1,1|2

*

2,1,1|2
QGVDFFF mm

QllRVlRQ
lmllmmllmmll

∈∈

∆

,1,= 22 Lm  ,= 22 lm /

,11,= 22 −Ll  

(22b) 

),...,,(= 12,1,1|12,21,1|2,11,1|1
*

2,1,1|2

*

2,1,1|2 −− LmlLmlmlmmlLmmlL FEFFF

),|||(infinf=
1/2)(

1/21

QGVD mm
QlLRVlRQ ∈∈

∆

,11,= 22 −Lm  (22c) 
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.min=),...,,(= *

2,1,1|2121,=2
12,1,1|12,21,1|2,11,1|1

*

2,1,1|2

*

2,1,1|2 Lmll
Ll

LmlLmlmlLmlLLmlL FFFFFF
−

∆

−−  (22d) 

 

We denote by )( 2ϕF  the matrix of lower estimates for ).( 2ϕE  

 Theorem 3:  If for fixed 111 1,=, Llm  all conditional PDs 
1/2 llG , 22 1,= Ll , are different in the sense that 

0>)|||(
1/21/2

QGGD mmll  , for all 
1l

RQ ∈ , ,= 22 ml / ,1,= 22 Lm  when the numbers 

12,1,1|12,21,1|2,11,1|1 ,...,, −− LmlLmlml FFF  are such that the following inequalities hold  

),|||(infmin<<0
11/1/2

122,=2
,11,1|1 QGGDF mll

lRQLl
ml

∈
 (23a) 

)),(min),|||(infmin(min<<0
2,1,1|2

*

2,1,1|2121,=2
1/21/2

121,2=2
2,1,1|2 lmllmmll

ml
mmll

lRQLml
mmlm FFQGGDF

−∈+

2 2= 2, 1,for m L −  
(23b) 

then there exists a LAO  sequence of tests *
2ϕ , the matrix of lower estimate of which )( *

2ϕF  is defined in 

(22)  with all elements of it strictly positive. 

Inequalities (23)  are necessary for existence of test sequence with matrix of lower estimates )( *
2ϕF  having in 

diagonal given elements ,
2,1,1|2 lmllF 11,= 22 −Ll , and other elements positive. 

 Proof: For NXx ∈1 , )|( 12,
1

2 xXTx N
VxQ∈  the conditional probability )|( 121/2

xxG N
mm  can be presented as 

follows  

 

)|(=)|( 12

1/2
1=

121/2 nnmm

N

n

N
mm xxGxxG ∏  

)1|2()1(
112

1/22,1

)2,1|2,1(12

1/22,1
)|(=)|(=

xxVxxNQ

mm
xx

xxxxN
mm

xx

xxGxxG ∏∏  

)]}|(log)|()(
)|(

)|(log)|()([{exp= 12121

112

1/2

12
121

12,1
xxVxxVxQ

xxG
xxVxxVxQN x

mm
x

xx

+−∑  

)]}.|()|([{exp= 12,
111/2

XXHQGVDN VxQxmm +− ||
 

(24) 
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We shall prove that the sequence of tests *
2ϕ , defined for each )(= 1

1
11 XTBx N

Q
lRQ

N
l  ∈

∈  by the following 

collection of sets constructed of conditional types  

 

,1,=),|(=)( 2212,
1)

1
(

1/2

1
)(

1/2
LlxXTxB N

VxQ

xQN
llRV

N
ll 

∈  
(25) 

 

is optimal with respect to lower estimates of corresponding reliabilities and the lower estimate matrix )( *
2ϕF  is 

defined in (22). First we show that each N -vector 2x  is in one and only one of )( 1
)(

1/2
xB N

ll , that is  

 

,11,=,=)()( 221
)(

1/21
)(

1/2
−∅ LlxBxB N

lm
N
ll 

.=)(,1,= 1
)(

1/2

2

1=2

222
NN

ll

L

l

XxBandLlm


+
 

 

 

Really, (21.b) and (25) show that  

 

,=)()( 1
)(

1/21
)(

1/2
∅xBxB N

lL
N
ll 

.11,= 22 −Ll
 

 

 

For 21,= 22 −Ll , 11,= 222 −+ Llm , for each N
lBx
11 ∈  let us consider arbitrary )( 1

)(

1/22 xBx N
ll∈ . It follows 

from (17.a) and (21) that if )(
1

XPQ Nx ∈  there are ),(
1xN QXVV ∈  such that 

2,1,1|211/2
)|||( lmllxll FQGVD ≤  and )|( 12,

1
2 xXTx N

VxQ∈ . From (21) -- (23) we have 

)|||(<)(<
11/22,1,1|2

*

2,1,1|22,1,1|2 xlmlmllmmllmmlm QGVDFFF . From definition (25) for each 1m  we see that 

)( 1
)(

1/22 xBx N
mm∉ , that is )( 1

)(

1/22 xBx N
lm∉ . 

