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Conjunctive Boolean Query as a logic-objective recognition problem

Tatiana Kosovskaya

Abstract: A well-known NP-complete problem Conjunctive Boolean Query is considered as the one of the logic-
objective recognition problems. Both these problems have the same formulation but their implementations are rather
different. It is offered to adapt the technique which involves a decreasing of computational complexity for a logic-
objective recognition problem by means of construction of a level class description to the solution of Conjunctive
Boolean Query.
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Introduction

Many recent scientific investigations are devoted to the analysis of algorithms solving different NP-complete problems.
Essential attention is given to repeatedly solved ones with very big input data. Two problems "Conjunctive Boolean
Query" and "Satisfiability in a Finite Interpretation" (used for the solving of a logic-objective recognition problem)
having the same formulations but essentially different implementations are under consideration in the paper. In
particular, the input data of these problems may be divided into two parts. While solving the first problem one part
of input data remains practically fixed and the other changes while every query. While solving the other problem the
first part changes while every query and the other remains practically fixed.
This difference does not allow to use directly the technique which involves a decreasing of computational complexity
for a logic-objective recognition problem by means of construction of a level class description Kosovskaya, [2008] to
the solution of Conjunctive Boolean Query.
While creating and the use of a data base the time of data processing is one of the most important parameters. It
is essentially significant because of huge volume of information stored in contemporary data bases. Conjunctive
Boolean Query is one of NP-complete problems concerning data bases. Here is its formulation in the form as it is
done in Garey, Johnson, [1979].

Conjunctive Boolean Query (Garey, Johnson, [1979])
Instance: Finite domain set D, a collection R = {R1, R2, . . . , Rn} of relations, where each Ri consists of a set
of di-tuples with entries from D, and a conjunctive Boolean query Q over R and D, where such a query Q is of
the form

∃y1, y2, . . . , yl(A1 & A2 & . . . & Ar)

with each Ai of the form Rj(u1, u2, . . . , udj ) where each u ∈ {y1, y2, . . . , yl} ∪D.
Question: Is Q, when interpreted as a statement about R and D, true?

As far as NP-complete problems are the problems of the form ∃Y P (X,Y ), where X is input data, let’s give
another formulation of the above mentioned problem.

Conjunctive Boolean Query
Instance: Finite domain setD, a collectionR = {R1, R2, . . . , Rn} of predicates, where eachRi defines a di-ary
relation between entries from D, a set S(D) of all atomic formulas with predicates from R which are true on D,
and a conjunctive Boolean query Q over R and D, where such a query Q is of the form A1 & A2 & . . . & Ar
with each Ai of the form Rj(u1, u2, . . . , udj ) where each u ∈ {y1, y2, . . . , yl} ∪D.
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Question: Is ∃y1, y2, . . . , ylQ, when interpreted as a statement about R and D, true?
That is whether

S(D)⇒ ∃y1, y2, . . . , yl(A1 & A2 & . . . & Ar)?

Such setting of the problem Conjunctive Boolean Query is very similar to the earlier investigated in Kosovskaya,
[2007, 2008] problem Satisfiability in a Finite Interpretation appeared while recognition of an object in the frameworks
of logic-objective approach to the pattern recognition.

Satisfiability in a Finite Interpretation
Instance: A set ω = {ω1, . . . , ωt},
a collection of predicates {p1, . . . , pn}, setting properties of elements from ω and relations between them,
a collection S(ω) of true constant atomic predicate formulas of the form pi(τ), where i = 1, . . . , n, τ ⊆ ω,
quantifier-less formula A(y), presented in the form of disjunction of elementary conjunctions of atomic predicate
formulas1.
Question: Is there exist a list of values for y from ωa, such that the formula A(y) is true?
That is whether

S(ω)⇒ ∃yA(y)?

