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Introduction 

Nowadays mathematical models based on multisets are often used for solving the practical problems 

[Syropoulos, 2012; Buy & Bogatyreva, 2010; Tarasov, 2008; Singh et al, 2007]. 

A set which can include the repeating elements is called as a (crisp) multiset or a bag. Currently, a 

multiset and a bag are being used interchangeably. Formalization of a multiset is reduced to definition of 

its multiplicity function.  

Further the concept of a multiset was repeatedly generalized for the purpose of formalization of the 

description of certain problems. Fuzzy multisets (fuzzy bags) have been introduced in [Yager, 1986]. A 

concept of "Multi - Fuzzy Set" is entered in [Syropoulos, 2001]. Syropoulos also formulates L-fuzzy 

hybrid sets on fuzzyfying the objects of a hybrid multiset [Syropoulos, 2005]. A level fuzzy multiset is 

determined in [Tarasov, 2008]. There are generalizations such as rough fuzzy sets and fuzzy rough sets 

[Dubois & Prade, 1990], fuzzy soft sets [Maji et al, 2001]. 

One of important practical applications of the theory of multisets is connected with a problem of ordering 

of objects on the basis of a set of expert assessments of qualitative and quantitative characteristics of 

objects. One of the methods for solving such problem was stated in [Petrovsky, 2003]. For problem of 

ordering of such objects, the metric like Hamming in space of multisets is used, and objects are ordered 

by the value of distance in relation to the best (ideal) object. The offered method was much simpler in 

comparison with other well-known approaches for solving such problem of ordering of objects (for 

example, the method on the basis of Kemeni-Smell's median [Kemeni & Snell, 1962]). Since such 
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approach started being used for solving many problems [Vovk & Gaidukova, 2008; Petrovsky et al, 

2010; Demidova & Sokolova, 2014]. However, as shown below, in a number of enough simple practical 

situations this method leads to contradictory results. There is a natural question of adequacy of the 

offered method. The review of references showed that before now all studies didn't investigate the 

problem of adequacy of multiset models. 

Currently, two approaches to the study of the adequacy of mathematical models are mainly used.  

The first approach concerns the adequacy of the model determined by such concepts as verification and 

validation of the model [Thacker, 2004]. Adequacy of model is the decision that the model fidelity is 

sufficient for the intended use. The model fidelity is the difference between simulation and experimental 

outcomes. Model verification and validation is an enabling methodology for the development of 

computational models. 

Verification is the process of determining that a model implementation accurately represents the 

developer’s conceptual description of the model and its solution. Validation is the process of determining 

the degree to which a model is an accurate representation of the real world from the perspective of the 

intended uses of the model.  

In other word, adequacy of the model is the concordance of the model and the simulated objects or 

processes on the properties of the model, which are considered essential for the study. The expected 

outcome of the model verification and validation process is the quantified level of agreement between 

experimental data and model prediction, as well as the predictive accuracy of the model. 

The second approach to a problem of adequacy of mathematical model develops within the 

representational theory of measurement. This theory was developed to formulate and solve problems of 

measurement for the nonphysical sciences, in which measurement has always been problematic. The 

representational theory of measurement explains why some attributes of objects, substances, and 

events reasonably be represented numerically [Luce et al, 2007]. An empirical system with relations, a 

numerical system with relations (in more general case, a mathematical system with relations), and also 

a concept of measurement scale are basic concepts of the representational theory of measurement. A 

mapping of empirical system with relations to numerical system with relations preserving the essential 

relations of empirical system is called as a scale of measurement. 

