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DUAL PROBLEM OF FUZZY PORTFOLIO OPTIMIZATION 

Yuriy Zaychenko, Maliheh Esfandiaryfard 

 

Abstract: The dual problem of fuzzy portfolio optimization is considered and investigated. A mathematical model of 
this problem was constructed, explored and the sufficient conditions for its convexity were obtained. The sufficient 
optimality conditions of its solution are presented. 

Keywords: fuzzy portfolio, optimization, dual problem, optimality conditions 

ACM Classification Keywords: H.4.2. Information system Applications: Types of Systems Decision Support  

Introduction 

Last years the problem of portfolio optimization attracts great attention due to the development of financial markets in 

Ukraine. The determining of optimal portfolio enables the investors and financial funds to distribute available financial 

assets, to obtain high dividends and cut the risk of erroneous solutions. A novel approach to portfolio optimization 

which is an alternative to classical portfolio model of Markovitz considers this problem under uncertainty and based 

on application of fuzzy sets theory. 

The fuzzy portfolio problem was considered and investigated in [Недосекин, 2003, Зайченко, 2007]. In these works 

the problem statement was the following: to optimize the total portfolio profitableness under constraints on possible 

risk. The algorithm of its solution was suggested and explored in [Зайченко, 2007]. In [Зайченко, 2008] the 

forecasting of stock prices was suggested to utilize in fuzzy portfolio optimization which increased the efficiency of 

the solution. 

The goal of the present work is the consideration of the dual portfolio problem, investigation of the constructed 
mathematical model and determining the optimality conditions of its solution. 

The Dual Fuzzy Portfolio Problem 

The initial portfolio optimization problem which is naturally to be called as direct has the following form [Недосекин, 

2003, Зайченко, 2007] : 

Optimize the expected profitableness of a portfolio 

max~~
1




N

i
ii rxr  (1) 

under constraints on risk 
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Let’s consider the case when the criterion value *r  meets the conditions 
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Now consider the dual portfolio optimization problem dual related to the problem (1)-(4): 

to minimize 

)(x  (7) 

under conditions 
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Let’s prove that the risk function )(x  is convex where )(
)(

)(
ln)()()( xD

xC

xB
xBxAx 








 . 

It’s necessary to prove that function 

 
 




N

i

N

i
iiii rxrx

xD

1 1
12

1
)(  is convex and function  

)(

)(
ln)()(

xC

xB
xBxA   is also convex. And besides, both functions are decreasing and nonnegative by ,ix  

where 



N

i
ii rxrxA

1
1

*)( ; 



N

i
ii rrxxB

1

*~)( ;   
 


N

i

N

i
iiii rxrxxC

1 1
1

~)( . 
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Besides, all the diagonal minors of the second order   
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Therefore function )(xD  is convex.  
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As  )~(~
1iii rrr  and 




N

i
iiii

N

i
i rrxrrx

1

*
1

1

~)~( , the expression (15) is strictly greater than 0.  

Thus all partial derivatives of the second order 0
)(

)(
ln)(

2

2













xC

xB
xB

xi
ii  and respectively

 

2

2

( )
( ) ( ) ln 0.

( )i

B x
A x B x

x C x

 
    

 

Now it’s necessary to show that all the diagonal minors of the following form 

2 0.ii ij

ii jj ij ji ii jj ji
ji jj

  
              

 (16) 

These are sufficient convexity conditions of function 
)(

)(
ln)(

xC

xB
xB , and therefore of the initial function 

)(

)(
ln)()(

xC

xB
xBxA  . 

Find the mixed partial derivatives  










)(

)(
ln)(

2

xC

xB
xB

xx ii

: 








 
















)(

)()(
)(

)(

)(
ln)(

)(

)(
ln)(

2

xC

xBxC
xB

xC

xB
xB

xxC

xB
xB

xx jii

 








)(

)()()()(
)~(

)(

)()()()(

)(

)(~
212 xC

xBxCxCxB
rr

xC

xBxCxCxB

xB

xC
r jj

ii
jj

i  








 











 





)(

)()(

)(

)(
)~(

)(

)(

)(

)(~
21 xC

xBxC

xB

xB
rr

xC

xC

xB

xB
r jj

ii
jj

i  (17) 

where j
j

j rxB
x

xB ~)()( 



 ; 1
~)()( jj

j
j rrxC

x
xC 




  and substituting these assignments in (17) 

obtain 



International Journal "Information Technologies & Knowledge" Vol.3 / 2009 

 