Essential difference in implementation of these problems consists in the following:
— data base may be not changeable at all or have very small changes, but queries may differ every time (S(D) is
fixed, but the query Q often may be changed);
— while pattern recognition the set of goal formulas (description of classes) may be not changeable at all or has
changes very rarely, but the recognized objects may be different every time (the set of all possible formulasA(y) is
fixed, but the object ω and its description S(ω) often may be changed).

Problems of logic-objective recognition

Investigated objects in many Artificial Intelligence problems may be described in the terms of properties of their
parts and relations between them. In such a case an investigated object ω may be represented as a set of its parts
ω = {ω1, ..., ωt} and the properties and relations between these parts are described by predicates p1, ..., pn
defined on them. Facts which are known for an investigator over an object ω are defined by the set of constant
atomic formulas S(ω) which is called the description of ω.
Below the notation x will be used to designate an ordered list of variables x = (x1, ..., xm). In particular, ω
designate some ordered list of elements of ω corresponding to some permutation of its elements.
The goal condition of the problem may be represented by such a formula A(x) of a formalized language that if
the formula A(ω) is valid for an investigated object ω then the problem has a positive solution. Moreover the goal
condition may be represented by a quantifier-free formula in the form of disjunction of elementary conjunctions of
atomic predicate formulas.
The following problem may be considered as formalization for an essential example of Artificial Intelligence problems.
Identification problem. To extract a part of the object ω satisfying the goal condition A(x).
This problem may be reduced to checking the formula Kosovskaya, [2007]

S(ω)⇒ ∃x 6=A(x),

(where ∃x 6= means "∃x and its elements are distinct in pairs") and is an NP-complete one.
1 y = (y1, . . . , ya) be a list of objective variables of the formula
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If one can solve the problem S(ω) ⇒ ∃x 6=A(x), where A(x) is a conjunction of atomic formulas then he can
solve the problem with A(x) be a disjunction of elementary conjunctions, and the number of steps of its solution
would differ from the first one polynomially. That is why the complexity bounds of algorithms will be done for this
problem with A(x) be a conjunction of atomic formulas.
The exhaustive search method is one which allows not only to prove the sequent but also to finds values for
variables x. It is proved in Kosovskaya, [2007] that its number of steps is

O(tm),

where t is the number of elements in ω, m is the number of variables in the formula A(x).
Logical methods (namely logical derivation in a sequent calculus or resolution method) also allow to finds values
for variables x. Both these methods has the number of steps

O(
∑

i:pi is in A(x)
saii ),

where si and ai are the numbers of occurrences of the predicate pi in the description S(ω) and in the formula
A(x) respectively.
One can see that these upper bounds of number of steps of the algorithms have different parameters in the exponent
of the power. So a researcher may choose the method in applications in dependence of the structure of the initial
predicates and the goal conditions.
It is evident that the algorithms solving the problem Conjunctive Boolean Query have the same estimates.

Level description of classes

To decrease the obtained step number estimates a level description of goal formulas was offered in Kosovskaya,
[2008]. The procedure of a level description construction uses the following definition.
Definition. Two elementary conjunctions of atomic predicate formulasA andB are called isomorphic if there exists
such an elementary conjunction C and such substitutions λA,C and λB,C of objective variables from C instead of
objective variables from A and B respectively that the results of these substitutions AλA,C and BλB,C coincide
with the formula C up to the order of literals.
These substitutions λA,C and λB,C are called the unifiers of formulas A and B respectively with the formula C .
Let the set of all possible objects ω is divided to some classes and these classes have descriptions consisting of
conjunctions of atomic predicate formulas A1(x1), ..., AK(xK).
Find all sub-formulas P 1

i (y
1
i ) with a "small complexity" such that sub-formulas isomorphic to them "frequently"

appear in goal formulas A1(x1), ..., AK(xK) and denote them by atomic formulas with new first-level predicates
p1i and new first-level arguments z1i for lists y1i of initial variables. Write down a system of equivalences

p1i (z
1
i )⇔ P 1

i (y
1
i ), i = 1, . . . , n1.