In this paper we examine the adequacy of multiset model of assessments of competitiveness of 

enterprises [Vovk & Gaidukova, 2008]. On the base of representational theory of measurement we 

prove that such assessments are not adequate. Some results of research of the problem of assessment 

adequacy are given.  
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Multiset model of competitiveness assessments of enterprises  

Let   1
A p

l l
A  be a set of enterprises, Q   1

m
s s
Q  be a set of criteria of assessments of 

competitiveness of enterprises. Consider that each criterion  
1

 s
s

s

he
s s e

Q q  is measured in the 

quantitative or qualitative scale [Luce et al, 2007] with strict ordered set of values 
1 2    ... ...s se h
s s s sq q q q . Let n  be the number of experts who gave the assessment to the 

enterprises for each of these criteria. Let la  be the result of competitiveness assessment of the 

enterprise lA . This result is based on the expert assessments of values of the set of criteria Q , which 

is possible to represent as the multiset over domain  1,..., ,...,s mG Q Q Q :  

 

          1 11 1 1 1
1 1 1 1,..., ,..., ,..., ,..., ,...,s s s s

l l l l l

e e h hh h
l a a a s s a s s a s sa k q q k q q k q q k q q k q q       

    1 1 ,..., m m

l l

h h
a m m a m mk q q k q q  , 

(1)

 

where   s s

l

e e
a s sk q q  is the ordered pair,  sl

e
a sk q  0 1 , ,...,n  and  sl

e
a sk q  is the number of experts 

who gave the assessment se
sq  for criterion sQ  to the enterprise lA  (or the value of multiplicity function 

[Petrovsky, 2003]).  

 

Let  11 1
1 10 0    max ,..., ,..., ,..., mh h

m ma n q q n q q  and  11 1
1 10 0    min ,..., ,..., ,..., mh h

m ma q n q q n q   

denote, respectively, the maximum and the minimum assessments. In the paper [Vovk & Gaidukova, 

2008], an order relation on the set of assessments of competitiveness of enterprises A  is determined 

on the basis of expert assessments of criteria Q  as follows.  

The metric like Hamming is determined on the set of assessments   1

p
l l
a  [Petrovsky, 2003]:  

 

     
11

, s s s

i js

m h e e
i j s a s a ss e

d a a k q k q


   , for all  1, ,...,i j p , (2)

 

where s  is the coefficient of the relative importance of criterion sQ  (i.e., the expression (1) is regarded 

as a crisp multiset). The enterprise iA  is better than the enterprise jA  ( i jA A ), if 

   max max, ,i jd a a d a a : 
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   max max, ,i j i jd a a d a a A A   . (3)

 

If the equation    max max, ,i jd a a d a a  holds, then the enterprises are equivalent ~i jA A  ( i ja a ) 

or non-comparable for competitiveness ( i ja a ). The following condition is satisfied for each of 

criterion sQ : 

 

 1
s s

ls

h e
a se
k q n


 ,    1,...,l p . (4)

 

Therefore,    1
2

  s s

l ls

h e
a s a se
k q n k q . Then we obtain, 

    1
1

2max, l

m
l s a ss

d a a n k q


  . (5)

 

From (3) – (5), the implication 

 

   1 1
1 1
 

 
   

i j

m m
s a s s a s i js s
k q k q A A  (6)

 

follows. Thus, the ordering of enterprises is performed only on the base of the multiplicity of the best 

values of assessments for each of criteria. 

For the first time, the implication (6) was published, possibly, in [Petrovsky, 2003, (9.23)], where the 

equality case  1
1



 i

m
s a ss
k q  1

1 j

m
s a ss
k q

  is considered in more detail. In this case, it is 

proposed to continue the ordering on the basis of the implication 

   2 2
1 1
 

 
   

i j

m m
s a s s a s i js s
k q k q A A . The implication    3 3

1 1
 

 
  i j

m m
s a s s a ss s
k q k q

i jA A  is used in the case    2 2
1 1
 

 
 i j

m m
s a s s a ss s
k q k q  etc. 

Consider two simple examples when only one criterion sQ  ( 1m ) is used for comparison of the 

enterprises, and the values of criterion are measured in absolute scale in which the only identical 

transformations are allowed [Luce et al, 2007]. Let 1 2 3 45 5 4 3 2    , , , , ,s s s s sh q q q q  5 1sq , and 

20n . 
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Example 1. Let the expert assessments of the values of criterion sQ  to the enterprises 1A  and 2A  are 

equal  1 2 5 18 4 0 3 0 2 0 1     , , , ,a , and  2 2 5 0 4 0 3 0 2 18 1     , , , ,a , respectively. 