 

Now for 11,= 22 −Lm , 11 ml ≠  using (17), (20), (21), (23) -- (25) we can upper estimate N
mmlm

*

2,1,1|2
β  as 

follows:  
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












≤

∈∈
112,

1
2,1,1|2

>)
1

|
1/2

||(:
1/2

11
11

)(

1/21/2
11

*

2,1,1|2
|)|(max)|)((max= xxXTGxxBG N

VxQ

mmlmExQmmGVDV

N
mm

N
lBx

N
lm

N
mm

N
lBx

N
mmlm 

β

 

)|)|((supmax1)( 112,
11/2

2,1,1|2
>)

1
|

1/2
||(:

11

2|| xxXTGN N
VxQmm

mmlmExQmmGVDVN
lBx

X

∈

+≤
 

 

)}|||({expsupsup1)(
11/2

2,1,1|2
>)

1
|

1/2
||(:

11

2||
xmm

mmlmExQmmGVDVN
lRxQ

X QGVNDN −+≤
∈  

 

(1)]}[{exp(1)]})|||(infinf[{exp
2,1,1|211/2

2,1,1|2
>)

1
|

1/2
||(:

11

NmmlmNxmm
mmlmExQmmGVDVN

lRxQ
oFNoQGVDN −−≤−−≤

∈

 

 

For 22 ml ≠  we estimate by analogy  

 

)|)|((max=)|)((max= 112,
1)

1
(

1/2
:

1/2
11

11
)(

1/21/2
11

*

2,1,1|2
xxXTGxxBG N

VxQ

xQN
llRVV

N
mm

N
lBx

N
ll

N
mm

N
lBx

N
mmll 

∈∈∈

β  

   )|)|((supmax1)( 112,
11/2

)
1

(
1/2

:
11

2|| xxXTGN N
VxQ

N
mm

xQN
llRVVN

lBx

X

∈∈

+≤  

 )}|||({expsupsup1)(
11/2

)
1

(
1/2

:
11

2||
xmm

xQN
llRVVN

lRxQ

X QGVNDN −+≤
∈∈

 

 (1))]}.)|||(infinf[{exp
11/2)

1
(

1/2
:

11

Nxmm
xQN

llRVVN
lRxQ

oQGVDN −−≤
∈∈  

(26) 

Now we want to deduce the lower estimate  

 

* ( )
| , , / / 1 1 / , 2 1 12 1 1 2 2 1 2 1 2 1 1: ( )1 1 /1 1 2 1 1

= ( ( ) | ) = ( ( | ) | )max maxN N N N N
l l m m m m l l m m Q VxN N Nx B x B V V R Ql l l l x

G B x x G T X x xβ
∈ ∈ ∈



 

2| |
/ , 2 1 1 /2 1 2 1 11: ( ) : ( )1 / /1 2 1 1 1 1 2 1 1

( ( | ) | ) ( 1) exp{ ( || | )}.sup sup supmax N X
m l Q V m m xxN N N Nx B V V R Q Q R V V R Ql l l x x l l l x

G T X x x N ND V G Q−

∈ ∈ ∈ ∈

≥ ≥ + −  

(1))]}.)|||(infinf[{exp
11/2)

1
(

1/2
:

11

Nxmm
xQN

llRVVN
lRxQ

oQGVDN +−≥
∈∈  

(27) 
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Taking into account (26), (27) and the continuity of the functional )|||(
1/2

QGVD lm  we obtain that 

}log{lim *

2,1,1|2

1 N
mmll

N
N β−

∞→
−  exists and in correspondence with (22.b) equals to *

2,1,1|2 mmllF . Thus 

*

2,1,1|2

*
22,1,1|2

=)( mmllmmll FF ϕ , 22 1,= Lm , 22 1,= Ll . 

The proof of the first part of the theorem will be accomplished if we show that the sequence of the tests *
2ϕ  for 

given 12,1.1|12,11.1|1 ,..., −− LmlLml FF  and for any sequence of tests **
2ϕ  is such that for all 222 1,=, Llm , 

*

2.1,1|2

**

2,1,1|2 mmllmmll FF ≤ . 

