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AMETHOD OF CONSTRUCTING PERMUTATION POLYNOMIALS
OVER FINITE FIELDS

Melsik Kyureghyan, Sergey Abrahamyan

Abstract: In this paper we consider the problem of characterizing permutation polynomials of the shape P(x) =
x+vyf(x)+ 6 gx) + tl(x) over the field Fy, that is, we seek conditions on the coefficients of a polynomial
which are necessary for it to represent a permutation.
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Introduction

Let g be a power of a prime number and F;» be the finite field of order g™ > 1. Recall that any mapping of a
finite field into itself is given by polynomial. A polynomial F(x) is called a permutation polynomial of Fn if it
induces a permutation on F,n. These polynomials were first explored in the research of Betti [Betti,1851],
Mathieu and Hermite [Hermite 1863] as a way of representing permutations. A general theory was developed
by Hermite [Hermite 1863] and Dickson [Dickson 1896], with many subsequent developments by Carlitz et.al. The
construction of permutation polynomials over any finite fields is a challenging mathematical problem. Interest in
permutation polynomials stems from both mathematical theory as well as practical applications such as
cryptography. Recent papers [Betti,1851]- [Markos 2011] highlight a method of construction of permutation
polynomials. The given article considers permutations of the form  x + yf(x) + 6 g(x) + Tl(x) over F; .

Preliminaries

Let's start with recalling some definitions and basic results that will be helpful to derive our main result.

1.
Definition 1. Let f: F,,n > F, and c € F,. We say that a € F,» is a c linear structure of the function f if
fx+a)—f(x) =cforall x € Fyn.
Note that if « is a c-linear structure of f, then necessarily ¢ = f(a) — f(0).
Definition 2. Define F(x) = G (x) °H (x) composition of the mapping G with H.

2.
Proposition1. ([Kyureghyan G. 2011] Proposition1) Let a, 8 € IFZn, a+p #0 and a,b,c €Fy, c #0.If
a is an a-linear translator and f is a b-linear translator of a mapping f:F,n — Fg, then a + f is an
(a + b)-linear translator of f and c-aisa (c-a)-linear translator of f. In particular, if A"(f) denotes the
set of all linear translators of £, then A(f) = A*(f) U {0} is an FF;-linear subspace of F ;.

3.
Proposition 2([Kyureghyan G. 2011] theorem3) Let y € [F;» be a b-linear translator of f:[F,n — [F, and
b # —1 then the inverce maping of the permutation F(x) = x + yf(x) is

4. F1(x) = x — ().

b+1
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5.
Proposition 3. ([Kyureghyan G. 2011] theorem8) Lety € F;n be a b-linear translator of f: Fyn — .
(@) Then F(x) = x + yf(x) is a permutation of Fyn if b # —1.
(b) Then F(x) = x + yf(x) isaq-to1 mapping of Fon if b = —1.
6.
Propositiond. ([Kyureghyan G. 2011] theorem10) Let y,6 € [F;n. Suppose y is a by-linear translator of
f:Fgn — F, and a b,-linear translator of g: Fon — Fy, and moreover & is a d, -linear translator of f and a
d,-linear translator of g. Then
F(x) =x+yf(x) +69(x)

dib;
by +1

daby

byt = —1.

is a permutation of [Fyn, if by # —1and d, — # —1, or by symmetry, if b, # —1and d; —

Constructing Permutation

In this section we characterize permutation polynomials of the form
Px)=x+yf(x)+6gx)+tl(x)
Theorem1
Let F(x) =x+yf(x)+6g(x) be a permutation polynomial in Fyn. Suppose y is a by —linear
translator of f:Fqn — F, and a b, —linear translator of g:Fgn — Fy moreover & isa d; —linear

translator of f and a d, —linear translator of g.

Then the inverse mapping of the permutation F(x) = x + yf(x) + 6g(x)
is F7l(x) = x — (f(x) —d, g(x)(b1+1)—b2f(x)) Y g(x)(b1+1)—bzf(x)6

A bi+1 A
where A=0+dy)(by +1) —d4b,.
Proof
Consider
e EHEEICIUED ELLC) LI SEC
_ g)(b1 +1) —byf(x)\ v  gx)(bs+1)—byf(x)
_x_<f(x)_d1 A )b1+1_ A d
g)(b1+ 1) —byf(x)\ v  gx)(by+1)—byf(x)
wrf (- (- - )ot- - 5)
gx)(by +1) —bf(x)\ ¥ g(x) (b + 1) — byf(x)
g (x- (100 - - )it : o)

Taking into account that, y and & respectively is a by and d, linear translators of f:Fgn — Fy and b, , d,

linear translators of g: Fgn — F,  we get

f) gy + 1) —byf(x) gy +1) — bf(x)