It is obvious that the most of experts (18) are unanimous in an assessment: the enterprise 1A  is better 

than the enterprise 2A  (Figure 1). 

 

 

Figure 1. Results of expert assessments 

 

However, from calculations on the above-stated formulas the equality    1 2max max, ,d a a d a a  follows, 

i.e., these enterprises are non-comparable for competitiveness ( 1 2a a ).  

 

For this example, we get the right decision ( 1 2A A ) using the approach proposed in [Petrovsky, 2003]. 

 

Example 2. Let two of 20 experts have put the highest assessment for the enterprise 1A   
1

1 2a sk q , 

and the other have put the lowest one, and for the enterprise 2A :  
2

1 1a sk q ,  
2

2 19a sk q . Then, 

from (6) we conclude that 1 2A A . However, the majority of experts consider 2 1A A  (Figure 2), i.e., 

when comparing the competitiveness of enterprises on the basis of the implication (6), the opinion of 

one expert (  
1

1 2a sk q ,  
2

1 1a sk q ) has a decisive influence. This fact can’t be regarded as the 

satisfactory result. 
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Figure 2. Results of expert assessments 

 

 

Analysis of reasons of contradictions  

1. Let  K = jK  be the set of all finite (crisp) multisets over domain  1 ,..., mG Q Q , jk  be the 

multiplicity function of multiset jK , :j nk G N , nN  0 1, ,...,n . It is not difficult to prove that 

 K ,  is the lattice, where   is a partial order of multiplicity functions,   is the bottom element, 

max :k G n  and maxk  is the top element of the lattice [Buy & Bogatyreva, 2010]. Then it is evidently 

that  i j i jk k K K  holds, where   is the strict order relation, jK  is the cardinality of multiset 

jK : 

 1 1 
  s s

s

m h e
j j ss e

K k q . (7)

 

Theorem 1. A set of expert assessments   1

p
l l
a  is an anti-chain in the lattice K . 

Proof. Let K,a b  be the assessments (1) of the enterprises ,A B , respectively, and a b . 

Suppose, that a b  holds, then a b a bk k  holds, and a bk k  a b . But according to (4) 

and (7) the equality a b  holds for any assessments (1), i.e., a b  is false. In other words,   1

p
l l
a  

is an anti-chain in the lattice K . 
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Thus, the order relation forming by metric (2) does not connect with the order relation in the lattice K .  

2. Let the assessments of competitiveness of enterprises, used in (3) and (6), are considered as a 

mapping 1 A: R , where 1R  is the set of real numbers. By  1 A  we denote  max,d a a , and by 

 2 A  we denote  1
1


m
s a ss
k q . Then the implications (3) and (6) can be written, respectively, as 

follows: 

 

   1 1A B A B    , (8)

 

   2 2A B A B    . (9)

 

There is a question, is it possible to use the assessments 1  and 2 , and the implications (3) and (6) to 

compare the enterprises for competitiveness? In other words, what a necessary condition has to be 

carried out that a mapping 1 A: R  can be considered as the assessment of competitiveness of 

enterprises? Since any mapping  , which to unequal assessments of competitiveness criteria of 

enterprises puts unequal numerical values, induces an order relation on the set A . Such a necessary 

condition can be obtained by considering the competitiveness assessments on the base of 

representational theory of measurement: a mapping 1 A: R  must meet the definition of 

measurement scale. A measurement scale is a group of homomorphic mappings preserving relations in 

the empirical system [Luce et al, 2007]. 

Further, we show that the mapping 1  ( 2 ) basing on the metric (2) is not a scale even when all criteria 

are measured in absolute scales. 