Consider sequence **
2ϕ  of tests, which is defined by the sets ( ) ( )

1/ 1 2/ 11 1
( ), ( ),N N

l lD x D x ..., )( 1
)(

1/2
xD N

lL  such that 

*

2,1,1|2

**

2,1,1|2 mmllmmll FF ≥  for some 22 ,ml . For a large enough N  we can replace this condition by the following 

inequality  

 

.*

2,1,1|2

**

2,1,1|2

N
mmll

N
mmll ββ ≤

 
(28) 

 

Examine the sets )()( 1
)(

1/21
)(

1/2
xBxD N

ll
N

ll 

, 11,= 22 −Ll . This intersection cannot be empty, because in that 

case  

 

( )** ( )
/| , , / 1 1 / / 1 12 12 1 1 2 2 1 2 1 2 1

1 11 1

= ( ( ) | ) ( ( ) | )max max
NN N N N

l ll l m l l l l l l l
N Nx B x Bl l

G D x x G B x xβ
∈ ∈

≥  

   

(1))},({exp)|)|((supmax
2,1,1|2112,

11/2
2,1,1|2

)
1

|
1/||(:

11
Nlmll

N
VxQ

N
ll

lmllFxQllGVDVN
lBx

oFNxxXTG +−≥≥
≤∈

 

 

 

and we have a contradiction with (28).  Let us show that ,11,=,,=)()( 2221
)(

1/21
)(

1/2
−∅ LlmxBxD N

lm
N
ll 

22 = ml / . If there exists V  such that 
2,1,1|21/2

)|||( mmlmlm FQGVD ≤  and )()|( 1
)(

1/212
1

, xDxXT N
ll

N

xQV ∈ , then  

 

(1)]}.[{exp)|)|((max>)|)((max=
2,1,1|2112

1
,1/2

11
11

)(

1/21/2
11

**

2,1,1|2 Nmmlm
N

xQV
N

lm
N
lBx

N
ll

N
lm

N
lBx

N
mmll oFNxxXTGxxDG +−≥

∈∈

β  
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When )|(=)|(= 12
1

,12
1

,
)(

1/2
xXTxXTD N

xQV
N

xQV
N

ll //∅


, we also obtain that  

 

(1))}.({exp)|)|((max>)|(max=
2,2,1|2112

1
,

)(

1/21/2
11

1
)(

1/21/2
11

**

2,1,1|2 Nmmlm
N

xQV
N
ll

N
lm

N
lBx

N
ll

N
lm

N
lBx

N
mmll OFNxxXTDGxDG +−≥

∈∈


β  

 

Thus we conclude that 
2,1,1|2

**

2,1,1|2
< mmlmmmll FF , which contradicts to (19). Hence we obtain that 

)(=)()( 1
)(

1/21
)(

1/21
)(

1/2
xBxBxD N

ll
N

ll
N

ll 

 for 11,= 22 −Ll .  

 

The following intersection )()( 1
)(

1/21
)(

1/2
xBxD N

lL
N

ll 

 is empty too, because otherwise we arrive to  

 ,*

2,1,1|2

**

2,1,1|2

N
mmlL

N
mmlL ββ ≥  

which contradicts to (28), it means that )(=)( 1
)(

1/21
)(

1/2
xBxD N

ll
N

ll , for all 22 1,= Ll . 

The proof of the second part of the Theorem is simple. If one of the conditions (23) is violated, then from (21), 

(22) and (23) -- (26) it follows that at least one of the elements 
2,1,1|2 mmllF  is equal to 0. For example, let 

),|||(minmin
1/21/2

121,2=2
2,1,1|2

QGGDF mmll
lRQLml

mmlm
∈+

≥  then there is 22
'
2 1, Lml +∈  such that 

).|||(min
1/21/'

2
1

2,1,1|2
QGGDF mmll

lRQ
mmlm

∈
≥  After using (22b) we obtain that 0=*

'
2,1,1|2 llmm

F . From (19) we see 

that )(min
2,1,1|2

*

2,1,1|2121,=2
2,1,1|2 lmllmmll

ml
mmlm FFF

−
≤ . Theorem is proved. 

 

Corollary 2:   If  in contradiction to conditions (23) one, or several diagonal elements 
2,1,1|2 lmllF , 11,= 22 −Ll , 

of the reliability matrix are equal to zero, then the elements of the matrix determined in functions of this 
2,1,1|2 lmllF  

are given as in the case of Stein's lemma [11], [12]  

 

,1,=),|||(inf=)( 111/21/2
1

2,1,1|22,1,1|2
LmQGGDFF mmll

lRQ
lmlllmll

∈
,= 11 lm /
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and the remaining elements of the matrix )( *
2ϕF  are defined in function of positive 0>

2,1,1|2 lmllF , 11 = ml / , 

11,= 11 −Ll , as follows from Theorem 3. 