Let A1
k(x

1
k) be a formula received from Ak(xk) by substitution of p1i (z

1
i,j) instead of the jth appearance of the

formula isomorphic to P 1
i (y

1
i ). Here x1k is a list of all variables in Ak(x1k) including both some (may be all) initial

variables of Ak(xk) and first-level variables appeared in the formula A1
k(x

1
k).

A set of all atomic formulas of the type p1i (ω
1
i ) where ω1

i denotes some ordered list τ1i of elements from ω for which
the formula P 1

i (τ
1
i ) is valid is called a first-level object description and denoted by S1(ω). Such a way extracted

subsets τ1i are called first-level objects.
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Repeat the above described procedure with formulas A1
k(x

1
k). After L repetitions L-level goal conditions in the

following form will be received. 

ALk (x
L
k )

p11(z
1
1) ⇔ P 1

1 (y
1
1)

...
p1n1

(z1n1
) ⇔ P 1

n1
(y1n1

)
...

pli(z
l
i) ⇔ P li (y

l
i)

...
pLnL

(zLnL
) ⇔ PLnL

(yLnL
)

.

Procedure of a level description use for the identification problem consists in the following Kosovskaya, [2014].
1. For every i check S(ω) ⇒ ∃y1i 6=P

1
1 (y

1
i ) and find all unifiers of P 1

1 (y
1
i ) with true first-level predicates. Add

these first-level true atomic formulas to the object description and form S1(ω). l := 1.
2. If an l-level (l = 1, . . . , L−1) object description Sl(ω) is formed then for every i check Sl(ω)⇒ ∃yli 6=P

l
1(y

l
i)

and find all values for true (l + 1)-level predicate arguments.
3. Add these (l + 1)-level true atomic formulas to the object description Sl(ω) and receive Sl+1(ω).
4. Substitute pli(y

l
i,j) instead of the jth appearance of P li (y

l
i) into Alk(y

l
k).

5. Repeat the previous steps for l = 1, . . . , L.
6. Check SL(ω)⇒ ∃yLk 6=A

L
k (y

L
k ).

Such L-level goal conditions may be used for efficiency of an algorithm solving a problem formalized in the form of
logical sequent. To decrease the number of steps of an exhaustive algorithm (for every t greater than some t0) with
the use of 2-level goal description it is sufficient

n1 · tr + ts1+n1 < tm,

where r is a maximal number of arguments in the formulas P 1
i (y

1
i ), n1 is the number of first-level predicates, s1 is

the number of atomic formulas in the first-level description, m is the number of variables in the initial goal condition.
Similar condition for decreasing the number of steps of a logical algorithm solving the problem is

K∑
k=1

s1
a1k +

n1∑
j=1

sρ
1
j <

K∑
k=1

sak ,

where ak and a1k are maximal numbers of atomic formulas in Ak(xk) and A1
k(x

1
k) respectively, s and s1 are

numbers of atomic formulas in S(ω) and S1(ω) respectively, ρ1j is the number of atomic formulas in P 1
i (y

1
i ).

Extraction of such sub-formulas P 1
i (y

1
i ) with a "small complexity" which "frequently" appear in goal formulas

A1(x1), ..., AK(xK) is described in Kosovskaya, [2014]. The procedure of the extraction of the maximal sub-
formula which is isomorphic to some sub-formulas of two elementary conjunctions is described in Petrov, [2016].
Level description of classes construction.
1) For every i = 1, . . . , n−1, j = i+1, . . . , n extract maximal sub-formulasQi,j which are isomorphic to some
sub-formulas of elementary conjunctions Ai(xi) and Aj(xj) (i 6= j) and find common unifiers λi,ij and λj,ij of
these conjunctions with Qi,j .
l) The procedure of maximal sub-formulas extraction and obtaining of common unifiers is repeated with the formulas
received earlier.
The process will end for some l = L, because the lengths of the extracted formulas decrease from step to step.
Sub-formulas consisting of one literal are not under consideration. That’s why the item l is repeated for l =
2, . . . , L.
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L + 1) The extracted sub-formulas that haven’t another common sub-formulas are denoted by P 1
i (y

1
i ) (i =

1, . . . , n1).
L+2) For every l = 1, . . . , L−1 sub-formulas having common sub-formulasP li (y

l
i) are denoted byP l+1

i (yl+1
i )

(i = 1, . . . , nl+1). At the same time instead of the jth occurrence of P li (y
l
i) substitute pli(y

l
i,j) where yli,j is an

l-level variable for a list of variables yli,j taking into account the corresponding unifier.

