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AN ALGORITHM FOR FACTORING COMPOSITE POLYNOMIAL P(2f — z — 0)

Sergey Abrahamyan, Knarik Kyuregyan

Abstract: Let P(x) = 2" + ap—12™" ! + - -« + a1 + ao be an irreducible polynomial over F,. In [Cao, 2012,
Varshamov, 1973, Lidl, 1987] the factorization of the composite polynomial P(xP — ax — &), whena = 1
and T'rg, /i, (nb — an—1) = 0 Is considered. The result of factorization of polynomial P(x? — z — 0) is a
p irreducible polynomials of degree n over F,. In this paper we propose an algorithm for factoring composite
polynomial P(xzP — x — &) over F, and give a explicit view of each factor.
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Introduction

Construction of irreducible polynomials from given irreducible polynomial is a classic problem of finite field theory and
computer algebra. One of methods to construct irreducible polynomials is the polynomial composition method. Such
methods have been studied by several authors including Varshamov [Varshamov, 1984], Cohen [Cohen, 1992],
Meyn [Meyn, 1990], Kyureghyan [Kyuregh, 2011].

Let F, be the Galois field of order ¢ = p®, where p s a prime and s is a natural number and F; be its multiplicative
group. Let P(z) = 2" +a,—12" 1+ - -+a12+ag be anirreducible polynomial over F,. Varshamov proved that
for a = 1 the composite polynomial P(x? —ax —¢) is irreducible over Fy itand only it T'r, /2 (nd—an—1) # 0.
In [Lidl, 1987, Varshamov, 1973] the problem of factorization of the composite polynomial P(z? — = — ¢), when
Trg,/k, (nd — an—1) = Ois considered. Also, in [Cao, 2012] a short proof of above-mentioned problem is given.
For constructing p irreducible polynomials from the given irreducible polynomial we need compute the composition
P(2P —x —¢), and then factorize P(zP —z —d). In this paper we show how factors of polynomial P(zP —x —b)
are connected each other. Also, we propose a probabilistic algorithm based on Cantor Zasenhaus's algorithm for
finding one of factors of polynomial P(zP — = — §).

Factorization of composite polynomial P(z? — x — §)

Recall that the trace function of F;» over F, is

n—1
Trgnjq() = Z o', a € Fy.
=0

Define Tréf? /q(a) the following way
Tr((;n)/q(a) = Z a? o

0<j1 <+ <gs<n—1

here Tréi)/q(a) = Trgnjq().

Let f(z) = Z?:_(]l g;x" be a minimal polynomial of . It is easy to see that
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gi = ()" (@), (1)
In this section based on Proposition 1 (introduced below) we show how connected factors of polynomial P(zP —
x — ) over Fy.

Proposition 1. (Theorem 2.1 [Cao, 2012]) Letg(z) = ™ + a,_12™ ' + - - - + ag be an irreducible polynomial
over Iy, = Fys of degree n. Leté € Fy andT'ry,(nd — a,—1) = 0. Then g(x? — x — &) decomposes as a
product of p irreducible polynomials over F, of degree n. Let g(zP — x — §) = ug(x)ui(x) - - - up—1(x). Then
via a suitable assignment of the indexes of the factors, uy(x) = uo(x + k) fork =0,1,---p—1,...

In our proof we will need the following proposition.

Proposition 2. (Theorem 2.25 [Lidl, 1987]) Let I be a finite extension of K. Thenforac € F' we haveTr g () =
Oifandonlyifoe = g1 — (3 forsome 3 € F.