The results of assessments by the set of experts X  ( X n ) of values of competitiveness criterion 

sQ  of enterprises сan be represented as the set of functions   A:sA sf X Q A . Let the experts 

agree with the assessment to each enterprise, i.e.,  AA   QsQ     s
Af x const s . Obviously, 

the enterprise AA  is better than the enterprise BA  for competitiveness, if  QsQ   x X  

   s s
A Bf x f x , and if there exists at least one criterion QgQ  for which    g g

A Bf x f x . Such 

assessments generate on A  a strict order relation  , which we will be called as a non-contradictory 

relation of strict domination. The corresponding relation 


, which includes the case of equality, i.e., an 

equivalence relation ~  over the set of enterprises A , will be called as a non-contradictory relation of 

domination. 
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Definition 1. A mapping 1 A: R  preserving a non-contradictory relation of domination in the 

empirical system will be called as an adequate assessment of competitiveness of enterprises in a broad 

sense, if 

 

      ~A B A B , (10)

 

and when   is an isotonic mapping, 

 

      A B A B , (11)

 

and 

 

      A B A B , (12)

 

when   is an antitone mapping. 

 

Definition 2. A mapping 1 A: R  will be called as an adequate assessment of competitiveness of 

enterprises in a narrow sense, if the implications (10, 11) or (10, 12) remain true under all admissible 

transformations of measurement scales of criteria of competitiveness Q . 

The kind of admissible transformations depends on the type of measurement scale [Luce et al, 2007]. 

 

Definition 3. A mapping 1 A: R  will be called as an admissible or adequate assessment of 

competitiveness of enterprises, if the assessment is adequate both in a broad and in a narrow sense. 

 

Definition 4. A mapping 1 A: R  is called an invariant assessment of competitiveness of 

enterprises, if    A|A A const  under any admissible transformations of scale measurement of 

criteria of competitiveness. 

Invariant assessments are adequate in the narrow sense, but these assessments can be inadequate in 

the broad sense. 



International Journal “Information Theories and Applications”, Vol. 22, Number 2, 2015 

 

196

Further, let all of the criteria are measured in absolute scales.  

 

Theorem 2. A mapping 1  isn’t an adequate assessment. 

Proof. Let A B  and none of the experts gave the highest assessment 1
sq   QsQ  to the 

enterprises A  and B . In this case, using (5), we get    1 1 1
2  


  m

ss
A B n . Consequently, 

condition (12) is not satisfied for antitone mapping 1 : from A B  the inequality    1 1 A B  

doesn't follow. Thus, the mapping 1  doesn't preserve a non-contradictory relation of strict domination, 

i.e., this mapping is not adequate assessment in the broad sense.  

In other word, the mapping 1  is not а scale of measurement. 

 

Theorem 3. A mapping 2  isn’t an adequate assessment. 

For the mapping 2 , the proof of theorem is similar. 

3. A crisp multiset is an unordered collection of elements, in which are allowed to repeat the elements. 

However, the domain  1,..., mG Q Q  contains the ordered subsets, thus, as we show, the assessment 

(1) should be considered as a fuzzy multiset. 

Suppose      1
, ,

m
l r s s
A x l r 


  is the vector assessment of expert rx X  by criteria of 

competitiveness Q   1

m
s s
Q  for the enterprise AlA , where    

1

, s
s

s

he
s s s e
l r Q q



  , 

1 2    ... ...s se h
s s s sq q q q ,  1,...,l p ,  1,...,r n . Obviously, 1    ... ...s mQ Q Q  is the lattice, 

 1
1 ,..., ,...,s mhh h

s mq q q  is the bottom element, and  1 1 1
1,..., ,...,s mq q q  is the top element of the lattice. Then 

the set of such assessments of the enterprises A  is the membership function of L-fuzzy set [Goguen, 

1967]: 

 

     1 1
, , | , , ... ,

p

r l l r l l r m r l
A A x A A x Q Q x X 


      A  . 