An approach to the construction of a level data base for solving the Conjunctive Boolean Query problem

While creation a data base we are not sure what queries may make a user. But the data base itself remains
practically fixed. That’s why patterns (formulas isomorphic to some conjunctions of atomic formulas from the data
base) must be searched in the data base itself (in the set of constant atomic formulas S(D)).
In order to receive complexity estimates regard the case when the query has the form of one elementary conjunction,
as well as it was done in the problem of logic-objective recognition.
Remind, that the estimates of the number of steps needed for checking the logical consequence of the formC(x)⇒
∃y1, y2, . . . , ylA(y1, y2, . . . , yl, d1, . . . , dr), where C(x) is a set of atomic formulas or their conjunction, are
the following:
— O(tl), where t is the number of elements in x, l is the number of variables in A(y), while using an exhaustive
algorithm;
— O(

∑
i:pi is in A(y)

saii ), where si and ai are the numbers of occurrences of the predicate pi in the C(x) and
in the formula A(y) respectively, while using a logic algorithm.
Two-level data base construction
1. Let for i = 1, . . . , n1 groups of mutually disjoint sub-sets of S(D) such that all conjunctions of elements of
a sub-set from the ith group are isomorphic to each other and to some formula P 1

i (y
1
i ) are extracted. For every

group unifiers of the conjunctions of a sub-set elements with P 1
i (y

1
i ) are found.

2. Introduce first-level predicates p1i (i = 1, . . . , n1) defined by the equivalence p1i (y
1
i ) ⇔ P 1

i (y
1
i ), where y1i

are the first-level variables for the lists of initial variables y1i .

3. Supplement the set S(D) by the set of atomic first-level formulas in the form p1i (d
1,j
i ), where d1,ji is the notation

of a list of constants from D which is included into unifier of some conjunction of a sub-set with P 1
i (y

1
i ).

A two-level data base S1(D) is constructed.
Note that the construction of a two-level data base is an NP-hard problem with huge input data, because in the item
1 it is solved an NP-hard problem of extraction of groups of mutually disjoint sub-sets with small capacity of S(D)
such that all conjunctions of elements of a sub-set from the a group are isomorphic to each other from all formulas
of the data base.
But this NP-hard problem with huge input data is solved only once.
Two-level data base implementation
Let we have a conjunctive Boolean query ∃y1, y2, . . . , ylA(y1, y2, . . . , yl, d1, . . . , dr), where d1, . . . , dr are
constants from D.
1. Checking the logical sequent

A(y1, y2, . . . , yl, d1, . . . , dr)⇒ ∃y1iP 1
i (y

1
i )

for i = 1, . . . , n1 allows (if it is fulfilled) to find all sub-formulas of the query, which are isomorphic to P 1
i (y

1
i ), and

their unifiers with the corresponding lists of constants.
In spite of the fact that the problem in this item is NP-hard, its input data have not large length and the estimates of
number of steps have not large parameters of the formula P 1

i (y
1
i ) in the exponent (the number of variables or the

number of atomic formulas with the same predicate). These parameters are less then the corresponding parameters
of the formula A(y1, y2, . . . , yl, d1, . . . , dr).
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These estimates have the form
— O(

∑n1
i=1(l + r)‖y

1
i ‖), ‖y1i ‖ be the number of arguments in P 1

i (y
1
i ), for an exhaustive algorithm;

— O(
∑n1

i=1

∑
j:pj is in P 1

i (y
1
i )
a
αj

j )), aj and αj be the number of atomic formulas with the predicate pj in
A(y1, y2, . . . , yl, d1, . . . , dr) and P 1

i (y
1
i ) respectively, for a logical algorithm.