F(x)°G‘1(x)°H‘1(x)=x—b1+1)/— 1 b+ DA 14 )
by f(x) g(x)(by + 1) — byf (x) g(x)(by + 1) — bof (x)
+Vf(x)—b1+1y+d1b1 B +1) A Yy —d; 1 Y
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f(x)b, g()(by +1) — byf (x) g(x)(by + 1) — by f (x)
+g(x)6 — b+ 1 6 +dyb, b, + DA 6 —d, y
Composing similar members we have
by ) p gx)(by +1) — b f(x) ( 1 by )
- d 1—7——— Y
A by +1 b +1

1
:x+)/f(x)(1_b1+1_b1+1
gx)(b_1+1)—b_2f(x) A dib, _
A ( _1_d2+b1+1>_

Theorem2
Lety,d,7,€ Fgn .Suppose y,d,T, isa respectively by,d;, c;-linear translators of f: Fgn — Fy and by, dy, ¢,
-linear translators of g: Fqn — Fy and bs, ds, c; -linear translators of I: Fgn — Fg. Then

P(x) =x+vyf(x)+6 g(x)+tl(x)

is a permutation polynomial of Fgn if

1. by #—1, (1)

— d1by —

2 dy- s @
_ b3C1 _ _ szl dlbg—dgbl_d3 _

3. ¢ bi+1 (CZ b1+1) ((1+d2)(b1+1)—d1b2) 1@

Proof
G(x) = x + yf(x)-is a permutation polynomial in F,» by Proposition3 and condition(1).

9Ce)(by 1)~ f (x)) is also permutation polynomial.

We show that H(x) = x + & (2200
1
9E) b1+ D=baf ()

For convenience denote h(x) = —
1

h(x + 6u) = g(x + 6u) b2 (x+6u)=gkx)+d b (x) + dqu) =

X 8w = glet duw) = =3 fl+ du) = g () + dyu == (F0) + dyw) =

d

= h(x) + (dz ~3 1+21>u
1

4192 2 0 then according to proposition3

So, 6 isa (dz - Zlle) -linear translator of h:Fyn — F, . As d; — )
1 1

H(x) — is also permutation polynomial in = Fgn.

In accordance with proposition 2
_ _ 5 h(x) _ 5 h(x) _ 5h®)(by +1)
H 1(X) =X—- —1+ dz—giii =X- (1+d2)(si:11)_d1b2 - A -
IT is easy to see that
-1 -1 _ _ _ g)(b1+1)-baf(X)\ v g)(h1+1)-baf (X) .
G Y(x)oH '(x) = «x (f(x) dy - )b1+1 - 6
Now we consider P(x)oG~1(x)oH 1(x)
_ _ 9@+ Db f () ¥ g (bi+D=byf (x)
= (x +7f(0) +8 g@)o (x - (F) - dy ) - 5)(1)
g+ 1) —bf )\ v g+ 1) —bf(x) 5
by +1 A

+1l (x - <f(x) —d; 1
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by+1
permutation polynomial in Fgn. So by theorem1 we can imply that (1) = x,and we have

P(x)oG 1 (x)oH 1(x) =

=x+r<l(x) —<f(x)—d1

Since by # -1 and d, —

# —1, so according to propopsition4 F(x) =x +yf(x)+ 8 g(x)is

g@)(by +1) - bzf(x)> bs _ g(x)(by + 1) — bof (x) d )
3

A b, + 1 A
Denote
l(x) _ (f(x) _ dl g(x)(bl"';)_bzf(x)) bfil _ g(x)(bl"':l)_bzf(x) d3 — k(x) )
So P(x)oG 1(x)oH 1(x) = x + tk(x)
. b3C1 1 b2C1 d1b3—d3b1—d3 .
We show that tisa c3 — bl Z(CZ — b1+1) ((1+d2)(b1+1)_d1b2) linear translator of k(x) €
Fqn 4 Fq .
_ bs di b3 d3(b; + 1) _
k(x + tu) = 1(x + tu) b1+1f(x+ru)+ y h(x + tu) 1 h(x + tu) =
b dib b
I(x) + czu — T-L(f(x) +ucy) + ; - (h(x) + (cz - blzill) u)
d;(by + 1)( ( b,y ) ) _ b3 b3
1 h(x) +(c, bt 1 u)=1x)+cu b1+1f(x) b1+1clu
d,b3 dy b3 bycq ) d3(by + 1) ds3(by +1) ( bycq )
T M+ (CZ_b1+1”_ a0 ==~ )¢
B bscy dybs ( bycq ) d3( b,cy )] B
_k(x)+[c3 b+1 (b +DA\2 b+ a\2 T +1)I"7

bscq ( bycq )( dibs — dzby — d3 )]
—\C2

—k [ _ _
@+ — 5777 2 5 v 1)\ @F apm, + D= dob,

In accordance proposition3 and (3) P(x)oG ~* (x)oH = (x) is a permutation polynomial in Fqn. As H(x) and
G (x) is also permutation polynomials in Fgn,then P (x) also will be a permutation polynomial in Fgn .

Conclusion

In recent years in cryptography and coding theory permutations are applied very often. So it is important to
propose new methods for generating permutation polynomials. Method for constructing permutation polynomials
of the shape P(x) = x + yf(x) + & g(x) + Tl(x) is given.
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