 

Proof: Really, if 0=
2,1,1|2 lmllF , then N

lmll 2,1,1|2
β  is not exponentially decreasing . Thus using Stein's lemma we 

have  

 

.=),|||(inf=)=)((1loglim 221/21/2
1

2
)(

2,1,1|2

)(

2,1,1|2
mlQGGDc

N mmll
lRQ

N
lmll

N
mmll

N
/−

∈∞→
ϕββ

 
 

 

So the corollary is proved. 

4. On Identification of the Probability Distribution of  the  Dependent Object 

 

In this section we will obtain the lower estimates of the reliabilities of LAO identification for dependent object. 
Then we deduce the lower estimates of the reliabilities for LAO identification of two related objects. 

There exist two error probabilities for each 22 1,= Lr : the probability )(
2=2,1,1|22 Nrmmlrl ϕα ≠  to accept 2l  

different from 2r , when 2r  is in reality, and the probability )(
22,1,1|2=2 Nrmmlrl ϕα ≠  to accept 2r , when it is not 

correct. 

 

The upper estimate )( 22=2,1,1|22

N
rmmlrl ϕβ ≠  of )( 22=2,1,1|22

N
rmmlrl ϕα ≠  is already known, it coincides with the 

)( 22,1,1|2

N
rmlr ϕβ  which is equal to )( 22,1,1|2

22:2

N
rmll

rll
ϕβ∑

≠

. The corresponding reliability )( 22=2,1,1|22
ϕrmmlrlF ≠  is 

equal to )( 22,1,1|2
ϕrmlrF  which satisfies the equality (19). 

 

The reliability approach to identification of lower estimates assumes determining the optimal dependence of 
*

22,1,1|2=2 rmmlrlF ≠  upon given *

2,1,1|2

*

2=2,1,1|22
= rmlrrmmlrl FF ≠ , which can be an assigned values satisfying 

conditions (23). 
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Theorem 4:  In case of distinct PDs 
1|21|21|1 ,...,, lLll GGG , for every 1l  under condition that the upper estimates 

of probabilities of all 2L  hypotheses are strictly positive the ``reliability" 
22,1,1|2=2 rmmlrlF ≠  for given 

2,1,1|22=2,1,1|22
= rmlrrmmlrl FF ≠  is the following:  

 

),|(infinfmin=)(
1|2

2,1,1|2
)|

1/2
(:

122:2
2,1,1|222,1,1|2=2

QGVDFF mm
rmlrFQlrGVDVlRQrmm

rmlrrmmlrl ||
|| ≤∈≠

≠ .1,= 22 Lr  

 

Proof: We have 

 

.
)/(

)/(
=

)/=(
),/=,=(=

12

2=2

122,1,1|2
2=2:2

122

112222
2=2,1,1|2=2 mmPr

mmPr

mrmPr
mlrlrmPr

rm

mmlr
rmm

N
N

rmmlrl ∑

∑

/

/

/ /
/

β
β

 
 

 

Consequently, we obtain that  

 

N
rmmlrl

N
rmlrrmmlrl N

FF
2=2,1,1|2=22,1,1|222,1,1|2=2

log1
lim=)( /

∞→

∆

≠ − β

))/(log)/(log(1
lim= 12

2=2

122,1,1|2
2=2:2

mmPrmmPr
N rm

mmlr
rmmN

∑∑
//∞→

−− β  

 

.min=))/(log
max

)/(
loglogmax(1

lim=
2,1,1|2

2=2:2
12

2=22,1,1|2

122,1,1|2

2=2:2
2,1,1|2 mmlr

rmmrmmmlr

mmlr

rmm
mmlr

N
FmmPr

mmPr

N ///∞→
∑∑ −+−

β

β
β  

 

And using )(22.b  we prove the theorem. 