2. Substitute into A(y1, y2, . . . , yl, d1, . . . , dr) instead of every sub-formula,which is isomorphic to P 1
i (y

1
i ),

atomic formula p1i (y
1,j
i ), where y1,ji is a variable for a list of variables and constants of y1i (index j changes from 1

to the number of occurrences sub-formulas isomorphic to P 1
i (y

1
i )). It is possible because we have unifiers of every

such sub-formulas with P 1
i (y

1
i )). An elementary conjunction A1(x1) is received. Here x1 is a list of the initial

variables, 1-level variables and constants that remains explicitly in the formula as arguments.
This item is fulfilled in linear under the notation length of A(y1, y2, . . . , yl, d1, . . . , dr) number of steps. Note,
that the notation length of A1(x1) is not greater than the notation length of A(y1, y2, . . . , yl, d1, . . . , dr) and is
strictly less if at least one sub-formula has been changed by an atomic one of the first level.
3. While checking S1(D) ⇒ ∃x1A1(x1) first of all check atomic formulas of A1(x1) with first-level predicates
and find possible values for first-level variables. After that check atomic formulas of A1(x1) with initial predicates
taking into account the values of initial variables that have occurrences into lists defining first-level variables.
The number steps estimates for checking atomic formulas with first-level predicates and finding values for first-level
variables are
— O(tl11 ) (t1 be the number of first-level constants in S1(D), l1 be the number of first-level variables in A1(x1))
for an exhaustive algorithm;

— O(
∑

i:p1i is in A
1(x1) s

1
i
a1i ) (s1i and a1i be the numbers of occurrences of the predicate p1i in the description

S1(ω) and in the formula A1(x1) respectively) for a logical algorithm.
Note that if at least one sub-formula has been changed by an atomic first-level one then the number of initial variables
in x1 and the number of atomic formulas with initial predicates inA1(x1) decreases in comparison with the Boolean
query A(y1, y2, . . . , yl, d1, . . . , dr).
The number steps estimates for checking checking atomic formulas with initial predicates and finding values for
initial variables are
—O(tl−l1) (t1 be the number of first-level constants in S1(D), l1 be the number of first-level variables inA1(x1))
for an exhaustive algorithm;
— O(

∑
i:pi is in A1(x1) si

ai−a1i ) (s1i and a1i be the numbers of occurrences of the predicate p1i in the description
S1(ω) and in the formula A1(x1) respectively) for a logical algorithm.
If we sum the estimates for items 1 – 3 we obtain complete estimates
— O(

∑n1
i=1(l + r)‖y

1
i ‖) +O(tl11 ) +O(tl−l1) = O(tl11 + tl−l1) for an exhaustive algorithm;

— O(
∑n1

i=1

∑
j:pj is in P 1

i (y
1
i )
a
αj

j ) +O(
∑

i:p1i is in A
1(x1) s

1
i
a1i ) +O(

∑
i:pi is in A1(x1) si

ai−a1i ) =

O(
∑

i:p1i is in A
1(x1) s

1
i
a1i ) +O(

∑
i:pi is in A1(x1) si

ai−a1i ) for a logical algorithm.

It is obvious that if at least one sub-formula has been changed by an atomic first-level one then the number steps
estimates for checking the Boolean query sequent from the two-level data base is less than its sequent from the
initial data base estimates.

Conclusion

Essential differences of the well-known NP-complete problem Conjunctive Boolean Query while its implementation
as a problem of pattern recognition in the frameworks of logic-objective approach and as a problem of the data base
use are shown.
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In the both implementations it is possible to construct a level description of a fixed input data which increases the
time complexity of multiple implementation. The estimates of number of steps while using a two-level data base are
proved in the paper.
Algorithms of level description of classes are yet developed in the previous papers of the author, but there is only an
approach to developing of algorithms of level data base construction.
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