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Abstract: In this paper we consider the problem of characterizing permutation 

polynomials of the shape  over the field ; that is, we 

seek conditions on the coefficients of a polynomial which are necessary  for it to 

represent a permutation. 
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Introduction 

 

Let  be a power of a prime number and  be  the finite field of order . Recall that any 

mapping of a finite field into itself is given by polynomial. A polynomial  is called 

a permutation polynomial of  if it induces a permutation on  . These 

polynomials were first explored in the research of Betti [Betti,1851], Mathieu  and 

Hermite [Hermite 1863] as a way of  representing  permutations. A general theory was 

developed by Hermite [Hermite 1863] and Dickson [Dickson 1896], with many subsequent 

developments by Carlitz et.al. The construction of permutation polynomials over any 

finite fields is a challenging mathematical problem. Interest in permutation polynomials  
stems from both mathematical theory as well as practical applications such as cryptography.  Recent 
papers [Betti,1851]- [Markos 2011] highlight a method of construction of permutation 

polynomials. The given article considers permutations of the form    

 over  . 
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Preliminaries 

 Let’s start with recalling some definitions and basic results that will be helpful to derive our main result. 

 

Definition 1     Let  and . We say that  is a c linear structure of the function 

f if   for all  .    

Note that if  is a -linear structure  of  , then necessarily   .  

Definition 2   Define  composition of the mapping  with . 

 

Proposition1 ([Kyureghyan G. 2011] Proposition1) Let   and 

, . If    is an -linear translator and    is a -linear translator of a mapping , 

then   is an -linear translator of  and   is a   -linear translator of . In 

particular, if ( denotes the set of all linear translators of , then (  is an -

linear subspace of . 

 

Proposition 2 ([Kyureghyan G. 2011] theorem3)  Let  be a b-linear translator of  

 and  ≠−1 then the inverce maping of the permutation = +  is  

                                . 
 

Proposition 3 ([Kyureghyan G. 2011] theorem8)  Let  be a -linear translator of 

. 

(a) Then  is a permutation of  if . 
(b) Then  is a q-to1 mapping of  if . 

 

Proposition 4 ([Kyureghyan G. 2011] theorem10)  Let . Suppose  is a -linear 

translator of  and a -linear translator of , and moreover  is a -linear 

translator of  and a -linear translator of . Then  
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is a permutation of  if  and  , or by symmetry, if  and 

. 

Constructing Permutation 

In   this section we characterize permutation polynomials of the form  

 

 

Theorem1 

Let      be a permutation polynomial in . Suppose   is a    linear 

translator of      and a linear translator of    moreover    is a    linear 

translator of      and a linear translator of   . 

 Then the inverse mapping of the permutation   

is       

 where                                . 

 

Proof 

Consider   

 

 

 



International Journal “Information Theories and Applications”, Vol. 17, Number 4, 2010 

 

331 

 Taking into account that,  and  respectively is a   and  linear translators of    and 

 ,  linear translators of      we get    

 

 

 

 

 

Composing similar members we have 

 

 

 

 

Theorem2 

Let  .Suppose    is a  respectively  -linear translators of     and 

 -linear translators  of    and -linear translators of  .  Then   

 

is a permutation polynomial of    if 

1.                                                                    (1) 

2.                                                                (2)               

3.        (3)  
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Proof 

  - is a permutation polynomial in    by    Proposition3 and condition(1). 

We  show that   is also permutation polynomial. 

For convenience denote . 

 

 

 

So,   is a  -linear translator of   . As  then according to 

proposition3     is also permutation polynomial in   . 

 

In accordance with  proposition 2 

  

 

It is easy to see that   

: 

  

 Now we consider     

(1) 
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Since    and    , so  according to proposition 4 

      

is permutation polynomial in  . So by theorem1 we can imply that ,and we have 

 

 

    

 

Denote 

 . 

 

So     

 

We  show that    is a        linear translator of  

 . 
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In accordance  proposition3 and (3)   is a permutation polynomial in  . As 

  and   is also permutation polynomials in ,then   also will be a permutation 

polynomial in   . 

Conclusion 

In recent years in cryptography and coding theory permutations are applied very often. So it is important 
to propose new methods for generating permutation polynomials. Method for constructing permutation 
polynomials of the shape  is given. 
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