 

5. LAO Hypotheses Testing for Two Stochastically Dependent Objects 

In this section we find the ``reliabilities" 
2,1|2,1 mmllF  for LAO testing which will be lower bounds for corresponding 

2,1|2,1 mmllE . Using (15)  we can prove the following lemma   
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Lemma: If the elements )()( 22,1,1|211|1
ϕϕ mmllml FandE  are positive, then  

 

),()(=)( 22,1,1|211|12,1|2,1
ϕϕ mmllmlmmll FEF +Φ ,= 11 lm / ,= 22 lm /

 
(29a) 

),(=)( 11|12,1|2,1
ϕmlmmll EF Φ ,= 11 lm / ,= 22 lm

 
(29b) 

),(=)( 22,1,1|22,1|2,1
ϕmmllmmll FF Φ  ,= 11 lm  .= 22 lm /

 
(29c) 

 

Proof: The following relations hold for upper estimates of error probabilities  

 

),()(=)( 22,1,1|211|12,1|2,1

NN
mmll

NN
ml

NN
mmll ϕβϕαβ Φ ,= 11 lm /  ,= 22 lm /

 
(30a) 

)),()(1(=)( 22,1,1|211|12,1|2,1

NN
mmll

NN
ml

NN
mmll ϕβϕαβ −Φ ,= 11 lm / ,= 22 lm

 
(30b) 

),())((1=)( 22,1,1|211|12,1|2,1

NN
mmll

NN
ml

NN
mmll ϕβϕαβ −Φ  ,= 11 lm .= 22 lm /

 
(30c) 

 

Thus, in light of (3)  and (18) , we obtain (29) . The lemma is proved. 

Let  us  define   the   following   subsets of )(XP   for given   strictly positive   elements    

 

2,1|2,1 lllLE ,   
2,1|2,1 llLlF , ,11,= 11 −Ll 11,= 22 −Ll : 

},)||(:{=
2,1|2,111 lllLll EGQDQR ≤

∆

,11,= 11 −Ll ,11,= 22 −Ll
 

 

},)|||(:{=)(
2,1|2,11/21/2 llLlllll FQGVDVQR ≤

∆

,11,= 11 −Ll ,11,= 22 −Ll
 

 

,>)||(:{=
2,1|2,111 lllLlL EGQDQR

∆

,11,= 11 −Ll },11,= 22 −Ll
 

 

,>)|||(:{=)(
2,1|2,11/21/2 llLllllL FQGVDVQR

∆

,11,= 11 −Ll }.11,= 22 −Ll
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Assume also 

 

,11,=,=,= 112,1|2,1

*

2,1|2,12,1|2,1

*

2,1|2,1
−

∆∆

LlEEFF lllLlllLllLlllLl  ,11,= 22 −Ll
 

(31a) 

111
1

:

*

2,1|2,1
=),||(inf= lmGQDE m

lRQQ
lmll /

∈

∆

 
(31b) 

221/2)(
1/2

:
1

*

2,1|2,1
=),|||(infinf= lmQGVDF mm

QllRVVlRQ
mlll /

∈∈

∆

 
(31c) 

,=,= *

2,1|2,1

*

2,1|2,1

*

2,1|2,1 iimmmlmmlmmmll lmEFF /+
∆

1,2,=i
 

(31d) 

.min= *

2,1|2,1)2,1(=)2,1(

*

2,1|2,1 mmll
mmll

mmmm FF
/

∆

 
(31e) 

 

Theorem 5:  If all distributions 
1mG , 11 1,= Lm , are different, that is 0>)||(

11 ml GGD , 11 = ml / , 

111 1,=, Lml , and all conditional distributions 
1/2 llG , 22 1,= Ll , are also different for all ,1,= 11 Ll  in the 

sense that 0>)|||(
1/21/2

QGGD lmll , 22 = ml / , then the following statements are valid. 

 

When given elements 
2,1|2,1 lllLE  and 

2,1|2,1 llLlF , ,11,= 11 −Ll 11,= 22 −Ll , meet the following conditions  

),||(min<<0 11
12,=1

21,|2,1
GGDE l

Ll
llL

 
(32a) 

),|||(infmin<<0
11/1/2

122,=2
,11|2,1

QGGDF mll
lRQLl

lLl
∈

 
(32b) 

)],||(min,min[min<<0
11

11,1=1

*

2,1|2,1111,=1
2,1|2,1 ml

Lml
lmll

ml
lllL GGDEE

+−
,12,= 11 −Ll

 
(32c) 

)],|||(infmin,min[min<<0
1/21/2

121,2=2

*

2,1|2,1121,=2
2,1|2,1

QGGDFF mmll
lRQLml

mlll
ml

llLl
∈+−

,12,= 22 −Ll
 

(32d) 

then there   exists   a     LAO       test   sequence     *Φ ,     the   lower estimate    matrix    of   which  

)}({=)( *

2,1|2,1

* ΦΦ mmllFF  is defined in (31)  and all elements of it are positive. 
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When even one of the inequalities (32)  is violated, then at least one element of the lower estimate matrix 

)( *ΦF  is equal to 0 .  