Theorem 1. Letq = p°, wherep is a prime. P(x) = >_.'_, a,x" be an monic irreducible polynomial of degree
n over Fy and Try;,(né — a,—1) = 0. Then the polynomial F'(z) = P(a? — x — 0),0 € Fy factors to p
irreducible polynomials of degree n. over F, as follows: F'(z) = Go(z)G1(z) ... Gp—1(x), where

Go(z) = 2" + Gno12" L 4+ grz + go,

Gk(x) :xn+g(k) xn—l +"'+g§k)

n—1

z+g®  k=12...p-1
and gF) = STl (—pyntvsignovsi(not)g i =0,1,2,. ..,

7 7

Proof 1. Leta € Fyn be aroot of P(x). Then we have

n—1
P(z) = [[(@ —a®) @)
i=0
Substituting xP — x — 0 for x in (2), we will derive
n—1 . n—1 .
F(z)=P(aP —x—90) = H(xpf:nféfaql) = H(:Up—x—(5+a)ql) 3
i=0 i=0

Let us consider the polynomial [(x) = 2P —x — (6 + «).
By proposition 2 1(x) has a root in Fiyn if and only if T'rgn /,,(0 + ) = 0.
Now we compute T gn /,(6 + ).

Trgnjp(0 + ) = Trgn,(Trgn 1q(6 + ) = Trgyp(nd + Trgn sq(a) = Try /(6 — an-1)

which is equal to 0 by condition of theorem. So we have that () has a root in Fyn.

Let~y € Fyn be arootof [(x), that is
Y—y—(+a)=0.

Considering that o = vP — ~ — & one can see that Fy(v) 2 Fy(a) = Fyn, therefore v is proper element of
Fyn. Itis easy to see that p roots of 2 —x — (5 + ) arey + k, k = 0,1,...,p— 1. Clearly, v + k,k € F,
are all the roots of 2P — z — (6 + )7
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Hence from (3) we have

i=0 k=0 k=0 \i=0
Denote L
Gi(z) = H (ac — A7 - k:)
i=0

It is obvious Gy, () is the minimal polynomial of v + k, where k = 0,1,...,p — 1 and Gi(x) = Go(z — k).
Thus G, () is a irreducible polynomial over F,.

LetGo(z) = 2™ + gn_12™t + - + g1 + go and G (z) = 2™ + g,(f_)lac"*1 + -+ ggk)x + g(()k).
From (1) we have

e O D Rl G I () L S TR o L G o LY TS ) Lo

a"/q
0<j1<..<Jn—i<n—1

Let us compute g{*) = (_1)n7iTT((ZZ7;) (v + k).

gz(k) — (71)n—i Z kn—i Jrkn—i—l Z ,yqul

0<i<...<gp—i<n—1 J1<u1<gn—i
u1€{j1.--Jn—i}

+kn—i—2 Z 7q"1 ’YqU2 4o k Z unl ’qu o ’yq“n—i—l

J1<ur<uz<jn_; J1<u1 <o <Un—i—1<Jn—i—1
u1,u2€{j1...jn—i} UL, Un—i—1€{J1Jn—i}

AR LN (4)

Now we compute the following double sum

Z Z AT AT =1, n—i— 1 5)

0Sj1<--~<jn—1?§n_1 j1§u1<...<UT§jn—i
ULy Ur €E{J1 J—i }

In the first and the second sums we have correspondingly (. .) and ("*) terms, and totally - (" .) - ("") terms.
It is easy to see that in (5) each term is repeated equal times. On the other hand the sum

Z AT AT =1, n—i— 1 (6)

0<ur <uz<...<ur<n—1

contains the same terms found in (5) without any repetition, whereas in (6) contains (ﬁ) terms.
So, one may conclude that

> D L L

0<j1< < Jn—i<n—1 J1fur <. <ur<jpn—;
UL yeeeyUr €{J1.--Jn—i }

qur
Y

o (niz) ) (n;z) Z ,_yqul ,yquzz '

(:“L) 0<ui<..<ur<n—1



374 International Journal "Information Theories and Applications”, Vol. 21, Number 4, 2014

:(_1)T<n_r>gn7' rzl,,n—z—l (7)
(]
Opening brackets in (4) and substituting (7) in (4) we get
n—1i o i(n—v
gl(k) — Z(_l)n+v ipn < i )gn—v (8)
v=0

where0 <i<n,0<k<p-1.