 

Therefore, the set of n expert assessments can be represented as: 

 1,..., ,...,r n       1 1
, ,

np

l l r l r
A A x

 
     

1



,

p

l l l
A A , 
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        1 1 1
, ,

nn m
l l r sr s r
A A x l r  

  
  

 

 

          1 11 1 1 1
1 1 1 1,..., ,..., ,..., ,...,s s m m

l l l l l

e eh h h h
a a a s s a m m a m mk q q k q q k q q k q q k q q      , 

 

where  s s

l

e e
a s sk q q  is the ordered pair,  sl

e
a sk q  is the number of experts who gave the assessment 

se
sq  for criterion sQ  to the enterprise lA . Since  ,l rA x  is an element of the lattice 

1    ... ...s mQ Q Q  then   lA  is the fuzzy multiset over domain  1,..., ,...,s mG Q Q Q , and 

  l lA a , i.e., the assessment (1) is a fuzzy multiset. The cardinality of such fuzzy multiset is 

 1 1 
  s s s

ls

m h e e
l s a ss e
a q k q  (consider that the values of all criteria of competitiveness Q  are 

measured in absolute scales).  

 

At the equivalence of all criteria the adequate assessment of competitiveness of the enterprise lA  on 

the basis of expert assessments can be defined as  3 l lA a , and then we determine 

   3 3l r l rA A A A    ,    3 3   l r l rA A A A . 

Evidently, the assessment  3 lA  is measured in the absolute scale. It is easy to show that 

   3 3   
l r l rA A A A , where 


 is the non-contradictory relation of domination. Hence, the 

assessment 3  is adequate assessment both in the broad sense and in the narrow sense.  

Using data of Example 1, we obtain 3 1 82 ( )A , and 3 2 28 ( )A , i.e., 1 2A A . This is consistent 

with the opinions of the most experts (Figure 1). For Example 2, we calculate 3 1 28 ( )A , and 

3 2 81 ( )A , i.e., 2 1A A  and this also is consistent with the opinion of the most experts (Figure 2).  

 

Conclusion 

On the base of representational theory of measurement the approach to investigating the adequacy of 

assessments basing on multiset models is suggested. It is shown that:  

 The set of assessments of competitiveness of enterprises, which use only the values of 
multiplicity functions, is the anti-chain in the lattice of crisp multisets. 

 Such assessments are not adequate and, therefore, they can lead to incorrect results when the 
competitiveness of enterprises is analyzed. 
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As a rule, the concept of an adequate assessment is considered from the point of view of invariance of 

conclusions at admissible transformations of results of measurements. Such estimates we call adequate 

in a narrow sense. From positions of the representational theory of measurement the measurement 

problem, first of all, is reduced to a problem of representation or construction of a scale of measurement 

that saves substantial relations between empirical objects. The assessment preserving substantial 

relations we call adequate in a broad sense. Adequate or admissible assessments must be adequate 

both in a broad and in a narrow sense. The assessments of competitiveness of enterprises, which use 

only the values of multiplicity functions of multisets, are invariant. However such assessments can lead 

to mistakes in ordering of enterprises for competitiveness because these assessments don’t consider 

the order relation for scale values of criteria of competitiveness. In other words, on the basis of a metric 

in space of crisp multisets [Petrovsky, 2003] it is impossible to construct a competitiveness 

measurement scale, consequently, it is impossible to get the adequate assessment of competitiveness 

of enterprises. 

The example of adequate assessment based on fuzzy multisets is given for the case when all criteria 

are measured in absolute scales. For criteria, measured in scales that are not absolute (as ordinal 

scales, ratio scales, and interval scales), methods of construction of adequate assessments of 

competitiveness will be discussed in following publications. 

Bibliography 

[Buy & Bogatyreva, 2010] Buy D., Bogatyreva J. “Multisets are the Alternative Set-theoretic Platform of 

Mathematical Foundations of Information Technologies” // Natural and Artificial Intelligence / Ed. by 

K. Markov, V. Velychko, O. Voloshin, No. 17, Sofia: ITHEA, 2010, pp. 377–386 (in Russian). 

[Demidova & Sokolova, 2014] Demidova L., Sokolova Y. “Complex Analysis of Competitive Projects on 

the Base of Multisets’ Theory Tools with Application of Linguistic Scale”, http:// www.science-

education.ru/pdf/2014/6/310.pdf (in Russian). 