 

Proof: It is proved in [7] that ,=
1|11|1 lLll EE  .11,= 11 −Ll By analogy we can deduce that  

 

,=
2,1,1|22,1,1|2 lmlLlmll FF .11,= 22 −Ll

 
(33) 

 

Applying the theorem of Kuhn-Tucker in (22.b) we can show that the elements ,
2,1,1|2 lmllF  11,= 22 −Ll  can be 

determined by elements ,
2,1,1|2 mmllF  ,22 lm ≠ ,1,= 22 Ll  

 

).|||(infinf=)(
1/2

2,1,1|2
)|

1/2
||(:

1
2,1,1|2

*

2,1,1|2
QGVDFF ll

mmllFQlmGVDVlRQ
mmlllmll

≤∈

∆

 
 

 

From (23)  it is clear that 
2,1,1|2 mmlmF  can be equal only to one of ,

2,1,1|2 mmllF  .1,= 222 Lml + Assume that 

(33) is not correct, that is ,=
2,1,1|22,1,1|2 mmllmmlm FF  .11,= 222 −+ Lml   

 

 

From (22.b) it follows that  

)|||(infinf=)(
1/2

2,1,1|2
)|

1/2
||(:

1
2,1,1|2

*

2,1,1|2
QGVDFF ll

mmllFQlmGVDVlRQ
mmlllmll

≤∈

∆

 
 

,=)|||(infinf=
2,1,1|21/2

2,1,1|2
)|

1/2
||(:

1

lmlmll
mmlmFQlmGVDVlRQ

FQGVD
≤∈

,11,=, 222 −Llm

 ,< 22 lm
 

 

 

but from conditions (23) it follows that 
2,1,1|22,1,1|2

< lmlmlmll FF  for .11,= 22 −lm  Our assumption is not true, 

thus (33) is valid. 
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Hence we can rewrite the inequalities (7) and (23) as follows:  

 

),||(min<<0 11
12,=1

1|1
GGDE m

Ll
L

 
(34a) 

),|||(mininf<<0
11/1/2

22,=21

,11,1|2
QGGDF llm

LllRQ
mlL

∈
 

(34b) 

)],||(min,min[min<<0
11

11,1=1

*

1|1111,=1
1|1 lm

Lll
ml

ll
lL GGDEE

+−
 ,12,= 11 −Ll

 
(34c) 

)],|||(mininf,min[min<<0
1/21/2

21,2=21

*

2,1,1|2121,=2
2,1,1|2

QGGDFF lmll
LlllRQ

mmll
ll

lmlL
+∈−

.12,= 22 −Ll
 

(34d) 

 

According to Theorem 1 and Theorem 2 there exist LAO sequences of tests *
1ϕ  and *

2ϕ , for the first and second 

objects, such that the elements of the matrices )( *
1ϕE  are determined in (6) and the lower estimate matrix 

)( *
2ϕF  is determined in (22). The inequalities (34.a), (34.c) are equivalent to the inequalities (7) and (34.b), 

(34.d) are equivalent to the inequalities (23). Then using Lemma we deduce that the lower estimate matrix 

)( *ΦF  is determined in (31). The proof of the second assertion of the Theorem is obvious. 

 

6 . On Identification of the Probability Distributions of Two Stochastically Dependent Objects 

In this section we study an approach to deducing optimal interdependencies of lower estimates of corresponding 

reliabilities for LAO identification. The LAO test *Φ  is the compound test consisting of the pair of LAO tests *
1ϕ  

and *
2ϕ  for respective separate objects, and for it the equalities (29) take place. The statistician has to answer to 

the question whether the pair of distributions ),( 21 rr  occurred or not. Let us consider two types of error 

probabilities for each pair ),( 21 rr , 2211 1,=,1,= LrLr . We denote by N
rrmmrrll )2,1(=)2,1)|(2,1(=)2,1( /α  the 

probability, that pair ),( 21 rr  is true, but it is rejected. Note that this probability is equal to )(
2,1|2,1