 

192




























 


)~(

~

~

~
~

1
1

1

*

1
ii

N

i
i

jj

i

N

i
i

j
i

rrx

rr

rrx

r
r

*
1

1
1

2
1 1

1 1

( )
( )

( ) ( )

N

j j i i
j i

i i N N

i i i i i i
i i

r r x r r
r

r r
x r r x r r



 

   
   

  
  



 

 


 
 















))~()(~((

)~(~)~()(~)(~(~)~((~~

2
1

1

*

1

11
1

*

1
1

2
1

1

i

N

i
ii

N

i
ii

iiji

N

i
ii

N

i
iijjii

N

i
iiji

rrxrrx

rrrrrxrrxrrrrrxrr
 














))~()(~(

)~()~)(~()~)(~(

2
1

1

*

1

2
1

1
11

*

1
1

1

i

N

i
ii

N

i
ii

i

N

i
iijjii

N

i
iii

N

i
ii

rrxrrx

rrxrrrrrrxrrx
 














))~()(~(

)~)(~()(~~~~2()~((~~

2
1

1

*

1

*

1
1

1
11

2
1

1

i

N

i
ii

N

i
ii

N

i
iii

N

i
iiijjijii

N

i
iiji

rrxrrx

rrxrrxrrrrrrrrxrr
 

* 2
1 1

1

* 2
1

1 1

( )( )( )
.

( )( ( ) )

N

i i j j i i
i

N N

i i i i i
i i

r r r r x r r

x r r x r r



 

  


 



 

   

 
 (18) 

 

For convenience and cut of transformations denote the denominator  as 

* 2
1

1 1

( ) ( ) ( ).
N N

i i i i i
i i

x r r x r r E x
 

      (19) 

 

 

 



International Journal "Information Technologies & Knowledge" Vol.3 / 2009 

 

 

193

Substituting the expressions for    from (15) and (18) into (16) and obtain 
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    
  
 

   
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



)(

)~)(~)(~~~~2()~(~~{
2

*
min11

2
min

xE

rrrrrrrrrrrrrr ijjijiji
 (22) 

* 2
1 1

2

( )( )( )}
.

( )
i i j jr r r r r r

E x

  

  

 

Further assign 

Frrrrrrr iii  )~)(~()~(~ *
1min ;  ,ji

H

E
   

*
min 1( ) ( )( ) .j j jr r r r r r r G         

Substituting into (23), obtain 

2 2 2
2

2 2

( )( )
0.ii jj ji

F G H FG H FG H

E E

  
        (23) 

 

Non-negativeness condition (24) is following: 

0 HFG . 

 

Thereof (hence) 

* *
min 1 min 1( ) ( )( ) . ( ) ( )( )i i i j j jFG H r r r r r r r r r r r r r r                         

2 * * 2
min 1 1 min 1 1( ) (2 )( )( ) ( )( )( )i j i j i j j i i i j jr r r r rr rr r r r r r r r r r r r r                        

 )~)(~)(~(~)~)(~)(~(~)~(~~ *
1minmin

*
1

2
min rrrrrrrrrrrrrrrrrr jjiiijji  

 )~)(~)(~~~~2()~(~~)~)(~)(~( *
min11

2
min

*
11 rrrrrrrrrrrrrrrrrrrr ijjijijijjii  

 2*
11 )~)(~)(~( rrrrrr jjii  
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  0~~~~2)~(~)~(~)~)(~( 1111
*

min  ijjijijjiiij rrrrrrrrrrrrrrrr  (24) 

 

Thus we have obtained the following conditions 

0
)(

)(
ln)(

2

2













xC

xB
xB

xt
ii  ;  for all 

_____

1, .i N   

Diagonal minors  of the form  1 0.ii ij

i
ji jj


  

    
 

These are the sufficient conditions of convexity of function  
)(

)(
ln)(

xC

xB
xB , and therefore the convexity of function  

)(

)(
ln)()(

xC

xB
xBxA  . 