[Dubois & Prade, 1990] Dubois D., and Prade H. “Rough Fuzzy Set and Fuzzy Rough Sets” // 

International Journal of General Systems, 1990, Vol. 17, pp. 191–209. 

[Goguen, 1967] Goguen J. “L-fuzzy Sets” // Journal Math. Analysis Appl., 1967, Vol. 18, pp. 145–174. 

[Kemeni & Snell, 1962] Kemeni J., Snell J.  “Mathematical models in the social sciences”, Ginn, Boston, 

1962. 

[Luce et al, 2007] Luce R. et al. “Foundations of Measurement”, New York: Dover Publications, Inc., Vol. 

III, 2007. 

[Maji et al, 2001] Maji P. et al. “Fuzzy Soft Sets” // J. Fuzzy Math., 2001, Vol. 9, No.3, pp. 589–603. 



International Journal “Information Theories and Applications”, Vol. 22, Number 2, 2015 

 

199

[Petrovsky et al, 2010] Petrovsky A. et al. “Application of the "Maska" Method for Collective Expert 

Classification of Research Projects on Many Criteria” // Natural and Artificial Intelligence / Ed. by K. 

Markov, V. Velychko, O. Voloshin, No. 17, Sofia: ITHEA, 2010, pp. 56–67 (in Russian). 

[Petrovsky, 2003] Petrovsky A. “Spaces of Sets and Multisets”, Moscow: Editorial URSS, 2003. 

[Singh et al, 2007] Singh D. et al. “An Overview of the Applications of Multisets” // Novi Sad J. Math, 

2007, Vol. 37, No. 2, pp. 73-92. 

[Syropoulos, 2001] Syropoulos A. “Mathematics of Multisets” // Multiset Processing. Lecture Notes in 

Computer Science. Vol. 2235/ Ed. by C. Calude et al., Berlin: Springer Verlag, 2001, pp. 347–358. 

[Syropoulos, 2005] Syropoulos A. “Generalized Fuzzy Multisets and P Systems” / Greek Molecular 

Computing Group, 2005, pp. 1–12. 

[Syropoulos, 2012] Syropoulos A. “On Generalized Fuzzy Multisets and their Use in Computation” // 

Iranian Journal of Fuzzy Systems, 2012, Vol. 9, No. 2, pp. 113–125. 

[Tarasov, 2008] Tarasov V. “From Parameterized Fuzzy Sets towards Level Fuzzy Multisets” // Fuzzy 

Systems and Soft Computing. The Collection of scientific works of the Second All-Russian scientific 

conference, Ulyanovsk: UlSTU, 2008, pp. 40–48 (in Russian).  

[Thacker, 2004] Thacker B. et al. “Concepts of Model Verification and Validation”, http://www.ltas-

vis.ulg.ac.be/ cmsms/uploads/File/LosAlamos_VerificationValidation.pdf 

[Vovk & Gaidukova, 2008] Vovk O., Gaidukova O. “Mathematical model of estimation of firm 

competitiveness based on multisets”, 2008, (in Russian), 

http://ea.donntu.org:8080/jspui/handle/123456789/959 

[Yager, 1986] Yager R. “On the Theory of Bags” // International Journal of General Systems, 1986, 

Vol.13, pp. 23–27. 

Authors' Information 

 

Iryna Riasna – research associate, V. M. Glushkov Institute of Cybernetics of NAS of 

Ukraine, Kyiv-187, Academician Glushkov Avenue, 40, e-mail: riasnaia@gmail.com 

Major Fields of Scientific Research: mathematical modeling and computational methods, 

combinatorial optimization, theory of multisets, representational theory of measurement 

 

  