N
rrrr Φα . Let 

N
rrmmrrll )2,1(=)2,1)|(2,1(=)2,1( /α  be the probability that ),( 21 rr  is accepted, when it is not correct. The corresponding 

reliabilities are 
2,1|2,1)2,1(=)2,1)|(2,1(=)2,1( = rrrrrrmmrrll EE /  and )2,1(=)2,1)|(2,1(=)2,1( rrmmrrllE / . Our aim is to determine 

the dependence of )2,1(=)2,1)|(2,1(=)2,1( rrmmrrllE /  on given )(
2,1|2,1

N
rrrrE Φ . 
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Now let us suppose that hypotheses 
121 ,...,, LGGG  have a priori positive probabilities Pr )( 1r , 11 1,= Lr  and 

1|21|21|1 ,...,, lLll GGG  have a priori positive conditional probabilities Pr )|( 12 lr , 22 1,= Lr , and consider the 

probability, which we are interested 

 

),(

)),((
=

)),(=),((
)),(=),(),,(=),((=

21
)2,1(=)2,1(

21)2,1(|)2,1(
)2,1(=)2,1(:)2,1(

2121

21212121
)2,1(=)2,1(|)2,1(=)2,1( mmPr

mmPr

rrmmPr
rrllrrmmPr

rrmm

mmrr
rrmmmm

N
N

rrmmrrll ∑

∑

/

/

/ /
/

β

β  

 

Consequently, we obtain that  

 

.min=
2,1|2,1)2,1(=)2,1(:)2,1(

)2,1(=)2,1(|)2,1(=)2,1( mmrr
rrmmmm

rrmmrrll FF
/

/

 
(35) 

 

For every LAO test *Φ  from (11), (29) and (35) we obtain that  

 

( ),)(),(min=
2,1,1|22,1,1|21|11|1

2=2,1=1
)2,1(=)2,1(|)2,1(=)2,1( rmlrmmlrrrmr

rmrm
rrmmrrll FFEEF

//
/

 
(36) 

 

where )(),(
2,1,1|22,1,1|21|11|1 rmlrmmlrrrmr FFEE  are determined by (6) and (22) for, correspondingly, the first and 

the second objects. For every LAO test *Φ  from (16) and (29) we deduce that  

 

( ) ( ).,min=,min=
2,1,1|21|12,1,1|21|1

2=2,1=1
2,1|2,1 rmlrrrmmlrmr

rmrm
rrrr FEFEF

//
 

(37) 

and each of 
2,1,1|21|1

, rmlrrr EE  satisfies the following conditions:  

,)||(min),(minmin<<0
11

11,1=1
1|11|1111,=1

1|1 







+

∗

−
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Lrl
llml

rl
rr GGDEEE

 
(38a) 

.)|||(mininf),(minmin<<0
1|21|2

21,2=21
2,1,1|22,1,1|2121,=2

2,1,1|2 











+∈

∗

−
QGGDFFF mrll

LrllRQ
lmllmmll

rl
rmlr

 
(38b) 
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From (6.b) and (22.b) we see that the elements 11,=),( 111|11|1
−∗ rlEE llml  and ),(

2,1,1|22,1,1|2 lmllmmll EE∗  

11,= 22 −rl  are determined only by 
1|1 llE  and 

2,1,1|2 lmllF . But we are considering only elements 
1|1 rrE  and 

2,1,1|2 rmlrF . We can use Corollary 1, Corollary 2 and upper estimates (38.a), (38.b) as follows:  

,)||(min),||(minmin<<0
11

11,1=1
11111,=1|1 








+−

rl
Lrl

lr
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rr GGDGGDE
 

(39a) 

.)|||(mininf),|||(mininfmin<<0
1|21|2
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1|21|2121,=21
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



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QGGDQGGDF mrll

LrllRQ
llmr

rllRQ
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(39b) 

 

From (37) we have that 
1|12,1|2,1

= rrrrrr EF , when 
2,1,1|21|1 rmlrrr FE ≤ , and when 

2,1,1|22,1|2,1
= rmlrrrrr FF , then 

1|12,1,1|2 rrrmlr EF ≤ . Hence, it can be implied that given strictly positive element 

2,1|2,1 rrrrF  must meet both inequalities (39.a) and (39.b). 

 

Using (37) we can determine reliability )2,1(=)2,1)|(2,1(=)2,1( rrmmrrllF /  in function of 
2,1|2,1 rrrrF  as follows:  

( ) [ ],)(),(min=
2,1|2,12,1,1|22,1|2,11|1

2=2,1=1
2,1|2,1)2,1(=)2,1(|)2,1(=)2,1( rrrrmmlrrrrrmr

rmrm
rrrrrrmmrrll FFFEFF

//
/

 
(40) 

where )(
2,1|2,11|1 rrrrmr FE  and )(

2,1|2,12,1,1|2 rrrrmmlr FF  are determined respectively by (6.b) and by (22.b). Finally 

we obtained 

 

Theorem 6:  If the distributions 
1mG , and 

1|2 mmG  , 11 1,= Lm , 22 1,= Lm  are different and the given strictly 

positive number 
2,1|2,1 rrrrF  satisfies condition (39.a) or (39.b), then the lower estimate )2,1(=)2,1)|(2,1(=)2,1( rrmmrrllF /  

of )2,1(=)2,1)|(2,1(=)2,1( rrmmrrllE /  can be calculated by  (40). 