Now it’s only left to show that the product of convex functions  
)(

)(
ln)()(

xC

xB
xBxA  и )(xD will be convex as 

well at the interval  0,1 ,ix 
_____

,1 Ni   taking into account that 







N

i
iii rrx

xD

1
12 )(

1
)(  

 where  12 ii rr  ,  1,0ix  , 



N

i
ix

1

1 . 

Notice  that  
)(

)(
ln)()(

xC

xB
xBxA   и )(xD  as proved previously are positive and monotonically decreasing. 

For convenience denote  )(
)(

)(
ln)()( x

xC

xB
xBxA  . 

Let’s prove that ( ) 0.x    












)(

)()()()(

)(

)(
)()()()

)(

)(
ln)()((

2 xC

xBxCxCxB

xB

xC
xBxBxA

xC

xB
xBxA

xx ii
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( ) ( ) ( )
( ) ( ) ln ( ) .

( ) ( )

B x B x C x
A x B x B x

C x C x


       (25) 

 

Substituting the values  )(xA and  )(xB obtain 





)(

)(
)~(~

)(

)(
ln~

11 xC

xB
rrr

xC

xB
rr

x iiiii
i

 

1 1

( ) ( )
1 ln ) ( ) .

( ) ( )i i i i

B x B x
r r r r

C x C x

 
     

 
   (26) 

 

As   1
)(

)(


xC

xB
, 1 1

( )
0.

( )i i

B x
r r

C x
    

Therefore, after simplifying (27), we obtain 

( ) ( )
(1 ln ),

( ) ( )i
i

B x B x
r

x C x C x


  


  (27) 

 

* *

min min

( ) ( )
1 ln 1 ln ,

( ) ( )

B x B x r r r r

C x C x r r r r

 
    

 
 
 

 (28) 

According previous assumptions  


N

i
iirxrr

1
1min

*  and  *~ rr  . Lets show that (28) is greater than 0.  

Denote   arr  *~ . Then yarrrrrr  )(~~
min

**
min ,  0min

*  rry .  

Then 

* *

min min

1 ln 1 ln .
r r r r a a

r r r r a y a y

 
    

   
 
 

 (29) 
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Let’s show that 

0ln1 






ya

a

ya

a
, for  all y>0. 

Evidently,  0ln1 






ya

a

ya

a
by y=0 and function is motonnically decreasing, as  

0
)()(

1
)(

22











ya

y

ya

a

ya
y for all y>0. 

Therefore  0)(  y  under y>0. Previously we have proved that  







N

i
iii rrx

xD

1
12 )(

1
)(   is convex.  

Consider   

 ( ) ( ) ( ) ( ) ( ) ( ) 0.
i

x D x x D x D x x
x

      


 (30) 

Find second partial derivatives 

  



)()()()()()()()()()(

2

2
xxDxxDxDxxDxxDx

xi
 

( ) ( ) ( ) ( ) 2 ( ) ( ).x D x x D x D x x         (31) 

 

It was proved earlier that 0)(  x ;  0)(  xD ; 0)(  xD ; 0)(  x   therefore 

2

2
( ( ) ( )) 0.

i

x D x
x





 

Therefore, risk function )()()( xDxx   is convex. End of proof. 
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Optimality Conditions for Dual Fuzzy Portfolio Problem 

As it was earlier shown the dual portfolio problem (7)-(8) is convex programming problem under the corresponding 

conditions. Taking into account that constraints (8) are linear compose Lagrangian function  

*

1 1

( , , ) ( ) ( ) ( 1).
N N

i i i
i i

L x x r x r x    
 

       (32) 

 

The optimality conditions by Kuhn-Tucker are such: 

 

0
)(








 

i
ii

r
x

x

x

L
;

_____

1, ,i N  (33) 

*

1

0,
N

i i
i

L
x r r

 


   

    

1

1 0,
N

i
i

L
x

 


  

   

 

and conditions of complementary non-fixedness 

0



i
i

x
x

L
, 

_____

1, ,i N  

*

1

0,
N

i i
i

L
x r r 

 

        
   (34) 

0ix , 0,x   

where  0  и   are  Lagrange multipliers. 

This problem may be solved using standard methods of convex programming, for instance by the method of feasible 

directions or penalty functions method.  
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Conclusion 

The dual fuzzy portfolio problem is considered. The sufficient conditions for this problem to be convex were obtained 
and investigated. The optimality conditions for the solution were obtained.   
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