So, for obtaining the polynomial P(zP — x — §) factors we need a single factor only. Rest factors may be computed
by (8).

An algorithm for factoring polynomial P(z? — x — §)

As seen from the proof of Theorem 1 a polynomial P(aP — = — &) has no repeated factors. Below we propose an
equal degree factorization algorithm based on Cantor and Zassenhaus's algorithm [Cantor, 1981].

Let f be a monic square-free univariate polynomial over a finite field F7, of degree n with » > 2 irreducible factors
fi,-+-, fr each of degree d. Since f1,..., f, are pairwise relatively prime, the Chinese Remainder Theorem
provides the isomorphism:

X: Fola]/(f) = Fylz]/(f1) x -+ x Fylz]/(fr),
h mod f+— (h mod fi,...,h mod f).

Let us write R = F[z]/(f), and R; = F,[z]/(f;) for 1 <4 < r. Then R; is a field with ¢ elements and so
contains Fy,

Fngq[x]/(fi):Ri%qu for 1<i<r.

Now f; divides h € Fy[z]ifandonlyif h = 0 mod f;, thatis, if and only if the ith component of x (- mod f)
is zero. Thus if h € Fy[z] is such that (. mod f1,...,h mod f,) has some zero components and some
nonzero components, i.e. A mod f is a nonzero zerodivisor in R, then ged(h, f) is a nontrivial factor of f, and
we call h a “splitting polynomial”. Therefore, we look for polynomials with this property.

Now assume ¢ to be odd (the algorithm can be generalized to characteristic 2 fields). We take m = (¢%—1)/2 and
anr-tuple (hi, ..., h,)witheach h; € R = qui = Fa/{0}. In qui, half of the values are quadratic residues
and the other half are quadratic nonresidues. Thus, 2]™ = =+1, with the same probability for both values when h; is
chosen randomly. Now, choose at random (uniformly) a polynomial & € F[x], with deg h < n, and let us assume
that ged(h, f) = 1 (otherwise we have already found a partial factorization). The components (hq, .. ., h,.) of its
image under the Chinese remainder isomorphism are independently and uniformly distributed random elements in
R = qud. Since k™ = 1 with probability £, the probability that ged (k™ — 1, f) is not a proper factor of f, i.e.
all the componentsin (h* —1,...,h™ — 1) areequal ,is2- 27" = 2771 < % Running the algorithm [ times
ensures a probability of failure at most 2. Producing factorization f = g g we can repeat it for g; (or for go if
deg(g2) < deg(g1)). The process is interrupted when deg(g) is equal to n.

ALGORITHM:
Input: Polynomial F'(z) = P (2 — « — §) € F,[x] of degree m = np.

Output: Monic irreducible factor of F'(z) of degree n.
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1: while deg(F') # n, do

2: Choose h € F,[z] withdeg(h) < deg(F") at random;

3: g = ged(h, F)

4:ifg=1,theng = h(9"~D/2 _1( mod F)

5 'fng(97 F) 7é 1, then g1 = ng(g> F)’ 92 = ﬁ

6:
F = min{g1, g2 };
deg
7: endif:
gelse:gy="L, g1=g

9: F = min{g1, g2}
deg

10: endif;
11: endwhile

For making the proposed algorithm more understandable, we will compare between ours and that of Cantor-
Zassenhaus algorithm. Using Cantor-Zassenhaus algorithm we can split the polynomial into two proper factors. The
remaining thing to do is to recursively call the algorithm on every splitting polynomial unless it is already irreducible.
Using our algorithm we will also be able to split the polynomial into two proper factors. After that we are recursively
call our algorithm only for one spitted polynomial, unless find one polynomial of degree n.

Theoretical computations show that the cost of the proposed algorithm for factoring polynomial P(a? — ax — 4) of
degree np, where n is a degree of factors, is O((n log ¢ + logn)) M (n) log p operations in Fy,.
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