In the particular case, when 1X  and 2X  are related statistically [8], [9] that is the second object depending on 

PD of the first is characterized by RV 2X  which can have one of 21 LL ×  conditional PDs 

},),({= 22

1/21/2
XxxGG llll ∈ ,1,= 11 Ll  22 1,= Ll , we will have },=),(:{= 212221/2

llxxA NN
ll ϕ  

,1,= 11 Ll  22 1,= Ll , in place of the set )( 11/2
xAN

ll  and in that case from [8] we have  
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The probabilities of the erroneous acceptance of PD 
1/llG  provided that 

1/2 mmG  is true, 111 1,=, Lml , are 

denoted by  

 

),(=)(
1/21/222,1,1|2

N
ll

N
mm

NN
mmll AGϕα .22 ml ≠

 
 

 

The probability to reject 
1/2 mmG , when it is true is denoted as follows  
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2=2
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mmll

ml
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N
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/

∆

 
 

 

Thus in the conditions and in the results of Theorems 3-6, instead of conditional divergences  

)|||(inf
1/21/2

1

QGGD mmll
lRQ∈

, )|||(inf
1/2

1

QGVD mm
lRQ∈

 we will have just divergences  

/ / /2 1 2 1 2 1
( || ), ( || )l l m m m mD G G D V G  and in place of | , , , | ,2 1 1 2 1 2 1 2

( ), ( ),l l m m l l m mF FΦ Φ  ,1,=, 111 Lml  
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And in that case regions defined in (21)  will  be changed as follows:  
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In case of two statistically dependent objects the corresponding regions will be  

 

,11,=},)||(:{= 112,1|2,111
−≤

∆

LlEGQDQR lllLll ,11,= 22 −Ll
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,>)||(:{=
2,1|2,11/21/2 llLllllL EGVDVR

∆

,11,= 11 −Ll }.11,= 22 −Ll
 

 

 

So in this case we obtain the optimal interdependencies of reliabilities. The results were shown in [8] and in [9]. 
For this model in next section will present some results of calculations. 

 

7.  Example 

 

. Let us consider the set of two elements {0,1}=X  and the following probability distributions given on X : 

},{0.84;0.16=1G },{0.23;0.77=2G },{0.78;0.22=1/1G },{0.21;0.79=2/1G }{0.59;0.41=1/2G
}.{0.32;0.68=2/2G  In Fig.1 and Fig.2 the results of calculations of functions )( 1,1|2,12,1|1,1 EE  and 

),( 1,1|1,21,1|2,12,1|1,2 EEE  are presented. For these distributions we have 1.3)||( 12 ≈GGD and 

2/1 1/1( || ) 1.06.D G G ≈ We see in Fig.1 that when an analog of the inequality (32.a) of Theorem 5 (for 

statistically dependent objects) is violated then 0=2,1|1,1E  and in Fig.2 we see that when analogs of (32.a) and 

(32.b) equalities are violated then 0=2,1|1,2E . 
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Fig. 1 

 

 

Fig. 2 
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8.  Conclusion 

 We studied the more general model of stochastically dependence of two discrete random variables. For this 
model reliability requirements to multiple hypotheses testing and identification are investigated. By the first 

approach optimal interdependencies of elements of reliability matrix of test Φ  can be found when its 121 −LL  

diagonal elements are given. But by this approach we do not have information about the reliabilities of the first 
and the second objects. By the second approach at first we find optimal interdependencies of reliabilities of the 
first object and then interdependencies of lower estimates of reliabilities of the second object. Similarly we also 
solve the identification problem for two objects. Results of the second approach are applied to finding the optimal 

interdependencies of lower estimates of reliabilities of two objects when 121 −LL  non diagonal elements of 

lower estimate matrix are given. If random variables X1 and X2 take values in different sets 1X  and 2X  only the 

notations become more complicated, so we omit this “generalization”. The correspondence with other, less 
general, cases of objects relation is discussed in [5] -- [10]. 
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